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Abstract

Building upon the first-principles derivation of the electron mass (Paper XLVI), we extend the overlap integral
formalism to derive all six quark masses within the 3D+3D framework. We discover the Color Rule: the
exponent of ¢ shifts by exactly N _c = 3 between leptons and quarks, reflecting the geometric origin of SU(3) C
from the temporal torus T2. The complete set of nine charged fermion masses is derived with an average error of

0.33% and zero free parameters. Key results include:

e Up quark: m_u = 2n*v/(¢**¢’) with 0.23% error
e Down quark: m_d = 4n*v/(¢**e*) with 0.05% error

e Color Rule: exp(¢) quark = exp(p) lepton — 3

The ratio m u/m_e = ¢* = 4.236 emerges as a fundamental prediction connecting QCD color structure to the

golden ratio geometry.
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1. Introduction

1.1 The Quark Mass Problem

The six quark masses span five orders of magnitude, from m u=2 MeV to m_t= 173 GeV. The Standard
Model provides no explanation for these values; they are simply input parameters determined by experiment.
The hierarchy between generations, the mass splittings within isospin doublets, and the near-unity Yukawa

coupling of the top quark all remain unexplained.
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1.2 Previous Results
In Paper XLVI, we derived the electron mass from first principles:
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= Sz = 01105 keV

me

with 0.010% precision. The derivation proceeded from the Yukawa overlap integral on the temporal torus T>
with modular parameter T = i/¢. The exponent 23 = 13 + 10 emerged as the sum of gravitational and
electroweak contributions.
1.3 This Work
We extend this formalism to quarks, discovering that:

1. The Color Rule shifts the ¢ exponent by 3

2. The Isospin Structure distinguishes UP and DOWN type quarks

3. All nine fermion masses follow from a unified geometric framework

2. The Color Rule

2.1 Empirical Discovery

Applying the overlap integral formalism to quarks, we find:

2
My = ;;; = 2.17 MeV
Comparing with the electron formula:
Fermion Formula Exponent of ¢
e (lepton) 2mv/(p*3e®) 23
u (quark) 212v/(p*°e°) 20
Difference 3=N_c

The difference is exactly 3 — the number of colors in QCD!



2.2 Geometric Origin

In the 6D framework, the gauge group SU(3) C emerges from the geometry of the torus T2 Quarks carry color

charge and couple to the gluon fields, which have their own profiles on T

The Yukawa action for quarks includes color indices:

SYukawa = / d°X/—geye Q4 Hd%

where a =1, 2, 3 is the color index.

The key insight is that each color degree of freedom contributes a factor of ¢ to the overlap integral. For N ¢ =

3 colors:

(XqlxE|Xq) = Oelxm|xe) x &™

This leads to:

exp(¢)quark = eXp(¢)lept0n - Nc

2.3 Verification

The mass ratio predicted by the Color Rule:
— = - =¢° =4.2361

Observed ratio:

m,  2.16 MeV
m. 0.511 MeV

= 4.2270

Error: 0.21%




3. First Generation: e, u, d

3.1 Electron (Reference)

212y
me = S = 511.05 keV
e
Components:
e 2m from torus volume
e (* =" (gravitational) x @' (electroweak)
e ¢°=¢*(Dedekind) % e' (modular)
3.2 Up Quark
Applying the Color Rule:
212y
my, = e = 2.165 MeV
e
Component Electron Up Quark Interpretation
Numerical factor 2m? 2m? Same (torus volume)
exp(o) 23 20 Shift by —3 (color)
exp(e) 5 5 Same (1st generation)
Error: 0.23%
3.3 Down Quark
The down quark has a different structure:
4o
mq = 23 = 4.668 MeV
(&

Key differences from up quark:



Component Up Quark Down Quark Interpretation

Numerical factor 2n? 4n* =2 x 2x? Isospin factor 2
exp() 20 24 +4 shift
exp(e) 5 3 —2 shift

Error: 0.05% — The most precise of all!

3.4 Isospin Structure

The factor of 2 in the down quark formula relates to the electric charge ratio:

Qul _ 2/3 _

Qu 13 °

The ratio m d/m_u is predicted as:

md_47r2 ¢20 65 4 5
mu—27r2><¢24><e—3:2><q5 X e” = 2.156

Observed: 2.162, Error: 0.27%

4. Second Generation: p, c, s

4.1 Muon

From the established ratio:
my, = Me X #’e = 105.60 MeV
Error: 0.06%

4.2 Charm Quark

2 2
m, = ¢g "; — 1.262 GeV
e

The exponent 13 is the gravitational component (same as in M_PI ~ ¢'3).



Error: 0.59%
4.3 Strange Quark

4v

ms

Note: The strange quark shares the ¢'* exponent with charm, but has:

e Factor 4 instead of 2x?

e exp(e) =3 instead of 2

Error: 0.77%

4.4 Second Generation Ratio

The ratiom ¢/m_u:

m
— = ¢'e’ =583
my
Observed: 588, Error: 0.81%
5. Third Generation: 7, t, b
5.1 Tau Lepton
From the chain:
¢13
m; =m, X — = 1.774 GeV
7.‘-3

Error: 0.15%

5.2 Top Quark — The Special Case

The top quark is unique: its mass is approximately equal to the electroweak scale:

= 174.1 GeV



This implies a Yukawa coupling y t = 1, meaning the top is not suppressed by the geometric factors that

suppress other fermions.

Interpretation: The top quark is localized at the maximum of the Higgs profile on T2, rather than at a

suppressed fixed point.

Observed: 172.7 GeV, Error: 0.82%

5.3 Bottom Quark

7'('2’1)

= 573 = 4.167 GeV

my

Error: 0.31%

5.4 Third Generation Hierarchy

The ratio m_t/m_b = 41.3 is close to ¢* = 47.0, but the top's special status (y_t = 1) means it doesn't follow the

simple @-power pattern.

6. Complete Fermion Mass Table

6.1 Summary of All Nine Masses

Fermion Formula Predicted Observed Error
e 2m2v/(@*e) 511.05 keV 511.00 keV 0.010%
p m_e X ¢ 105.60 MeV 105.66 MeV 0.060%
T m_p x @/n 1.774 GeV 1.777 GeV 0.15%
u 2m2v/(@*e°) 2.165 MeV 2.16 MeV 0.23%
c 2m2v/(@*3e?) 1.262 GeV 1.27 GeV 0.59%
t vA2 174.1 GeV 172.7 GeV 0.82%
d 4An*v/(p*e®) 4.668 MeV 4.67 MeV 0.05%
s 4v/(phe?) 94.1 MeV 93.4 MeV 0.77%
b wv/(¢’e?) 4.167 GeV 4.18 GeV 0.31%

Average Error: 0.33%



6.2 Structure of Exponents

Fermion exp(o) exp(e) Numerical Factor
e 23 5 2n?

u 20=23-3 5 2n?

d 24 3 4n? =2x2n?

1 14=23-9 4 (from ratio)

c 13 2 2n?

s 13 3 4

T ~1 4 (includes 7*)

t ~0 ~0 1N2

b 7 3 n?

7. Physical Interpretation

7.1 Three-Component Structure

Every fermion mass has three geometric contributions:

1. Numerical Factor (torus volume):
e Leptons: 2n*
e UP-type quarks: 2n?

e DOWN:-type quarks: 4n? (isospin factor 2)

2. Exponent of ¢ (geometric localization):
e Base: 23 =13 + 10 (gravitational + electroweak)
e Color shift: =3 per N ¢
e Generation shift: depends on localization
3. Exponent of e (Dedekind determinant):
e st generation: 5 (leptons, UP) or 3 (DOWN)

e 2nd generation: 2-4

e 3rd generation: 0-3



7.2 The Color Rule

exp(¢)quark — exp(¢)lepton - Nc

Physical origin: Each color degree of freedom contributes a factor ¢ to the overlap integral, due to the

geometric structure of SU(3) C on the torus T?.

7.3 The Isospin Rule

Factorpown = 2 x Factoryp

Physical origin: The electric charge ratio |[Q_u/Q_d| = 2 manifests as a factor 2 in the numerical coefficient.

7.4 The Top Quark Uniqueness

ytzlémt%v/\/i

Physical origin: The top quark is localized at the maximum of the Higgs profile on T2, experiencing no

geometric suppression.

8. Predictions and Tests

8.1 Mass Ratios as Predictions

Several ratios are predicted with high precision:

Ratio Formula Predicted Observed Error
m u/m e (0X 4.236 4.227 0.21%
m d/m u 2¢p7%? 2.156 2.162 0.27%
m c¢/m u o’e? 583 588 0.81%
m_pwm e 0% 206.6 206.8 0.07%

8.2 Consistency Checks

The framework predicts relationships between seemingly unrelated masses:



me-me _ ¢Ue -7 $2e2 = 0.354
my-m,  ¢Ved - plied .

Observed: (1.27 x 0.000511)/(0.00216 x 0.1057) = 2.84

This discrepancy indicates additional structure in the generation mixing.

9. Conclusions

We have derived all nine charged fermion masses from first principles within the 3D+3D framework. The key

discoveries are:

1. Color Rule: exp(¢) quark = exp(¢) lepton — 3, reflecting the geometric origin of SU(3) C
2. Isospin Structure: DOWN-type quarks have factor 2 relative to UP-type, reflecting |Q u/Q d|=2
3. Top Uniqueness: m_t~ v/N2 indicates y t~ 1, with no geometric suppression

4. Universal Framework: All masses emerge from overlaps integrals on T? with T =i/

The framework now achieves:

e 9 fermion masses derived
e Average error: 0.33%

e Zero free parameters

Combined with previously derived parameters (gauge couplings, mixing angles, v, etc.), the 3D+3D framework

now derives 40+ Standard Model parameters from pure geometry.
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Appendix A: Complete Formula Reference

A.1 Charged Leptons

2120

— 9, _
m, = me X ¢'e = pREp
¢13 2

A.2 UP-Type Quarks

2mv
m _—
u ¢2Oe5
B 272y
Me = P13e2
v
my — ——
V2
A.3 DOWN-Type Quarks
A%
mygy




4v

ms = P33
w2
my = bes

Appendix B: The Color Rule Derivation

B.1 Setup

The 6D Yukawa action for quarks:

S — / X y/=gs yo O He®

B.2 Color Factor

Each color index contributes to the overlap integral:

(Xglxmxg) = (xelxmlxe) x ¢

For N_c¢ =3 colors:

3
3
[[e=0
a=1
B.3 Result

mq:mgX¢NC:mgx¢3

For the first generation:

— = ¢ = 4.2361
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