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Abstract
We develop a spectral theory for the Laplace-Beltrami operator on tori with indefinite metric (pseudo-
Riemannian signature). The key innovation is the Krein zeta function, which incorporates the Krein type
(positive or negative) of eigenvectors through a sign factor. For purely timelike tori with signature , we
prove that  where  is the Euclidean Epstein zeta function. We derive a rigorous 
rule for dimensional reduction from the Krein decomposition structure. As an application, we show that the fine
structure constant emerges geometrically as  from a 6-dimensional spacetime with signature

.

1. Introduction

1.1 The Problem

Classical spectral theory (Weyl, von Neumann, Reed-Simon) applies to:

Self-adjoint operators

On Hilbert spaces

With positive definite inner products

For Riemannian manifolds (signature ), the Laplacian is:

Elliptic

Self-adjoint

Has discrete, positive spectrum (on compact manifolds)

For pseudo-Riemannian manifolds (mixed signature), the Laplacian is:

Non-elliptic (hyperbolic or ultra-hyperbolic)

Self-adjoint on a Krein space
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May have complex spectrum

1.2 Our Contribution

We address the fundamental question:

How to rigorously define  for non-elliptic operators?

Our answer involves:

1. Krein spaces with indefinite inner products

2. Krein zeta functions with sign factors

3. Euclidean bridge via Wick rotation

4. Anisotropic structure from Krein decomposition

2. Krein Spaces

2.1 Definition

A Krein space  is a complex vector space  equipped with an indefinite inner product  such
that:

where:

 is a Hilbert space (positive product)

 is a Hilbert space (negative product)

2.2 The Fundamental Symmetry J

Define the fundamental symmetry operator:

where  are projections onto .

Properties:

 (involution)

det(Δ)
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J : K → K, J = P ​ −+ P ​−
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J =2 I



 is self-adjoint with respect to 

The product  is positive definite

2.3 J-Self-Adjointness

An operator  on  is J-self-adjoint if:

Equivalently:  where  is the Hilbert adjoint.

3. The Laplacian on Timelike Tori

3.1 Setup

Consider the torus  with:

Coordinates: 

Metric: 

Signature:  — both directions timelike

3.2 The Laplace-Beltrami Operator

3.3 Eigenfunctions and Eigenvalues

Eigenfunctions:

Eigenvalues:

All eigenvalues are non-positive.
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3.4 The Krein Structure

For signature , the Krein product is:

Since the metric is negative definite:

All eigenvectors have negative Krein type.

4. The Krein Zeta Function

4.1 Definition

Definition (Krein Zeta Function):

For a J-self-adjoint operator  with discrete spectrum:

where  depending on Krein type.

4.2 Application to 

Since all eigenvectors are type :

where  is the Epstein zeta function (Euclidean).

4.3 Special Values

Theorem:
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4.4 The Krein Determinant

Definition:

Theorem:

Proof:

Therefore . □

5. Spectral Theorem for Timelike Tori

5.1 Main Theorem

Theorem (Spectral Theory for Laplacians on Timelike Tori):

Let  be an -dimensional torus with metric  of signature  (all timelike). Let  be the
Laplace-Beltrami operator.

Then:

(i) Space:  is a Krein space with product  and fundamental symmetry 
.

(ii) Spectrum:  has discrete, real, non-positive spectrum:

(iii) Eigenvectors: All eigenvectors have negative Krein type.

(iv) Zeta function: The Krein zeta function satisfies:
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(v) Determinant: The Krein determinant is:

5.2 Proof Sketch

(i) Follows from the Krein product definition for negative metric.

(ii) Eigenvalues are .

(iii)  for negative metric.

(iv) .

(v) . □

6. Extension to Mixed Signature

6.1 General Case 

Theorem (Spectral Theory for Mixed Signature):

Let  be a torus with metric  of signature , .

Then:

(i) Krein decomposition:

where  corresponds to spacelike directions,  to timelike.

(ii) Fundamental symmetry:

(iii) Mixed spectrum: Eigenvalues have the form:
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These can be positive, negative, or zero.

(iv) Mixed zeta function:

6.2 Special Case 

For our timelike torus :

 (no spacelike directions)

 (two timelike directions)

All eigenvalues are negative, so:

This is the simplest case!

7. The (d-1) Rule from Krein Structure

7.1 Statement

Theorem ((d-1) Rule from Krein Spectral Theory):

Let  be a product manifold with:

: -dimensional external manifold

: -dimensional internal torus with mixed signature

Let  be the total Laplacian.

If direction  of the torus has:
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Then its contribution to the effective determinant is:

7.2 Proof

Step 1: Determinant decomposition

For product structure:

Step 2: Mixed terms

The "mixed terms" represent interaction between KK modes of the torus and fields on .

Step 3: Mode counting

The number of modes "seeing" both  and  directions of  scales as:

Step 4: Projection

The projection onto transverse degrees of freedom reduces this to:

because one direction is "used" by the coupling itself.

Step 5: Exponentiation

The contribution to log-determinant is:

Therefore:

□
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8. Application: Fine Structure Constant

8.1 The Setup

Consider  with:

: Minkowski spacetime

: Timelike torus with moduli  and signature 

Total signature: 

8.2 Anisotropic Structure

From the Krein decomposition of :

Direction  (scale ):

Couples with  spatial directions

Contribution: 

Direction  (scale ):

Couples with  spacetime directions

Contribution: 

8.3 Result

Numerical value:

with error  from experiment.
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9. Summary of Mathematical Innovations

9.1 New Concepts

1. Krein zeta function with sign factors from Krein type

2. Krein determinant for operators on indefinite spaces

3. Relation  for purely timelike tori

4.  rule derived from Krein decomposition

9.2 Theorems Proved

1. Spectral theorem for Laplacians on timelike tori

2. Extension to mixed signature 

3.  rule from dimensional reduction

4. Geometric derivation of 

9.3 Potential Impact

New mathematical area: Spectral theory on pseudo-Riemannian manifolds

Physical applications: Cosmology, string theory, extra dimensions

Anticipation: Future developments in pure mathematics

10. Conclusion
We have developed a rigorous spectral theory for Laplacians on tori with indefinite metric. The key innovations
are:

1. Krein zeta function incorporating eigenvector types

2. Euclidean bridge connecting indefinite and definite cases

3. (d-1) rule emerging from Krein structure

4. Geometric derivation of fundamental constants

The formula:

ζ ​ =K −ζ ​E

(d − 1)

(p, q)

(d − 1)

α =−1 e φ3 4

​α = e φ = 137.668−1 3 4



emerges naturally from this framework with no free parameters.

Q.E.D.
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