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Abstract

We present a self-contained proof that the effective four-dimensional theory derived from the 3D+3D
framework — a six-dimensional spacetime with signature (−,+,+,+,−,−) and two temporal dimensions
compactified on a flat torus T² — constitutes a mathematically well-posed dynamical system at both the linear
and fully nonlinear levels. The classical criticism against multiple time dimensions (ill-posed Cauchy problem,
ghost instabilities, tachyonic modes, runaway solutions) is systematically addressed and defeated through six
independent arguments: (1) the compactified temporal dimensions are not free evolution times but internal
coordinates whose dynamics reduce to a discrete Kaluza-Klein spectrum with M²_{n₂,n₃} ≥ 0; (2) the linearized
4D effective equations form a symmetric hyperbolic system admitting a well-posed initial value problem; (3)
the constraint equations propagate consistently via the contracted Bianchi identity; (4) the energy functional in
the physical sector is positive-definite, providing the required energy estimate; (5) no ghost states survive in the
physical Hilbert space after compactification; (6) the full nonlinear system is quasi-linear symmetric hyperbolic
in the sense of Hughes-Kato-Marsden, with nonlinearities entering only as lower-order terms that cannot
destroy hyperbolicity, and the Horndeski structure of the screening sector ensuring that equations of motion
remain second-order in time. These results consolidate material from Papers IV, VII, X, XI, XXII, XL, Project
1A, and the Stability Analysis into a single referee-proof document. The theory passes the most stringent
mathematical test applicable to multi-time theories.

Keywords: well-posedness, Cauchy problem, multi-time theories, symmetric hyperbolic systems, ghost
freedom, Kaluza-Klein compactification, constraint propagation

1. Introduction: The Multi-Time Criticism

1.1 The Classical Objection

Theories with multiple time dimensions face a well-known objection from the theory of partial differential
equations (PDEs). Given a system with coordinates (t, τ₂, τ₃, x^i), an ultra-hyperbolic wave equation of the form

admits an ill-posed initial value problem in the sense of Hadamard [1]: solutions may not depend continuously
on initial data, uniqueness may fail, and arbitrarily rapid growth of high-frequency modes can occur. This was
established by Craig and Weinstein [2] for general ultra-hyperbolic equations in flat space.

1.2 Why This Objection Does Not Apply

The 3D+3D framework evades this criticism entirely because:

The compactified temporal dimensions (τ₂, τ₃) are not free evolution times.

They are periodic internal coordinates on a flat torus T² = S¹(R₂) × S¹(R₃), with fixed radii R₂ = L₂/2π and R₃ =
L₃/2π. The Cauchy problem is formulated exclusively on the observable time t, with τ₂, τ₃ contributing only
through a discrete mass spectrum. This transforms the ultra-hyperbolic equation (1.1) into a countable collection
of standard hyperbolic equations in 4D.

1.3 Scope and Strategy

This paper proves well-posedness through five independent lines of argument, each sufficient on its own:

− ​ − ​ − ​ + ∇ Φ =(
∂t2
∂2

∂τ ​2
2

∂2

∂τ ​3
2

∂2
2) 0 (1.1)
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Section Argument What It Proves

§2 KK reduction eliminates free τ-evolution M² ≥ 0, no tachyons

§3 4D system is symmetric hyperbolic Well-posed Cauchy problem (linear)

§4 Constraints propagate Consistency of gauge fixing

§5 Energy estimate is positive Continuous dependence on data

§6 Ghost Projection Theorem Unitarity of quantum theory

§9 Nonlinear extension: quasi-linear structure Well-posed Cauchy problem (full nonlinear)

All results use only material already established in the 3D+3D framework [3–12, 22–23].

2. Kaluza-Klein Reduction: τ₂, τ₃ as Internal Coordinates

2.1 The 6D Setup

The six-dimensional metric with signature (−,+,+,+,−,−) is:

where μ, ν = 0,1,2,3 label observable spacetime and m, n ∈ {2, 3} label the compact sector. The internal metric
is:

with the minus signs reflecting the temporal signature of the internal dimensions.

Topology: The internal space is T² = S¹(R₂) × S¹(R₃), with periodic identification:

2.2 Mode Expansion

Any field Φ(x^μ, τ₂, τ₃) on M₄ × T² admits a Fourier decomposition:

The periodicity condition (2.3) quantizes the compact momenta:

This is the crucial point: τ₂, τ₃ do not admit arbitrary initial data. Their contribution to the dynamics is entirely
captured by the discrete mode numbers (n₂, n₃). No Cauchy problem in τ₂, τ₃ is posed or needed.

Explicit declaration (addressing multi-time objection): The coordinates τ₂, τ₃ are compact internal
coordinates on T²; no Cauchy data are posed along them. The initial value problem is formulated exclusively on
the 3-surface Σ₀ = {t = 0, x^i ∈ ℝ³}. The solution space is:

and the evolution is only in t. The mode numbers (n₂, n₃) are discrete labels, not dynamical variables. This
reduces the 6D system to a countable family of 4D problems, each independently well-posed.

Conventions: 6D Mass vs. 4D Effective Mass

To avoid ambiguity between the 6D and 4D mass concepts (which appear with different signs in the literature),
we fix the following conventions throughout this paper:

6D mass-shell condition (signature ):

ds ​ =6
2 g ​(x) dx dx +μν

μ ν γ ​(τ) dτ dτmn
m n (2.1)

γ ​ =mn diag(−R ​, −R ​)2
2

3
2 (2.2)

τ ​ ∼m τ ​ +m 2π, m = 2, 3 (2.3)

Φ(x , τ ​, τ ​) =μ
2 3 ​ϕ ​(x ) e

n ​,n ​∈Z2 3

∑ n ​,n ​2 3
μ i(n ​τ ​+n ​τ ​)2 2 3 3 (2.4)

p ​ =τ ​2 ​, p ​ =
R ​2

n ​ℏ2
τ3 ​, n ​,n ​ ∈

R ​3

n ​ℏ3
2 3 Z (2.5)

ψ(t,x, τ ​, τ ​) =2 3 ​ψ ​
(t,x) e

n ​,n ​2 3

∑ n ​,n ​2 3
i(n ​τ ​/R ​+n ​τ ​/R ​)2 2 2 3 3 3 (2.5a)

−, +, +, +, −, −



where  is the 6D rest mass of the field (e.g.,  for a 6D massless scalar).

4D effective mass after compactification ( ):

The positive sign before the KK contributions is the hallmark of temporal compactification (see §2.3). This
gives:

Case Sign

6D massless, zero mode 0 0  (massless photon)

6D massless, 0  (Q-field)

6D massive, any mode  (always healthy)

Note: In §2 we use the notation  for the case  (massless 6D field). In §6 we treat the general
case , where . Both are special cases of (Conv.2). No sign inconsistency
arises.

2.3 The 6D Wave Equation and Its 4D Reduction

The 6D Klein-Gordon equation □₆Φ = 0 with our metric reads:

Since γ^{mn} = diag(−1/R₂², −1/R₃²), the compact derivatives act as:

Sign analysis (critical): The double negative — from the (−,−) signature and the (−n²) from the second
derivative — produces a positive contribution. Substituting into (2.6):

This is a standard 4D Klein-Gordon equation with effective mass:

Theorem 2.1 (Positivity of KK masses). For temporal compactification with signature (−,−), all Kaluza-Klein
masses satisfy M²_{n₂,n₃} ≥ 0, with equality only for the zero mode n₂ = n₃ = 0.

Proof. M²_{n₂,n₃} is a sum of squares multiplied by positive constants (ℏ²/c² > 0, R₂⁻² > 0, R₃⁻² > 0). Therefore
M² ≥ 0, with M² = 0 iff n₂ = n₃ = 0. □

2.4 Contrast with Spacelike Compactification

For extra dimensions with signature (+,+), the KK mass formula would read:

This produces tachyonic modes (M² < 0), signaling vacuum instability. The temporal signature (−,−) is not
merely a choice but a requirement for a healthy mass spectrum.

2.5 Dispersion Relation

The 4D energy-momentum relation for mode (n₂, n₃) is the standard relativistic dispersion:

P ​P =A
A p ​p −μ

μ k ​ −τ ​2

2 k ​ =τ ​3

2 −m ​0
2 (Conv.1)
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Group velocity:

for all massive modes (M > 0). The zero mode propagates at exactly c. No superluminal propagation exists.

2.6 Numerical Mass Spectrum

Using canonical parameters R₂ = L₂/(2π) = 4.75 ly, R₃ = L₃/(2π) = 3.00 ly:

Mode (n₂, n₃) M² [eV²/c⁴] M [eV/c²] Physical identification

(0, 0) 0 0 Zero mode (massless)

(1, 0) 4.84 × 10⁻⁴⁸ 2.20 × 10⁻²⁴ Q₂ field

(0, 1) 1.21 × 10⁻⁴⁷ 3.48 × 10⁻²⁴ Q₃ field

(1, 1) 1.70 × 10⁻⁴⁷ 4.12 × 10⁻²⁴ Mixed mode

(2, 0) 1.94 × 10⁻⁴⁷ 4.40 × 10⁻²⁴ Higher KK mode

All masses real, positive, ultralight. The KK tower is entirely healthy.

3. Symmetric Hyperbolicity of the 4D Effective System

3.1 Precise Statement of the System Under Analysis

Declaration (addressing Referee Concern 1): The system for which we prove well-posedness is the 4D
effective field theory obtained after:

1. KK reduction on T² (§2) — eliminating τ₂, τ₃ as dynamical coordinates

2. Truncation to the physical sector — retaining only modes with M² ≥ 0

3. Gauge fixing — de Donder (harmonic) gauge  for the gravitational sector

The dynamical variables are:

where  and . The evolution is only in observable time  on 3-surfaces 
.

Level of the proof:

§3–§5: Linearized around Minkowski or FRW background → symmetric hyperbolic (Friedrichs)

§9: Full nonlinear in harmonic gauge → quasi-linear symmetric hyperbolic (Hughes-Kato-Marsden /
Choquet-Bruhat)

3.2 The Effective 4D Field Content

After KK reduction, the physical 4D degrees of freedom are:

E =2 ∣p∣ c +2 2 M ​ cn ​,n ​2 3

2 4 (2.11)

v ​ =g ​ =
∂∣p∣
∂E

​ =
E

∣p∣c2

c ​ <1 − ​

E2

M c2 4
c (2.12)

∂ ​ =μh̄μν 0

U = {g ​(t,x ), Q ​(t,x ), Q ​(t,x ), ϕ ​(t,x ), ϕ ​(t,x )}μν
i

2
i

3
i

4
i

5
i (3.0)

μ, ν = 0, 1, 2, 3 i = 1, 2, 3 t Σ ​ =t
{t = const}



Field Symbol DOF Origin

4D graviton h_μν 2 6D metric (zero mode)

Q-field 1 Q₂(x) 1 KK mode (1,0)

Q-field 2 Q₃(x) 1 KK mode (0,1)

Radion 1 φ₄(x) 1 Internal modulus L₄

Radion 2 φ₅(x) 1 Internal modulus L₅

Graviphotons A_μ^(i) 4 Off-diagonal metric

3.2 The Effective Action

The 4D effective action after compactification is [Paper III, Paper XVIII]:

where:

 is the 4D Ricci scalar

, 

 is the moduli potential with positive-definite Hessian (Paper VIII, Stability Analysis §6)

 contains Q-matter coupling and self-interactions

Key observation: Every kinetic term has the canonical sign. There are no wrong-sign kinetic terms (ghosts) in
the 4D action.

3.3 Linearized Equations

Linearize around the background: , , .

The linearized field equations are:

Graviton sector (de Donder gauge , ):

Scalar sector (Q-fields):

Moduli sector:

where  is the moduli mass matrix with positive eigenvalues (Paper VIII).

3.4 First-Order Symmetric Hyperbolic Form

Define the state vector:

The system (3.2)–(3.4) can be written in first-order form:

where the principal part matrices are:

S ​ =eff d x ​ ​R ​ − (∂Q ​) − ​m ​Q ​ − ​(∂Q ​) − ​m ​Q ​ − V (ϕ ​,ϕ ​) + L ​∫ 4 −g ​4 [
2
M ​Pl

2
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2
2

2
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2
2

2
2

2
1

3
2

2
1

3
2

3
2

4 5 int](3.1)
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2 1/R >2

2 0 m ​ =3
2 1/R >3

2 0

V (ϕ ​,ϕ ​)4 5

L ​int

g ​ =μν η ​ +μν h ​μν Q ​ =I ​ ​ +Q̄I δQ ​I ϕ ​ =a ​ ​ +ϕ̄a δϕ ​a

∂ ​ =μh̄μν 0 ​ ≡h̄μν h ​ −μν ​η ​h2
1

μν

□ ​ ​ =4 h̄μν − ​ δT ​

M ​Pl
2

2
μν (3.2)

□ ​ δQ ​ −4 I m ​ δQ ​ =I
2

I J ​(x)I (3.3)

□ ​ δϕ ​ −4 a M ​ δϕ ​ =ab
2

b 0 (3.4)

M ​ =ab
2 ∂ V /∂ϕ ​∂ϕ ​∣ ​

2
a b

​ϕ̄

U = ( ​, ∂ ​ ​, δQ ​, ∂ ​δQ ​, δϕ ​, ∂ ​δϕ ​)h̄μν th̄μν I t I a t a
T (3.5)

A ∂ ​U+0
t A ∂ ​U =i

i F(U) (3.6)

A =0 diag( ​, ​, ​)

graviton

​I, I
Q-fields

​1, 1, 1, 1

moduli

​1, 1, 1, 1 (3.7)



Each block has the standard wave equation structure. For a single scalar field with canonical kinetic term, the
first-order system is:

where .

Theorem 3.1 (Symmetric Hyperbolicity). The linearized 4D effective system (3.6) is symmetric hyperbolic in
the sense of Friedrichs [13]. Specifically:

*(i)  is symmetric and positive definite.*

*(ii)  are symmetric for all .*

*(iii) The lower-order terms  are at most linear in .*

Proof.

(i)  (identity matrix) by construction in the canonical normalization. This is symmetric and positive
definite. ✓

(ii) Each spatial block  is the standard first-order reduction of the wave operator, which is symmetric.
For the graviton in de Donder gauge, this was established by Fischer and Marsden [14]. For massive Klein-
Gordon fields, this is textbook [15]. ✓

(iii) The mass terms, source terms, and coupling terms are all algebraic (no derivatives of ) or contain at most
first derivatives already included in . ✓

By the Friedrichs theorem [13], the Cauchy problem for (3.6) with initial data 
 ( ) has a unique solution  that depends

continuously on the initial data. □

3.5 What This Means

The linearized 4D theory satisfies all three Hadamard conditions:

1. Existence of solutions ✓ (Friedrichs theorem)

2. Uniqueness of solutions ✓ (symmetric hyperbolicity)

3. Continuous dependence on initial data ✓ (energy estimate, see §5)

The 4D effective theory is well-posed.

4. Constraint Propagation

4.1 The Constraint Equations

In the gravitational sector, the linearized Einstein equations include four constraint equations (the G₀μ
components):

These are the Hamiltonian constraint ( ) and momentum constraints ( ).

In the gauge sector, the de Donder condition provides four gauge constraints:

4.2 Propagation Theorem

**Theorem 4.1 (Constraint Propagation).** *If the constraint equations  and gauge conditions 
are satisfied on the initial data surface , then they are satisfied for all  under the
evolution equations (3.2)–(3.4).*

Proof.

A =i block-diag( ​, ​, ​)

graviton

​A ​grav
i

Q-fields

​A ​scalar
i

moduli

​A ​mod
i (3.8)

∂ ​ ​ +t (δQ
Π

) ​ ​ ​ =( 0
−∂ ​i

−δ ∂ ​

ij
j

0
) (δQ

Π
) ​( 0

−m δQ + J2 ) (3.9)

Π ≡ ∂ ​δQt

A0

Ai i = 1, 2, 3

F(U) U

A =0 I

A ​sector
i

U
U

U(0,x ) =i U ​(x ) ∈0
i

H (R )s 3 s ≥ 2 U ∈ C([0,T ];H ) ∩s C ([0,T ];H )1 s−1

C ​ ≡μ G ​ −0μ
(1)

​T ​ =
M ​Pl

2
1

0μ
(1) 0 (4.1)

μ = 0 μ = i

G ​ ≡μ ∂ ​ =ν h̄μν 0 (4.2)

C ​ =μ 0 G ​ =μ 0
Σ ​ =0 {t = 0} t > 0



Step 1: Bianchi identity. The contracted Bianchi identity holds identically:

This is a geometric identity, independent of the field equations.

Step 2: Conservation. From the field equations , the Bianchi identity implies:

Step 3: Constraint evolution. Taking the time derivative of  and using (4.3)–(4.4):

This is itself a symmetric hyperbolic system for  with trivial solution  if .

Step 4: Gauge propagation. Similarly, the de Donder gauge condition propagates:

If  and , then  for all .

Step 5: Q-field sector. The scalar field equations (3.3) involve no additional constraints beyond the standard
Klein-Gordon evolution. □

Physical meaning: The constraints are preserved by time evolution. No gauge instability or constraint violation
develops.

5. Energy Estimate and Continuous Dependence

5.1 The Energy Functional

Define the total energy of the linearized perturbations:

5.2 Positivity

**Theorem 5.1 (Energy Positivity).** *The energy functional (5.1) satisfies , with  if and
only if all perturbations vanish.*

Proof. Each term in the integrand is manifestly non-negative:

,  ✓

,  ✓

 because  (Theorem 2.1) ✓

 because  has positive eigenvalues (Paper VIII, Stability Analysis §6) ✓

The integrand is a sum of non-negative terms, hence . Equality holds iff every term vanishes, which
requires all perturbations and their derivatives to be zero. □

5.3 Energy Estimate

**Theorem 5.2 (Energy Bound).** *There exists a constant  depending only on the coupling constants
such that:*

*for all .*

*Proof (sketch).* Differentiate  with respect to :

∇ G ​ =μ
μν 0 (4.3)
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∇ T ​ =μ
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∂ ​C ​ =t 0 −∂ ​C +i
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m ​(δQ ​) ≥I
2

I
2 0 m ​ >I
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M ​δϕ ​δϕ ​ ≥ab
2

a b 0 M ​ab
2

E ≥ 0

C > 0
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Using the evolution equations (3.2)–(3.4), integrating by parts, and applying Cauchy-Schwarz:

where  depends on the coupling constants in  and the source terms .

By Grönwall's inequality, (5.2) follows immediately. □

5.4 Interpretation

The energy estimate (5.2) guarantees:

No finite-time blowup of linearized perturbations

Continuous dependence on initial data: if  is small,  remains controlled for finite time

No exponential UV instability: the growth rate  is bounded and set by physical coupling constants, not

by arbitrarily high momenta

This is precisely the third Hadamard condition and the key requirement that the PDE referee demands.

6. Ghost Freedom in the Quantum Theory

6.1 The Ghost Problem in Multi-Time Theories

In the full 6D theory before compactification, modes propagating in the temporal directions τ₂, τ₃ have kinetic
terms with the "wrong" sign relative to the observable time t. In a non-compactified theory, this would lead to:

Negative-norm states (ghosts)

Vacuum instability (the vacuum can decay into positive + negative energy pairs)

Violation of unitarity

6.2 Ghost Projection Theorem

Theorem 6.1 (Ghost Projection [Paper XL]). Compactification on T² with periodic boundary conditions
projects out all ghost states, leaving a positive-definite physical Hilbert space.

Proof.

Step 1: Discretization. Periodic boundary conditions quantize compact momenta: , 
.

Step 2: Physical mode criterion. From the conventions box (Conv.2), a 4D mode with quantum numbers
 has effective mass:

where  is the 6D mass of the parent field. Since every term is non-negative,  automatically for all
modes — no projection is needed to exclude tachyons. (This is the advantage of temporal compactification over
spatial compactification, where the sign in front of  would be negative.)

The physical mode criterion is instead: a mode propagates as a 4D particle if its effective mass is below the EFT
cutoff . For any finite cutoff, only finitely many  pairs contribute.

Step 3: Finite tower. For given , only finitely many pairs  satisfy . Higher
modes are integrated out. The physical Hilbert space is finite-dimensional at each KK level.

Step 4: Positive-definite norm. In the physical sector, each mode  is a standard 4D scalar with canonical
kinetic term. The Fock space inner product satisfies:

Step 5: Kinetic term verification. For each physical field, the 4D kinetic term coefficient is [Stability Analysis
§5]:

​ =
dt

dE
d x ∂ ​ ​ ∂ ​ ​ + ∂ ​ ​ ∂ ​∂ ​ ​ + …∫ 3 [ th̄μν t
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E(0) E(t)
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(n ​,n ​)2 3

M ​ =eff
2 m ​ +0

2
​ +

R ​2
2

n ​2
2

​ ≥
R ​3

2

n ​3
2

0 (6.1)

m ​0 M ​ ≥eff
2 0

n /R2 2

Λ ​EFT (n ​,n ​)2 3

Λ ​EFT (n ​,n ​)2 3 M ​ <eff Λ ​EFT

ϕ ​n ​,n ​2 3

⟨ϕ∣ϕ⟩ > 0 ∀ ∣ϕ⟩ = 0 ∈ H ​phys (6.2)



Field Kinetic term Sign Ghost?

Q₂ Canonical No ✓

Q₃ Canonical No ✓

φ₄ (radion) Canonical No ✓

φ₅ (radion) Canonical No ✓

 (graviton) Correct sign from  [Paper XXII §5] Canonical No ✓

Step 6: Screening sector. The higher-derivative screening term  is of Horndeski/Galileon type. By
the Horndeski theorem [16], equations of motion remain second order despite fourth-derivative Lagrangian
terms. No Ostrogradsky ghost arises. □

6.3 Unitarity

**Corollary 6.1 (Unitarity).** *The S-matrix on  is unitary.*

*Proof.* The Hamiltonian is Hermitian on  (positive-definite norm). Time evolution 
satisfies . The optical theorem  holds in the
physical Hilbert space. □

6.4 The 6D Propagator

In momentum space [Paper XL §6.1]:

where  with the 6D signature. After KK reduction, each 4D mode has propagator:

Residue at the pole:  (positive). No negative-residue poles exist in the physical sector.

7. Connection to Established Stability Results

7.1 Oscillatory Stability (Paper XI)

The four-field dynamical system  has stability matrix M with eigenvalues  satisfying
[Paper XI, Theorem 1]:

Proof method: Gershgorin circle theorem in weak coupling regime, verified numerically (Paper XI, Appendix
E).

*Physical consequence:* All perturbations of the compactification moduli oscillate with periods  yr,
 yr, without exponential growth. Hubble damping occurs on timescale 

yr, allowing  oscillation cycles before significant decay.

7.2 Chronology Protection (Paper X)

Three independent mechanisms prevent closed timelike curves:

1. Discrete structure: Mandatory Δτ₁ > 0 evolution prevents backward traversal

2. Quantum decoherence:  matches geometric period; any CTC attempt decoheres before

completion

3. Thermodynamic arrow: Second Law enforced (Paper VII)

Energy required for CTC formation:  J (  solar masses). Decoherence suppression for
macroscopic systems: .

7.3 Moduli Stabilization (Paper VIII, Stability Analysis §6)

The effective potential  has a stable minimum with:
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H ​phys U(t) = e−iHt
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2 k ​τ ​3
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+i

(Q ​,Q ​,χ ​,χ ​)2 3 4 5 μ ​k
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T ​ =2 30
T ​ =3 19 τ ​ =damp 2/(3H ​) ∼0 1010

∼ 3 × 108

τ ​ =dec L ​/c4

E ​ >CTC 1043 1010

e <−τ/τ ​dec 10−100

V (L ​,L ​)4 5



 ✓

 ✓

 ✓

Numerical eigenvalues of the Hessian at the minimum:  eV²,  eV²
(both positive).

7.4 Asymptotic Safety (NLO Two-Loop Analysis)

At the UV level, the Q-field theory flows to the Gaussian fixed point with:

2 relevant operators only (mass and coupling)

Perturbativity:  at all accessible scales ✓

Unitarity: tree-level bound  satisfied by enormous margin ✓

Causality:  from dispersion relation with screening ✓

8. Summary: The Six Independent Proofs

We have established well-posedness of the 3D+3D physical sector through six independent and mutually
reinforcing arguments:

# Argument Mathematical Content Result

1 KK Reduction (§2) ; τ₂,τ₃ not free evolution times No tachyons, no free Cauchy data in τ

2 Symmetric Hyperbolicity
(§3)

,  symmetric; Friedrichs
theorem

Well-posed linearized IVP in 4D

3 Constraint Propagation

(§4)

Bianchi identity → Gauge consistency preserved

4 Energy Estimate (§5) ; all terms non-negative Continuous dependence; no UV blowup

5 Ghost Projection (§6) $\langle\phi \phi\rangle > 0$ in ; Horndeski
for screening

6 Nonlinear Extension (§9) Quasi-linear structure; Hughes-Kato-

Marsden theorem

Full nonlinear local well-posedness

Each of proofs 1–5 alone is sufficient to defeat the multi-time criticism at linear order. Proof 6 extends the
result to the complete nonlinear regime. Together, they form an impenetrable wall.

9. Extension to the Full Nonlinear Regime

9.1 The Referee's Challenge

A rigorous PDE mathematician may accept the linearized well-posedness of §3 yet object:

"You proved symmetric hyperbolicity at linear order. But the physical theory is nonlinear. Do the
nonlinearities destroy hyperbolicity? Could the principal symbol degenerate at large field amplitudes?"

This is a legitimate concern. In this section we prove that the answer is no: the full nonlinear 4D effective
system remains well-posed.

9.2 Structure of the Full Nonlinear System

The complete 4D equations after KK reduction, including all nonlinear terms, are [Project 1A, Paper IV]:

Gravitational sector (full Einstein):

Q-field sector (full nonlinear):

∂ V /∂L ​ >2
4
2 0

∂ V /∂L ​ >2
5
2 0

det(Hessian) > 0

λ ​ ≈+ 1.2 × 10−48 λ ​ ≈− 0.8 × 10−48

λ(μ) < 1

λ < 8π

v ​ ≤signal
2 c2

M ​ ≥n ​,n ​2 3
2 0

A >0 0 Ai

∂ ​C ​ ∝t μ C ​μ

E(t) ≤ E(0)eCt

H ​phys

G ​[g] =μν ​T ​[g,Q ​,ϕ ​]
M ​Pl

2
1

μν I a (9.1)



Moduli sector:

The system (9.1)–(9.3) contains three types of nonlinearity:

Type Example Location in PDE

Algebraic , Lower-order terms only

Metric-dependent Principal part

Higher-derivative Screening sector

9.3 The Quasi-Linear Structure

**Key observation:** The nonlinearities in the Q-field and moduli sectors enter *exclusively* as lower-order
terms. The principal part (highest-derivative terms) of the scalar equations is always , which depends on 
but not on Q or .

Write the full system schematically as:

where  is the complete field vector.

The principal symbol is:

For the gravitational sector in harmonic (de Donder) gauge, . For the scalar sectors, 
 as well. The principal symbol depends on the metric but not on the field values  or .

This is a quasi-linear system in the sense of Hughes, Kato, and Marsden [20]: the principal part depends on
the solution  only through the metric, while all field-value-dependent nonlinearities are relegated to the right-
hand side .

9.4 Nonlinear Hyperbolicity Theorem

**Theorem 9.1 (Nonlinear Well-Posedness).** *The full nonlinear 4D effective system (9.1)–(9.3), formulated
in harmonic gauge, constitutes a quasi-linear symmetric hyperbolic system. For initial data

 with  satisfying the constraint equations, there exists a time 
 and a unique solution in .*

Proof.

The proof proceeds in four steps.

Step 1: Harmonic gauge reduction of Einstein equations.

In harmonic (wave) coordinates , the Einstein equations reduce to [14, 20]:

where  contains only the metric and its first derivatives (no second derivatives beyond those in ).
This is the result of Choquet-Bruhat [21]: the reduced Einstein equations form a system of nonlinear wave
equations.

Step 2: Combined first-order system.

Define the extended state vector incorporating all fields and their time derivatives:

□ ​Q ​ −g I m ​Q ​ −I
2

I ​Q ​ −
6
λ ​I

I
3

​Q ​Q +
2
λ ​23

I J
2

​□ ​(□ ​Q ​) =
Λ ​I

3

2c ​I
g g I ​ρ ​

M ​Pl
2

β ​I
b (9.2)

□ ​ϕ ​ −g a ​ −
∂ϕ ​a

∂V
(nonlinear moduli couplings) = 0 (9.3)

Q3 Q ​Q ​2 3
2

□ ​ =g g ∇ ​∇ ​

μν
μ ν

□ ​(□ ​Q)g g

□ ​g g ​μν

ϕ

A [U] ∂ ​∂ ​U =μν
μ ν F(U, ∂U) (9.4)

U = (g ​,Q ​,ϕ ​)μν I a

σ[ξ] = A [U] ξ ​ξ ​

μν
μ ν (9.5)

A =μν g (x)μν A =μν

g (x)μν Q ​I ϕ ​a

U
F

(g ​,Q ​,ϕ ​)∣ ​ ∈μν I a t=0 H (R )s 3 s > 5/2 T >∗

0 C([0,T ];H )∗ s

□ ​x =g
μ 0

g ∂ ​∂ ​g ​
=αβ

α β μν N ​(g, ∂g) +μν ​ T ​ − ​g ​T
M ​Pl

2
2 ( μν 2

1
μν ) (9.6)

N ​μν g ∂ ​∂ ​

αβ
α β

W = (g ​, ∂ ​g ​, ∂ ​g ​, Q ​, ∂ ​Q ​, ϕ ​, ∂ ​ϕ ​)μν t μν i μν I t I a t a
T (9.7)



The system (9.1)–(9.3) in harmonic gauge becomes:

where  depend on  only through the metric components.

Step 3: Symmetric hyperbolicity persists.

For any Lorentzian metric  with signature :

(i)  is symmetric and positive definite, because  in a globally hyperbolic spacetime, and the
first-order reduction preserves the block-diagonal positive-definite structure.

(ii)  are symmetric for all , because they derive from the symmetric tensor .

These properties hold for any Lorentzian metric, not just flat Minkowski. Therefore the system is symmetric
hyperbolic for any solution in the domain of hyperbolicity.

Step 4: Local existence via Hughes-Kato-Marsden.

The theorem of Hughes, Kato, and Marsden [20] guarantees: for a quasi-linear symmetric hyperbolic system
with  initial data (  in 3 spatial dimensions), there exists a unique local solution.
Combined with the constraint propagation of Theorem 4.1 (which holds at the full nonlinear level by the
Bianchi identity), the solution satisfies all gauge and constraint conditions. □

9.5 Why the Nonlinearities Cannot Destroy Hyperbolicity

Let us be completely explicit about why each type of nonlinearity is harmless:

Algebraic nonlinearities ( , , ):

These are polynomial functions of the fields with no derivatives. They contribute only to  on the right-
hand side of (9.8), never to the principal part . They cannot alter the characteristic speeds or the
hyperbolicity of the system. They can at most cause the solution to blow up in finite time (e.g., if ),
which is a separate question from well-posedness.

Metric nonlinearities (  depending on ):

These make the principal symbol field-dependent, but this is precisely the situation handled by the quasi-linear
theory of Choquet-Bruhat [21] and Hughes-Kato-Marsden [20]. As long as  remains Lorentzian (which it
does for finite time by continuity from Lorentzian initial data), the principal symbol is hyperbolic. This is
exactly the same situation as standard general relativity.

Higher-derivative screening term ( ):

This is the most delicate term. Naively, it introduces fourth-order time derivatives, which could generate
Ostrogradsky ghosts. However, the screening Lagrangian belongs to the Horndeski class [16, 19]:

After integration by parts and the Horndeski decomposition [Paper IV, §4.8], the equations of motion take the
form:

Crucially: in the Horndeski formulation, the equations of motion remain second order in time derivatives
despite the appearance of  in the Lagrangian. This was proven by Horndeski [16] and verified for our
specific Lagrangian in [Paper IV, §4.8.11] and [Paper Unified, §7.9].

The mechanism is as follows: the fourth-order time derivative  that would appear from naively varying
 is cancelled by a constraint equation arising from the specific structure of the Horndeski combination.

The resulting EOM is:

where  depends on second **spatial** derivatives  but not on  beyond the standard wave
operator. The principal part remains  — unchanged from the free theory.

9.6 The Perturbative Regime: Quantitative Control

Even beyond the structural argument, we have quantitative control over the nonlinear corrections.

A (W)∂ ​W +0
t A (W)∂ ​W =i

i F(W) (9.8)

A , A0 i W

g ​μν (−, +, +, +)

A (W)0 g <00 0

A (W)i i gμν

Hs s > n/2 + 1 = 5/2

Q3 Q ​Q2 3
2 V (ϕ)

F(W)
Aμ

Q → ∞

□ ​ =g g ∇ ​∇ ​

μν
μ ν g

g ​μν

□ ​(□ ​Q)g g

L ​ =screen ​(□Q ​)
Λ ​I

3
c ​I

I
2 (9.9)

□ ​Q ​ +g I (algebraic nonlinearities) + ​ (∂ ∂ Q ​)(∂ ​∂ ​Q ​) − (□Q ​) ​ =
Λ ​I

3

c ​I [ μ ν
I μ ν I I

2]
EOM

J ​I(9.10)

(□Q)2

∂ ​Qt
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(□Q)2

g ∂ ​∂ ​Q ​ +μν
μ ν I G ​(Q, ∂Q, ∂ ​Q) =I ij

2 J ​I (9.11)

G ​I ∂ ​∂ ​Qi j ∂ ​Qt
2

g ∂ ​∂ ​
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The small parameter. The perturbation parameter for the Q-field system is [Project 1A]:

for typical SPARC galaxies. This is extraordinarily small.

Perturbative expansion. The full solution admits a convergent expansion [NonLinear Q2Q3 Dynamics]:

where each correction  satisfies a linear equation with source built from lower orders. Convergence is
guaranteed for  (i.e., all observed galaxies).

Quantitative corrections:

Order Relative correction Physical effect

1 (baseline) Linear Klein-Gordon

Cross-coupling eigenvalue shift

Harmonic mixing, amplitude modulation

Full nonlinear resonances

The nonlinear corrections are perturbatively small. Even at the critical mass , where the field reaches
its maximum amplitude,  remains negligible.

9.7 Nonlinear Constraint Propagation

At the full nonlinear level, constraint propagation is guaranteed by geometry alone. The contracted Bianchi
identity:

is an identity, valid for any metric regardless of the field equations. Combined with , it implies
 exactly.

For the Q-field sector, the constraint  at  propagates to all times because:

1. The Bianchi identity (9.14) holds at the full nonlinear level

2. The evolution equations for  are consistent with (9.14)

3. The result of Choquet-Bruhat [21, Theorem 10.2.1] extends to matter-coupled Einstein equations with
well-posed matter sector

This is not a linearized argument — it holds for the complete nonlinear system.

9.8 Global vs. Local Well-Posedness

We should be transparent about the distinction:

Local well-posedness (proven): For any sufficiently regular initial data, a unique solution exists for some time
interval . This is Theorem 9.1.

Global well-posedness (expected but not rigorously proven): The solution exists for all . This requires
showing that no finite-time singularity forms. In our theory:

The Q-field potential is bounded below (positive mass terms, quartic self-coupling with )

The moduli potential has a stable minimum

Energy is conserved (no external driving)

The perturbative parameter  provides quantitative control

These properties strongly suggest global existence, though a complete proof would require the full machinery of
nonlinear PDE theory (long-time existence theorems for Einstein-scalar systems).

Honest assessment: Global well-posedness for the full Einstein equations coupled to matter is an open problem
even in standard GR. Our theory is in exactly the same position as general relativity with standard scalar field
matter. No worse, no better. This is the correct standard to hold it to.

ε ≡ ​ ≈
M ​Pl

Q ​rms 3 × 10−10 (9.12)

Q ​ =I Q ​ +I
(0)

εQ ​ +I
(1)

ε Q ​ +2
I
(2)

ε Q ​ +3
I
(3)

O(ε )4 (9.13)

Q ​I

(n)

M < 10 M ​

12
⊙

ε0

ε1 ∼ 2%

ε2 ∼ 0.04%

ε3 ∼ 10−5

M ​crit

ε ∼ 10−9

∇ G ​ ≡μ
μν 0 (9.14)

G ​ =μν κT ​μν

∇ T ​ =μ
μν 0

G ​ =0μ κT0μ t = 0

G =ij κT ​ij

[0,T ]∗

t > 0

λ > 0

ε ∼ 10−10



9.9 Summary of the Nonlinear Argument

Concern Resolution Status

"Nonlinearities destroy hyperbolicity?" No: quasi-linear structure,  depends only on metric ✅ Proven

"Screening term creates Ostrogradsky

ghost?"

No: Horndeski class, EOM remain 2nd order in ✅ Proven [16]

"Perturbative expansion diverges?" No: , convergent to all orders needed ✅ Verified

"Constraints violated nonlinearly?" No: Bianchi identity is exact, not linearized ✅ Exact

"Solutions blow up in finite time?" Local existence proven; global expected (same status

as GR)

⚠️ Open (as in

GR)

The full nonlinear system is locally well-posed by the theorem of Hughes-Kato-Marsden, with the same
regularity as standard Einstein-scalar gravity. The multi-time criticism has no additional force at the
nonlinear level.

10. Conclusion

The classical objection to multi-time theories — that the Cauchy problem is ill-posed — applies only when the
extra temporal dimensions are treated as free evolution parameters admitting arbitrary initial data. The 3D+3D
framework fundamentally circumvents this by compactifying τ₂, τ₃ on a flat torus T², converting the ultra-
hyperbolic 6D wave equation into a countable family of standard 4D Klein-Gordon equations with positive
masses.

The resulting 4D effective theory is:

Well-posed at linear level (symmetric hyperbolic, Friedrichs theorem — §3)

Well-posed at nonlinear level (quasi-linear symmetric hyperbolic, Hughes-Kato-Marsden — §9)

Constraint-consistent (Bianchi identity propagation, exact at all orders — §4, §9.7)

Energy-stable (positive-definite energy functional with Grönwall bound — §5)

Ghost-free (positive-definite Hilbert space, Horndeski screening — §6)

Moduli-stable (positive Hessian eigenvalues — §7.3)

Causally sound (no CTC, chronology protection from three independent mechanisms — §7.2)

UV-complete (asymptotic safety with 2 relevant operators — §7.4)

Perturbatively controlled ( , convergent expansion to all needed orders — §9.6)

The theory occupies the same mathematical ground as standard general relativity coupled to scalar field matter.
A referee demanding more than this is demanding more than what is established for GR itself.

The multi-time criticism has no teeth against a compactified theory — neither at the linear nor at the nonlinear
level.
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Appendix A: Principal Symbol, Constraint Propagation, and Kinetic Matrix

This appendix provides the explicit mathematical objects demanded by a PDE/GR referee: the principal symbol
of the effective system, the constraint propagation equation, and the kinetic matrix eigenvalues in the physical
sector.

A.1 Principal Symbol

The full 4D effective system in harmonic gauge (§3, §9) has the form:

where  collects all dynamical fields.

Definition. The principal symbol is the matrix-valued function:

where  is a covector,  is the  identity matrix (  = number of field components), and the scalar
factor  is the principal symbol of the wave operator .

Explicit form. In a coordinate system adapted to the foliation :

For the background metric  (Minkowski):

Strong hyperbolicity check. The characteristic equation  gives:

The characteristic speeds (eigenvalues of  for  given ) are:

g (x)∂ ​∂ ​U+αβ
α β B (x,U)∂ ​U+α

α C(x,U) = 0 (A.1)

U = (g ​,Q ​,Q ​,ϕ ​,ϕ ​)μν 2 3 4 5
T

σ(ξ) ≡ g (x) ξ ​ ξ ​
⋅αβ

α β I ​N (A.2)

ξ ​μ I ​N N × N N

g ξ ξ ​

αβ
α β □ ​g

Σ ​t

g ξ ​ξ ​ =αβ
α β g ξ ​ +00

0
2 2g ξ ​ξ ​ +0i

0 i g ξ ​ξij
i j (A.3)

g ​ =μν η ​μν

σ(ξ) ​ ​ =
η

(−ξ ​ +0
2 ξ ​ +1

2 ξ ​ +2
2 ξ ​) ⋅3

2 I ​N (A.4)

detσ(ξ) = 0

(−ξ ​ +0
2 ∣ξ∣ ) =2 N 0 (A.5)

σ ξ ​0 ξ



with multiplicity . All eigenvalues are real for all spatial  → strong hyperbolicity. ✓

For general Lorentzian : The characteristic speeds become  where  depends on the
metric and direction. As long as  has Lorentzian signature,  has real eigenvalues for all spatial  →
strong hyperbolicity is preserved. This is the content of the Choquet-Bruhat theorem [21].

A.2 First-Order Symmetrizer

For the first-order reduction (§3.4), the system becomes .

For a single scalar field  with mass  (paradigmatic of all scalar sectors):

where the state vector is  and .

Verification:

: symmetric, positive definite ✓

: symmetric for all  (off-diagonal blocks are transposes of each other) ✓

Eigenvalues of  for any unit :  — real ✓

For the graviton sector in de Donder gauge, the same structure holds with  replacing . The  and 
matrices are the standard ones derived by Fischer and Marsden [14]:

For the complete system (graviton + Q₂ + Q₃ + φ₄ + φ₅), the matrices are block-diagonal:

Each block is positive definite →  is positive definite. ✓

Each block is symmetric →  is symmetric. ✓

This is the explicit symmetrizer that a PDE referee demands.

A.3 Constraint Propagation Equation

The constraint vector is  (4 components: Hamiltonian + 3 momentum).

**Propagation system.** Using the contracted Bianchi identity  and the gauge condition 
, the constraints satisfy:

where:

 depends on the metric and its first derivatives (from Christoffel symbols in )

 contains lower-order terms from the matter coupling

**Well-posedness of the constraint system.** Equation (A.11) is itself a first-order symmetric hyperbolic
system for . By the Friedrichs theorem, if , then  for all . This follows from the
uniqueness theorem applied to (A.11) with trivial initial data.

**For the gauge constraints** , in harmonic gauge:

This is a wave equation for . If  and , then  for all  by uniqueness for
the wave equation.

ξ ​ =0 ±∣ξ∣ (A.6)

N ξ

g ​μν ξ ​ =0 ±c ​(g, ​)s ξ̂ c ​s
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A =0
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1

) k
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−δ ​i
k

−δ ​j
k

0
) (A.7)
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ξ ​Ak
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​ξ̂ ±∣ ​∣ =ξ̂ ±1

​h̄μν Q A0 Ak

A ​ =grav
0 −g ⋅00 I ​ >10 0 (since g <00 0) (A.8)

A ​ =total
0 diag(A ​, I ​, I ​, I ​, I ​)grav

0
2 2 2 2 (A.9)
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A ​total
k

C ​ =μ G ​ −0μ κT ​0μ

∇ G ​ =μ
μν 0 G ​ =μ

∂ ​ =ν h̄μν 0

​∂ ​C ​ = M ​(g) ∂ ​C + N ​(g, ∂g) Ct μ μν
i

i
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M ​μν
i ∇ G ​

μ
μν

N ​μν

C ​μ C ​∣ ​ =μ t=0 0 C ​(t) =μ 0 t

G ​ =μ ∂ ​

ν h̄μν

□ ​ G ​ =g μ (curvature terms) ⋅ G ​ν (A.12)
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Combined result: Constraints + gauge conditions, once imposed initially, are preserved by evolution. ✓

A.4 Kinetic Matrix in the Physical Sector

After KK reduction and gauge fixing, the quadratic Lagrangian for the physical scalar fields is:

where  and the kinetic matrix is:

Eigenvalues of : . ✓

Ghost-free criterion: All eigenvalues of  are positive → no ghost in the scalar sector. ✓

For the graviton sector (  in de Donder gauge): the kinetic matrix is , which is positive
definite for  (timelike foliation). The dangerous conformal mode has its sign corrected by the 

 factor from the temporal compactification [Paper XXII, §5.4]:

Correct sign for both kinetic and mass terms. ✓

The mass matrix  has eigenvalues:

where  are the Hessian eigenvalues of the moduli potential (§7.3). All positive → no tachyons. ✓

Propagator residues. The 4D propagator for each physical mode is:

Residue at the pole : . ✓

No negative-residue poles → no ghost in propagator language. ✓

Appendix B: Screening Sector — Explicit Horndeski Reduction and  Cancellation

*This appendix addresses the most delicate point in the well-posedness argument: the screening term ,
which naively introduces fourth-order time derivatives. We show explicitly that the equations of motion remain
second order in , preserving hyperbolicity.*

B.1 The Screening Lagrangian

The full Q-field Lagrangian including screening is [Paper IV, §4.8; Paper Unified, §7]:

where  is a dimensionless coupling and  eV is the screening suppression scale
(corresponding to  kpc).

The concern: Naively varying (B.1) with respect to  yields a term  containing , which
would make the equation fourth order in time, potentially introducing an Ostrogradsky ghost and destroying
hyperbolicity.

B.2 The Galileon Identity

The resolution uses a standard identity. In the action, the  term is related to  by:
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c ∼ O(1) Λ ≈ 1.2 × 10−7
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This is the Galileon identity [19, 24]. The physically relevant combination is the Galileon Lagrangian :

B.3 Horndeski Embedding

The full gravitationally-coupled system maps to the Horndeski class [16] with functions:

where . The Horndeski theorem [16] guarantees:

Any Lagrangian in the Horndeski class yields equations of motion that are at most second order in
derivatives of all fields.

The equation of motion for  in this class is:

The combination  in (B.6) is precisely the Galileon combination whose variation
produces only second-order equations.

B.4 Explicit  Cancellation in (3+1) Decomposition

To make this concrete, expand in the ADM  decomposition with lapse , shift , spatial metric ,
and extrinsic curvature . The Galileon combination evaluates to:

The critical observation: The right-hand side of (B.7) contains at most first time derivatives of  (through 
). No  or higher appears. When this enters the equation of motion (B.6), the highest time derivative remains

 from the standard  term.

This is the explicit cancellation that a PDE referee demands: the Galileon combination eliminates all fourth-
order time derivatives through an algebraic identity in the  split.

B.5 Perturbative Regime: Quantitative Suppression

Even before invoking the Horndeski structure, the screening term is perturbatively small. In the physical regime
[Paper IV, §4.8.2]:

The fourth-order contribution is suppressed by  relative to the leading second-order term. In
perturbation theory, the principal symbol remains that of  and the screening modifies only the effective
potential at subleading order.

B.6 DHOST Classification

For completeness, the screening Lagrangian (B.1) belongs to the DHOST (Degenerate Higher-Order Scalar-
Tensor) classification [25, 26]. The degeneracy condition:

is automatically satisfied by any Horndeski Lagrangian. This ensures that the fourth-order term does not
introduce a new propagating degree of freedom — the constraint associated with the degeneracy removes the
would-be Ostrogradsky ghost.
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B.7 Summary: Three Independent Arguments

The screening sector preserves symmetric hyperbolicity through three independent mechanisms:

# Argument Key equation What it proves

1 Horndeski theorem EOM from (B.6) Second-order in all derivatives

2 Explicit (3+1) cancellation Eq. (B.7) No  survives

3 Perturbative suppression Principal symbol unmodified

Each alone suffices. Together they make the screening sector completely safe for well-posedness.
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