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Abstract. We prove that the golden ratio R_2/R_3 = phi is the unique modular ratio for which the

compact torus T^2(r) satisfies both structural conditions of the 3D+3D framework simultaneously:

(i) K = I+A^2 = [[3,1],[1,2]] (holds for all r > sqrt(2)); (ii) the Fibonacci Loop Identity

lambda+(K)/M^2_(1,1)(r) = phi^2 (holds only for r = phi, proven by SymPy). The two-level

structure is: any r > sqrt(2) produces the Fibonacci matrix K, but only r = phi makes K

self-consistent with the on-shell loop system of Paper Master [1] (Theorem 8.1). This is the

uniqueness theorem for the internal geometry of the 3D+3D framework.

1. Setup: Generic Torus T2(r)

Consider the compact torus T^2 = S^1(R_2) x S^1(R_3) with generic ratio r = R_2/R_3 > 0 and R_3=1. The

internal spectral operator has eigenvalues:

The physical sector is defined by the discrete cutoff m^2 < 2. The low-energy kinetic block K(r) is the 2x2

matrix of mode counts:

2. Theorem I — K(r) = I+A2 for All r > sqrt(2)

We classify the physical sector as a function of r:

r range Physical modes (beta_2, beta_3,
gamma)

K(r)

r in (0, 1/sqrt(2)) (0,+-1) only (0,1,0) trivial

r in (1/sqrt(2), 1) (+-1,0),(0,+-1) (1,1,0) [[1,0],[0,1]]

r in (1, sqrt(2)) +(+-1,+-1) (2,2,1) [[2,1],[1,2]]

r in (sqrt(2), inf) +(+-2,0) (3,2,1) [[3,1],[1,2]] = I+A^2



Theorem 2.1 (Level-1 Condition). K(r) = I+A^2 = [[3,1],[1,2]] if and only if r > sqrt(2). Proof: the

mode (+-2,0) enters the physical sector iff 4/r^2 < 2 iff r > sqrt(2). This gives beta_2 = 3 instead of 2,

producing K = [[3,1],[1,2]]. ■

Remark 2.1. K = I+A^2 is NOT unique to r = phi. Any r > sqrt(2) produces the same Fibonacci matrix K. The

golden ratio selects a specific value within this interval through a further consistency condition — Theorem 3.1

below.

3. Theorem II — The Fibonacci Loop Identity Selects r = phi Uniquely

The Fibonacci Loop Identity (Paper Master [1], Theorem 8.1) states:

where lambda+(K) = (5+sqrt(5))/2 = 2+phi is the Perron-Frobenius eigenvalue of K, and M^2_(1,1)(r) = 1/r^2

+ 1 is the mass of the mixed KK mode (+-1,+-1). Substituting:

Theorem 3.1 (Level-2 Condition (Uniqueness)). The Fibonacci Loop Identity

lambda+(K)/M^2_(1,1)(r) = phi^2 holds if and only if r = phi. Proof: 1/r^2 = psi^2 iff r^2 = 1/psi^2 =

phi^2 iff r = phi (since r>0). SymPy: solve((5+sqrt(5))/2 / (1/r^2+1) = phi^2, r) = [phi]. ■

Remark 3.1. The equation r^2 = phi^2 has the elegant form: the aspect ratio SQUARED equals the golden

ratio SQUARED. Equivalently: r = phi, which is the canonical boost condition e^theta = phi (Paper LXVII

[2]).

4. Main Theorem — Uniqueness of T2(phi)

Theorem 4.1 (Uniqueness of T2(phi)). The compact torus T^2(r) simultaneously satisfies: (i) K(r) =

I+A^2 = [[3,1],[1,2]] AND (ii) lambda+(K)/M^2_(1,1)(r) = phi^2 if and only if r = phi =

(1+sqrt(5))/2. Proof: (i) requires r > sqrt(2) (Theorem 2.1). (ii) requires r = phi (Theorem 3.1). phi >

sqrt(2) (since phi^2 = phi+1 > 2), so both conditions are simultaneously satisfiable, and the unique

solution is r = phi. SymPy: all residuals = 0. ■

5. Corollary — Self-Consistency of the Loop System

The loop coefficient c_(1,1) of Paper Master [1], Theorem 8.2 is:



For a generic r > sqrt(2), the corresponding loop coefficient would be:

Corollary 5.1 (c_(1,1) = -phi^2/16 implies r = phi). The on-shell condition c_(1,1) = -phi^2/16

(Paper Master [1], Theorem 8.2) holds if and only if r = phi. Proof: c_(1,1)(r) = -phi^2/16 iff

r^2(5+sqrt(5))/(32(r^2+1)) = phi^2/16 iff r^2 = phi^2 iff r = phi. ■

The uniqueness theorem therefore has a concrete physical content: the on-shell one-loop renormalization of

the moduli kinetic matrix is self-consistent (i.e., c_(1,1) takes its exact Fibonacci value) if and only if the torus

has the golden ratio R_2/R_3 = phi.

6. Numerical Verification

r value K(r) lambda+(K)/M^2_(1,1
)

c_(1,1) Fibonacci-consistent?

r=1.5 < sqrt(2) [[2,1],[1,2]] — (K != I+A^2) — No (Level 1 fails)

r=sqrt(2) [[3,1],[1,2]] 2.414 —0.188 No (Level 2 fails)

r=1.5 > sqrt(2) [[3,1],[1,2]] 2.500 —0.172 No (Level 2 fails)

r=phi approx
1.618

[[3,1],[1,2]] phi^2 = 2.618 —phi^2/16 =
—0.164

YES (both levels)

r=2.0 [[3,1],[1,2]] 2.894 —0.152 No (Level 2 fails)

7. Discussion

The Fibonacci Emergence Theorem [3] established that any r > sqrt(2) produces K = I+A^2. The present

theorem sharpens this: among all tori T^2(r) with r > sqrt(2), only T^2(phi) is self-consistent with the on-shell

loop structure of the 3D+3D framework. The condition is the Fibonacci Loop Identity lambda+(K)/M^2_(1,1)

= phi^2 — a constraint between the macroscopic spectral data of K and the microscopic mass of the

fundamental mixed mode. This identity is satisfied only for r = phi.

The result connects to the canonical boost derivation of tau = i/phi (Paper LXVII [2]): the boost condition

sinh(theta)=1/2 gives e^theta = phi = R_2/R_3, which is precisely r = phi. The uniqueness proved here is

therefore consistent with — and independent from — the boost derivation. Two independent arguments both

select r = phi.
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