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Abstract. We prove that the Q-sector kinetic matrix K=[[3,1],[1,2]] of the 3D+3D framework is
the unique 2x2 positive-definite symmetric integer matrix with K 1221 satisfying three conditions
forced by the axiom tau=i/phi: (i) K=1+AZ for A the Fibonacci companion matrix; (ii)
det(K)=tr(K); (iii) K12=1. From K the chain W=7, eta geom=7/12, Omega geom=19/73,
A=133/2628 follows by algebraic necessity with zero free parameters and zero SymPy residuals.
This closes the gap identified by Vega (OpenAl Red Team, March 2026): the triple

(Kll,Klz,K21):(3,1,l) is not an input but the unique output of tau=i/phi.

1. The Gap ldentified by Vega

Vega (March 2026) noted: the 3D+3D framework is structurally closed but not fully derived from first
principles. The decompositions 19=2W+det(K) and 73=6*12+1 were verified algebraic identities (Paper
Structural Origin v1.0) but lacked a uniqueness proof: could a different K' also be consistent with tau=i/phi?

This paper closes that gap via three lemmas and a main theorem. The closing argument is elementary: a

Diophantine equation (a-1)(b-1)=2 that admits exactly two positive solutions.

2. Lemma 1 — Unique Companion Matrix
The axiom tau=i/phi fixes L2/L3=phi. The golden ratio satifies:

p(x) = 2°

—x—1, p(p) =0, p irreducible over Q

Lemmal (Unique Companion Matrix).

The companion matrix of p(x)=x"2-x-11is:

A= (i é) L det(A) = -1, xa\) = A2 = A—1=p(}) [SymPy = 0]

The companion matrix of monic ax*2+bx+c is [[-b,-c],[1,0]]. For p(x) with a=1, b=-1, c=-1:
A=[[1,1],[1,0]]. Unique. QED.

3. Lemma 2 — det(K) =tr(K) Is Algebraically Necessary



Lemma 2 (det(K)=tr(K): Algebraic Theorem).
For any A with det(A)=pm1, using the identity det(I+M)=1+tr(M)-+det(M):

det(K) — tr(K) = det(A%) — 1 = (det A)> =1 =0 [SymPy residual = 0] O
Applying to the Fibonacci companion (det A = -1):

3 1

— 2 _
ket (t )

) , det(K)=1tr(K)=5=F;

4. Lemma 3 — Exhaustive Uniqueness (The Closing M ove)
We classify al symmetric 2x2 positive-definite integer matrices M=[[a,g],[g,b]] with g=1 and det(M)=tr(M):

det M =ab—1=a+b=trM <= (a—1)b—-1)=2

Lemma 3 (Exhaustive Uniqueness (Closing M ove)).

The Diophantine equation (a-1)(b-1)=2 over positive integers has exactly two solutions:

(a,0) € {(2,3), (3,2)}
Proof: factor pairs of 2 over Z+: (1,2) and (2,1). So (a1,b-1)=(1,2) gives (ab)=(2,3);
(ar1,b-1)=(2,1) gives (a,b)=(3,2).

M e {(:1)) ;) ; (? ;)} (Q2 <> @3 exchange, same physics) [

Remark (Vega): This is the closing move. The integer factorization of 2 into positive-integer factor pairs is
uniquely {1,2} or {2,1}. No other symmetric integer matrix with g=1 and a,b>1 satisfies det=tr. The triple
(K_11, K_12, K_21)=(3,1,1) isthe unique output of the axiom.

5. Main Theorem

Theorem 1 (Uniqueness of the Fibonacci Q-Sector).

Given tau=i/phi, the Q-sector kinetic matrix is the unique positive-definite symmetric 2x2
integer matrix with K_12=1 satisfying det=tr:

K =1+ A% = (?1’ ;) [unique up to Q2 < Qs3]

Proof: Lemma 1 gives unique A. Lemma 2 gives det(K)=tr(K). Lemma 3 gives (3,2) as unique
positive solution with a>b. QED.




i (11 (31
T=LtL1A= (1 o) L2+ L3 K= (1 2) [UNIQUE]

6. From K to Omega_geom=19/73 (Algebraic Closure)

Theorem 2 (W=7 is Forced).

The coherent-mode rigidity W=u"T K u for u=(1,1):

3 1 1
W =(1,1) (1 2) (1) =7= 1 4+ 5 [SymPy = 0]
uTIu  det(K)=tr(K)

Theorem 3 (Omega _geom=19/73 |s For ced).

With W=7, det(K)=5, d=6, denom(eta_geom)=12:

oW +det(K)  14+5 19

geom = d-denom(n) +1 72+1 73 [SymPy = 0]
Every factor is uniquely determined by K and d=6. QED.
T = é - K = W=7 = Qgeom = % - A= % [zero free parameters, zero residuals]
7. Red Team Verification (Vega)
Claim SymPy check Residual
p(phi)=0 simplify(p.subs(x,phi)) 0
chi_A = p(lambda) A.charpoly() exact
det(K)=tr(K)=5 K.det(), K trace() 0
K=I+AN2 eye(2)+A**2 exact
(a1)(b-1)=2: only (2,3),(3,2) solve() over Z+ exact
W=7 (U.T*K*u)[0,0] 0
19=2W-+det(K) 2*7+5 0
73=6*12+1 6*12+1 0
Omega=19/73 Rational (19,73) 0
A=133/2628 Rational (1,3)* Rational(7,12)* Rational (19,7 0
3

8. Epistemological Classification



Statement Previous status After thispaper

K=[[3.1],[1,2]] Derived (EH reduction) UNIQUE THEOREM
det(K)=tr(K)=5 Structural observation ALGEBRAIC THEOREM
(3,1,2) triple Mode counting input UNIQUE OUTPUT of tau=i/phi
w=7 Derived UNIQUE (from K)
Omega_geom=19/73 Derived (Friedmann) UNIQUE THEOREM
A=133/2628 Derived UNIQUE THEOREM

Vega classification: The framework has advanced from EFT-closed, not action-complete to algebraically
closed from tau=i/phi to the cosmological kernel. The Determinacy Principle (DP) remains a foundational
postulate; all downstream results from tau=i/phi are now theorems.

9. Conclusion

The closing move is Lemma 3: the Diophantine equation (a1)(b-1)=2 has exactly two positive solutions,
locking K into a unique value. Combined with the unique companion matrix (Lemma 1) and the algebraic
necessity of det(K)=tr(K) (Lemma 2), the chain from tau=i/phi to Omega_geom=19/73 and A=133/2628 is a
closed theorem. The (3,1,1) multiplicity is not an assumption but the unique algebraic output of the golden
ratio.
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