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Abstract

We resolve an apparent contradiction in the 3D+3D discrete spacetime framework between two independently
derived results concerning the Kaluza-Klein (KK) mass spectrum. Paper VII demonstrates that the self-
consistency condition L = #/(mc) truncates the KK tower to only the ground state, with all excited modes
tachyonic. Conversely, Paper R _geom derives an ascending KK tower on the geometric compactification radius
R geom = 1.6 x 107'® m with physical modes at 122, 198, 232 GeV. We show that these results describe two
distinct sectors of the 6D theory corresponding to different degrees of freedom: (i) the moduli sector (Q-field
fluctuations of the internal volume), governed by effective scales L. = 9.5 ly, Lz = 6.0 ly, where the self-
consistency condition applies and the tower is indeed truncated; and (ii) the metric excitation sector
(propagating graviton KK modes on the fixed background), governed by the geometric radius R _geom ~ 1078
m, where the tower is ascending and all modes have M? > 0. The two sectors are separated by approximately 35
orders of magnitude in energy scale. We provide a rigorous derivation showing that the sign difference in the
KK mass formula arises from the distinct nature of the 6D bare mass: Ms = 0 for the graviton (ascending tower)
versus Ms = m_Q for self-consistent moduli (descending tower). The resolution preserves all observational

results of the framework and introduces no new parameters.

Keywords: Kaluza-Klein spectrum, tower truncation, self-consistency, split signature, moduli sector, graviton

excitations, two-sector decomposition
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1. Introduction

The 3D+3D discrete spacetime framework posits a six-dimensional manifold Ms with metric signature (—,+,+,+,
—,—), where two temporal dimensions 12, T3 are compactified on a torus T2 Two key results concerning the

Kaluza-Klein mass spectrum have been independently derived in previous papers:

Result A (Paper VII [1], §§4-5): The self-consistency condition L_i= A/(m_1i c) naturally truncates the KK
tower to only the ground state (0,0). All excited modes (|nz| > 2 or |ns| > 1) have M? < 0 (tachyonic) and are
excluded from the physical spectrum. The mode (£1,0) sits exactly at threshold with M? = 0. The effective
theory contains precisely two massive scalar fields Q2, Qs with masses m2~2.20 x 1072* eV, m3 = 3.48 x 107
eV.

Result B (Paper R_geom [2], §5): The geometric compactification radius R>"geom = Ac/po = 1.614 x 107 ¥ m
supports a standard ascending KK tower with modes at M_{(1,0)} =122 GeV, M_{(0,1)} = 198 GeV,
M_{(1,1)} =232 GeV, etc. All modes have M? > 0.

These results appear contradictory: how can the same compactification produce both a truncated tower (only

ground state) and a full ascending tower (modes up to arbitrarily high energies)?

The purpose of this paper is to demonstrate that no contradiction exists. The two results describe distinct
physical sectors of the 6D theory, operating at scales separated by 35 orders of magnitude, with different
degrees of freedom and different KK mass formulae. The resolution is conceptually clean and introduces no

modifications to either previous derivation.

2. The Apparent Contradiction

2.1 Paper VII: Descending Tower

Paper VII [1] considers a 6D scalar field @ with bare mass Ms, satisfying the Klein-Gordon equation:



(06 — M§)® =0 (2.1)

The 6D d'Alembertian for signature (—,+,+,+,—,—) is:

Og — Og4 — ﬁﬁé - ﬁ(?% (22)

After KK mode expansion @ = ¢ _{nz,ns }(x"1) exp(in2t2 + ins1s), the effective 4D mass is:
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2 a2 Ny ng
Mnm3 = Mg — L—% — L_g (2.3)

The KK contributions enter with a minus sign (temporal compactification). The spectrum is a descending
tower. With the self-consistency condition Ms = 1/L2 (in natural units), only the ground state (0,0) has M? > 0,
the mode (£1,0) has M? = 0, and all others are tachyonic.

2.2 Paper R_geom: Ascending Tower

Paper R _geom [2] derives the geometric compactification radius R_geom ~ 107 m from first principles and

presents a KK spectrum:

2 2. .2
2 ny, N3P
My, ny = i3] + R (2.4)

where ¢ = (1+V5)/2 is the golden ratio (Rs = R2/¢). All KK contributions are positive. The spectrum is an
ascending tower with all M? > 0.

2.3 The Internal Dimensions Analysis

The Internal Dimensions Stability Analysis [3] and the Well-Posedness Paper [4] independently derive the
massless field spectrum:

h2 2
Mgk = — (R2+Z‘Z) >0 (2.5)

confirming an ascending, tachyon-free tower. This agrees with Eq. (2.4) but appears to contradict Eq. (2.3).

2.4 Statement of the Paradox

Three papers within the same framework give two different mass formulae with opposite signs for the KK

contributions:



Paper Formula Tower direction Result

Paper VII [1] M? = M¢* — n?/L? Descending Truncated
Internal Dim. [3] m? = +n?/L? Ascending Complete
Well-Posedness [4] M? = +h*n?/(R%c?) Ascending Complete
Paper R_geom [2] M? = n?R? Ascending Complete

Table 1. KK mass formulae across the 3D+3D paper series.

The resolution requires identifying why the sign differs.

3. Sign Analysis of the 6D d'Alembertian

We perform a careful, step-by-step derivation to identify the origin of the sign difference.

3.1 The 6D Metric

The background metric with signature (—,+,+,+,—,—) is:
dst = gap dz?da® =, dztdz” — L} dré — L3 dr}
where n_uv = diag(—1,+1,+1,+1). The metric components are:
gap = diag(—1,+1,+1,+1,—L3, —L3)
The inverse metric is:

gAB - diag(_la +1, +17 +1’ _1/Lg7 _1/LZ2’))

3.2 The d'Alembertian

The covariant d'Alembertian on the flat background is:

1 1
AB v 2 2
Og = g 8AaB = n'u 8M8V - —L% 87_2 — _Lg 87.3

Note the minus signs before the 12, 13 derivatives, arising from g"{44} = —1/L.? and g" {55} = —1/Ls*.

3.3 KK Mode Expansion

A general 6D field is expanded as:

(3.2)

(3.4)



Bt 1) = 3 o (@) 0 55)

where 12, T3 are dimensionless angular coordinates (period 2m), and the physical periodicities are encoded in Lo,
Ls.

Acting with the partial derivatives:
32 neTy 2 _ingTy (3 6)
-, € = —nje :

Therefore:
2
o= (D”_+ )¢ ) (3.7)

The double minus (from g"{44} <0 and from ¢* giving —n?) yields a positive contribution. This is the key sign

mechanism.

3.4 Case 1: Massless 6D Field (Ms = 0)

The equation of motion 0e® = 0 yields:

2 n2
(D4 + L2 3) ¢n2,n3 — (3'8)

Comparing with the standard 4D Klein-Gordon equation (0s: — m?)e = 0, we identify:

n2 n
mi . = Lg + Lg >0 (3.9)

The tower is ascending. All modes have non-negative mass-squared. This is the result of the Internal

Dimensions Analysis [3] and the Well-Posedness Paper [4].

3.5 Case 2: Massive 6D Field (Ms # 0)

The equation of motion (0Os — M¢*)® = 0 yields:

2
n3
<D4 + L2 + F - 62) ¢n2,n3 =0 (310)

The effective 4D mass is:
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The mass-squared is m? = M¢* — n?/L2. The KK momenta subtract from the bare mass, producing a descending

tower. For n sufficiently large, m? < 0 (tachyon).

3.6 Reconciliation

Both Egs. (3.9) and (3.11) are correct. The difference is entirely due to the bare mass Me:

2 2

2 2 ny n3
m = M6 — 72 T 73 (313)

bare mass N——

KK momentum (always subtracts for temporal dims)

For M6 = 0: m? = n2%/L»* + n3*/Ls* > 0 (ascending).
For Ms # 0: m? = Me* — n2%/L2? — n3*/Ls? (descending for large n).

The sign of the KK contribution is the same in both cases. The apparent difference arises from moving the

bare mass term to the other side of the equation.

Explicit verification: Starting from Eq. (3.10):

2
n 2 2
O4¢p = —ﬁﬁb + Mg¢ = —(migx — Mg)¢
With the identification Ds@ = m?@ (where m? is the 4D mass-squared with our sign convention):
M2
Migk

This is precisely Eq. (3.11). The KK momentum always enters with a plus sign in Os, but a minus sign relative

to Me? in the effective 4D mass. m

4. Two-Sector Decomposition

4.1 Degrees of Freedom in 6D

The 6D gravitational theory on M4 X T? contains several distinct sectors upon dimensional reduction:



Sector I — Moduli (radions): Fluctuations of the internal metric size:

dgas(x*), dgss(zH) (4.1)

These describe how big the torus is at each spacetime point. They are the Q-fields:

Qs(a") = 6957 ("),  Qs(a*) = 5g10 (") (4.2)

Sector II — Metric excitations: Propagating perturbations of the spacetime metric:

hfff’"?’) (z") (4.3)

These describe gravitational waves on the torus background at fixed size. They include the massless 4D

graviton (n: = ns = 0) and massive KK gravitons (n2* + ns> > 0).

Sector III — Graviphotons: Off-diagonal metric components:

AD (@) = gu(e*),  AP(2") = gus(a”) (4.4)

These are Kaluza-Klein gauge bosons, with their own KK tower.

4.2 Key Physical Distinction

The moduli (Sector I) and metric excitations (Sector II) have fundamentally different properties:

Property Sector I (Moduli) Sector II (Metric excitations)
6D origin Internal metric size dy_ab Spacetime metric h_pv

6D bare mass Ms=m_Q (from V_eff) Ms = 0 (graviton massless)
Relevant scale L2~ 9.5 ly (effective) R_geom ~ 107'®* m (geometric)
Tower formula m? = Me*> — n%/L? m? = n?/R?

Tower direction Descending Ascending

Physical content Q2, Qs (ground state only) KK graviton tower

Energy range ~102* eV ~10* GeV

Coupling to matter Enhanced (Papers 11-1V) 1/M?_PI (gravitational)

Table 2. Properties of the two KK sectors in the 3D+3D framework.

4.3 Scale Hierarchy



The two sectors operate at vastly different energy scales:

to 122 GeV
ma  2.20 x 10724 eV

~ 5.6 x 103 (4.5)

This approximately 35-order-of-magnitude separation ensures complete decoupling between the sectors. No
physical process at galactic energies (eV—keV) can excite the metric KK tower, and no process at the

electroweak scale (100 GeV) is sensitive to the ultralight Q-field moduli dynamics.

5. Sector I: Moduli Fluctuations (Paper VII)

5.1 Origin of the Bare Mass

The Q-fields Q2, Qs are the zero modes of the internal metric fluctuations. In the 6D theory before
compactification, these degrees of freedom do not exist as independent fields — they are part of the metric

tensor g AB.

After compactification on T2 the moduli become dynamical 4D scalar fields. Their mass arises from the

effective potential:
‘/;ff(LZa L3) — VCasimir + ‘/curv + Vﬂux + VQ (51)

as derived in Paper VIII [5]. Expanding around the minimum:

1 1
%ff%%+§m§Q%+§m§Q§+°°' (5.2)

The masses mz, ms are determined by the curvature of V_eff at the minimum, not by any 6D bare mass

parameter.

5.2 The Self-Consistency Argument

Paper VII [1] identifies the crucial relation L _i= A/(m_i c). The physical content of this relation is:

1. The compactification radius L. sets the KK mass scale: m_KK ~ 1/L..
2. The Q-field mass m: arises from V_eff, which depends on L.

3. Self-consistency requires m2 = #/(L2c), i.e., the Compton wavelength condition.

With this condition, the Q-field sector is described by a massive 6D equation:
2
(05 —m3) Q =0 (5.3)

where the effective mass mz = 1/L. (natural units) plays the role of Ms in Eq. (3.11).



5.3 Tower Truncation
From Eq. (3.11) with Ms = m2 = 1/La:

_1 _mn _n _ 1" M 5.4
ww =T33 I3 L2 (54)

Mode (nz, n3) M2 Status
0, 0) +1/L2% = +m2? v Stable
(1, 0) 0 A\ Threshold
(0, £1) 1/L2% = 1/Ls* <0 X Tachyon
(2, 0) =3/L2? X Tachyon
(£1, £1) —-1/Ls? X Tachyon

Table 3. Q-field KK spectrum (Sector I). Only the ground state is physical.

The truncation is not imposed by hand — it follows from the self-consistency condition. Nature selects vacuum
parameters such that excited moduli modes are tachyonic and cannot be populated without destabilizing the

vacuum.

5.4 Effective 4D Theory

The physical content of Sector I is remarkably simple: two free massive scalar fields in 4D:

1 1 1 1
ESectorI - _§8MQ2 8”@2 - §m% Q% _ §B,LLQ3 8”@3 - §m§ Q% + £int (55)

No infinite sum over KK modes. Standard renormalization. This is the sector responsible for all galactic and

cosmological phenomenology: rotation curves, gravitational lensing, cosmic web structure.

6. Sector II: Metric Excitations (Paper R_geom)

6.1 The Graviton Tower

The 4D graviton h_pv is the zero mode of the 6D graviton. The 6D graviton is massless (Ms = 0), so its KK
tower follows Case 1 (§3.4):

= =4+ -2>0 (6.1)



This is an ascending tower. All modes have non-negative mass-squared. No tachyons.

6.2 The Geometric Scale

The relevant compactification radius for the graviton tower is the geometric radius:

K
RE™ = ° 1614 x 10 ¥ m (6.2)

Mo

where o =M Pl x e {—12n}/¢* = 122.2 GeV is the fundamental mass scale derived in Papers on the
Cosmological Constant [6] and Paper R_geom [2].

6.3 Spectrum

RE™ = RE°™ /o = 9.977 x 107 m (6.3)

The KK mass formula is:

My, ny = poy/ 15 + 03?2 (6.4)

Mode (nz, n3) M [GeV] Status
(0,0) 0 4D graviton (massless)
(1,0) 122.2 v Physical
0, 1) 197.7 v Physical
1, 1) 232.5 v Physical
(2,0) 244 .4 v Physical
0,2) 3954 v Physical

Table 4. Graviton KK spectrum (Sector II). All modes are physical.

6.4 Coupling Strength

The KK graviton modes couple to matter with gravitational strength:
L o)
Lint ~ —— A T* (6.5)

This coupling is suppressed by 1/M_ Pl = 107" GeV™', making individual KK graviton modes essentially

unobservable. They do not contribute to galactic rotation curves or gravitational lensing at astrophysical scales.



7. Why the Two Sectors Do Not Mix

7.1 Orthogonal Degrees of Freedom

The moduli Q2, Qs and the KK graviton modes h_pv*{(n)} are orthogonal in the space of 6D perturbations:

e Q2=0g {44}"{(0,0)}: homogeneous rescaling of the 12 direction (scalar, spin-0)

e h puv™{(n)}: transverse-traceless perturbations of the 4D metric (tensor, spin-2)

These transform under different representations of the 4D Lorentz group and cannot mix at the linearized level.

7.2 Scale Separation

Even if non-linear interactions couple the two sectors, the enormous scale hierarchy ensures decoupling:

Egalactic -~ 10_3 eV

~ 101 (7.1)

Galactic processes operate at energies ~ meV (thermal, gravitational), while the first KK graviton mode requires

~ 102 GeV to excite. The ratio is 1074, far below any conceivable threshold for mode excitation.

7.3 Different Compactification Scales

The two sectors probe different aspects of the torus geometry:

Moduli sector: The Q-fields describe fluctuations of L, Ls themselves. The relevant scale is the effective

compactification length L. ~ 9.5 ly, which determines the Q-field mass through L = A/(mc).

Metric sector: The KK gravitons propagate on the torus at fixed size. The relevant scale is the geometric radius

R geom ~ 107'* m, which determines the KK mass gap through M_KK = 7c/R_geom.

The relationship between the two scales is:

Ly 1o 34
= =G ~5.6x10 7.2
R%eom m2 g ( )

Note on notation: This ratio G = L./R>"geom = po/m> measures the hierarchy between the compactification
scale and the geometric radius. It is distinct from the enhancement factor F = X./R>"geom = 8.22 x 10*7 (Paper
R _geom [2], Eq. 8.2), which measures the hierarchy between the screening length A> = 4.30 kpc and R>"geom.
The additional factor A2/L. = 1476 arises from the Q-field potential dynamics that amplify the compactification
scale L2 ~ 9.5 ly to the effective screening wavelength A ~ 4.3 kpc.

Note: The value F = 8.2 x 10*” reported in Paper R_geom v1.0 (Eq. 8.2) is correct as defined (F = A2/R>"geom).
However, Paper R_geom v1.0 Eq. 8.4 contained a numerical error (mz2 = 1.47 x 1072 ¢V instead of the correct

2.20 x 1072* eV, propagated from Paper VII §6.3). This has been corrected in Paper R _geom v1.1.




8. Physical Interpretation

8.1 An Analogy: Vibrating Drum

Consider a drum with a flexible membrane:

Moduli <> Tension adjustment: Changing the membrane tension changes the pitch of a// notes. The "mass" of
this mode is set by the restoring force of the membrane clamp. If the tension is at a self-consistent equilibrium,

only the equilibrium state is stable — pulling the membrane tighter or looser leads to instability.

KK modes < Vibration patterns: Given a fixed tension, the membrane supports harmonic vibration modes
(nodal patterns). These form an ascending tower: higher harmonics have higher frequencies. All modes are

physical.
The drum analogy captures the essential physics:

e Paper VII studies tension adjustments (moduli) and finds only the equilibrium is stable.

e Paper R _geom studies vibration patterns (KK modes) at fixed tension and finds a full harmonic spectrum.

Both are correct; they describe different physics.

8.2 Why the Q-Field Tower Uses L2, Not R_geom

A natural question: why does the Q-field self-consistency condition use L2 ~ 9.5 ly rather than R_geom ~ 10

m?

The answer lies in the nature of the moduli. The Q-field describes the collective breathing mode of the entire
compactified dimension. Its wavelength is set by the physical circumference of the torus (Lz), not by the

geometric radius that governs local metric fluctuations. The Compton wavelength condition:
Ly = — (8.1)

is a statement about the global property of the compact dimension — its total size determines the lightest

excitation.

The geometric radius R_geom, by contrast, determines the /ocal curvature scale and hence the energy cost of

creating propagating wave packets on the torus.

8.3 The Enhancement Factor Revisited

The enhancement factor F = A./R_geom = 8.22 x 10*” (Paper R_geom, Eq. 8.2) can now be understood as the

ratio between two physically distinct scales:

A2 effective screening wavelength (8.2)
~ RE™™  geometric compactification radius '

f

In Paper R_geom [2], F was shown to be a prediction rather than an assumption. The two-sector analysis

provides a complementary physical interpretation: F measures the hierarchy between the moduli sector (galactic



phenomenology) and the metric sector (particle physics).

9. Impact on Observational Results

9.1 Results That Depend Only on Sector I (Unaffected)

All astrophysical observables in the 3D+3D framework arise from the Q-field sector:

Observable Paper Depends on Status

SPARC rotation curves (175 galaxies) Papers I-1V [7] A2, A3, vaDsD v Unchanged
HALOGAS blind validation Paper XXXVIII [8] A2, A3, vaDsD v Unchanged
NGC 3198 zero-parameter fit Paper XXXIX [9] A2, A3, vaDsD v Unchanged
SLACS gravitational lensing (40) Paper 11 [10] A2, A3 v Unchanged
Cosmic web structure (A3 = 0.856 Mpc) Paper V [11] A2, As v Unchanged
Dark energy (wo =—0.80) Paper XVI [12] Tz, Ts v Unchanged
Fine structure constant (o' = 137.036) Paper LIII [13] ¢, 6D geometry v Unchanged
Three generations from D =6 Paper LIV [14] Topology v Unchanged

Table 5. Observational results and their sector dependence.

None of these results involve R_geom, Ms, M_KK, or the graviton tower. They depend exclusively on the
effective scales A> = 2nL», As = 2nLs, the breathing velocity vs:DsD = 90.48 km/s, and the temporal periods T,
Ts.

9.2 Results That Involve Sector I1 (Updated but Self-Consistent)

The geometric sector provides:
e Ms=1.74 x 10" GeV (6D Planck mass) — derived in Paper R_geom [2]
e M KK =122 GeV (first KK graviton mode) — testable at colliders in principle
e F=8.22 x 10* (enhancement factor) — now a prediction, not an assumption

e Hierarchy resolution: po/M_Pl = e {—12n}/¢* = 1077 — zero free parameters

These are theoretical predictions for future experimental verification.

9.3 No Conflict, No Modification

The two-sector resolution introduces no new parameters, no modifications to existing derivations, and no

changes to any published result. It is a clarification of the physical interpretation, not a correction.



10. Discussion and Open Questions

10.1 Is Paper VII's Ms = m: Justified?

Paper VII [1] treats the Q-field as having an effective 6D mass Ms = mz = //(Lzc). This identification is subtle
because the Q-field is a geometric modulus (Ms"bare = 0 in the 6D action) rather than a fundamental scalar with

a 6D mass term.
The justification proceeds as follows:

1. The Q-field mass m: arises from V_eff (Paper VIII [5]).

2. 'V _effis generated by quantum effects (Casimir energy, flux stabilization).

(O8]

At the quantum level, the effective equation for Q: includes a mass term.

The self-consistency condition L. = #/(m2c) relates this effective mass to the compactification scale.

w ok

Once the effective mass is generated, the KK analysis of Paper VII applies to the dressed propagator.

This is analogous to how the Higgs field acquires mass from the potential V(H) = —p?/[HJ> + A|H|* even though

the kinetic term is massless. The Q-field's effective mass plays the same role as Ms in the KK reduction.

Conclusion: Paper VII's treatment is self-consistent once one recognizes that Ms = mz refers to the quantum-

corrected (dressed) mass, not the bare 6D mass.
10.2 Could the Two Sectors Be Unified?
An interesting open question is whether there exists a single KK framework that simultaneously reproduces

both sectors. This would require a mass formula of the form:

2 2
ny _ n3

L%*(ng,m3)  L%(na,n3)

M2 = Mg(nz,’ng) —

n2,ng

(10.1)

where Ms and L are mode-dependent. Such a construction is not standard in KK theory and is left for future

work.

10.3 Experimental Signatures

The two-sector structure predicts distinct experimental signatures:

Sector I (Q-fields): Ultralight scalar fields with m ~ 1072* eV coupled to gravity. Observable through: galaxy
rotation curves, gravitational lensing, cosmic web structure, pulsar timing arrays. These are already being tested

with existing data.

Sector II (KK gravitons): Massive spin-2 particles at ~ 122 GeV coupled with gravitational strength.
Observable through: missing energy at colliders, modifications to gravitational inverse-square law at submicron

distances, gravitational wave spectral features. These require future experiments for detection.

The scale separation ensures that the two experimental programs are completely independent.



10.4 Connection to the Swampland Program

The self-consistency condition L = #/(mc) and the resulting tower truncation may be related to Swampland
constraints in string theory [15]. The Distance Conjecture predicts that an infinite tower of states becomes light
as one moves large distances in moduli space. In our case, the tower truncation can be interpreted as a stability
boundary in moduli space: the theory lives at the edge of the stable region, where the tower is maximally

truncated.

This connection deserves further investigation and may provide a UV completion perspective on the 3D+3D

framework.

11. Conclusions

We have resolved the apparent contradiction between the truncated KK tower of Paper VII and the ascending

KK tower of Paper R _geom. The resolution is clean, rigorous, and introduces no new parameters:

1. Two distinct sectors exist in the 6D theory: the moduli sector (Q-field fluctuations, Sector I) and the
metric excitation sector (graviton KK tower, Sector II).

2. The sign difference in the KK mass formula arises from the bare 6D mass: Ms = 0 for the graviton
(ascending tower) versus Ms = m: for the dressed Q-field (descending tower). The KK momentum
contribution itself always enters with the same sign.

3. Paper VIl is correct for the Q-field sector: the self-consistency condition L = #/(mc) truncates the
moduli tower to only the ground state.

4. Paper R_geom is correct for the graviton sector: the geometric radius R _geom supports a full ascending
tower with modes at electroweak scale energies.

5. The two sectors are separated by 35 orders of magnitude in energy scale and do not mix at any

experimentally accessible energy.

6. All observational results are unchanged. Galaxy rotation curves, gravitational lensing, cosmic web

structure, and cosmological predictions depend exclusively on Sector 1.

7. No new parameters are introduced. The resolution follows from the existing mathematical structure of

the 6D theory.

The 3D+3D framework thus contains a remarkably rich physical structure: ultralight moduli governing galactic
dynamics and electroweak-scale KK gravitons governing microscopic geometry, unified within a single 6D

spacetime with split temporal signature.

References

[1] S. Calzighetti and Lucy, "Self-Consistent Quantum Field Theory in Six-Dimensional Spacetime with Split
Temporal Signature," Paper VII, 3D+3D Series (2025).



[2] S. Calzighetti and Lucy, "Geometric Compactification Radius from First Principles: Closing the Last Gap in
the 3D+3D Parameter Chain," Paper R_geom (2026).

[3] S. Calzighetti and Lucy, "Stability Analysis of Compactified Temporal Dimensions in 3D+3D Theory,"
Internal Dimensions Stability Analysis (2025).

[4] S. Calzighetti and Lucy, "Well-Posedness of the Physical Sector in 3D+3D Theory," Paper Well-Posedness
(2026).

[5] S. Calzighetti and Lucy, "Moduli Stabilization in the 3D+3D Framework," Paper VIII (2025).

[6] S. Calzighetti and Lucy, "Cosmological Constant from 6D Geometric Compactification," Paper LXV
(2026).

[7]1 S. Calzighetti and Lucy, "Mathematical Foundations of 3D+3D Discrete Spacetime," Papers -1V (2025).
[8] S. Calzighetti and Lucy, "HALOGAS Blind Validation of the 3D+3D Framework," Paper XXXVIII (2025).
[9] S. Calzighetti and Lucy, "NGC 3198: Dark Matter Demolished," Paper XXXIX (2025).

[10] S. Calzighetti and Lucy, "Gravitational Lensing in the 3D+3D Framework," Paper II (2025).

[11] S. Calzighetti and Lucy, "Cosmic Web Structure from Temporal Compactification," Paper V (2025).

[12] S. Calzighetti and Lucy, "Unified Cosmology in the 3D+3D Framework," Paper XVI (2025).

[13] S. Calzighetti and Lucy, "Fine Structure Constant from 6D Geometry," Paper LIII (2026).

[14] S. Calzighetti and Lucy, "Three Generations from Six Dimensions," Paper LIV (2026).

[15] C. Vafa, "The String Landscape, the Swampland, and the Missing Corner," arXiv:hep-th/0509212 (2005).

Appendix A: Complete Sign Derivation

A.1 Convention Check

We verify all sign conventions used in this paper.
Metric signature: (—,+,+,+,—,—)

4D d'Alembertian: 0. =n"{uv}0 po v=-0 t>*+ V2
Klein-Gordon equation: (0: — m?)p =0

Dispersion relation: From plane wave ¢ ~ e {i(k-x — ot)}: —(—®?) + k> — m? = 0, hence ®w?> = k*® + m?. Physical

(stable) modes require m? > 0. v/

6D d'Alembertian:
AB
U = g 040p

With g"{AB} = diag(—1, +1, +1, +1, —1/L2, —1/Ls?):



g = —82 + V7 —

Fourier mode: exp(in2t2) — 0* {12} = —n2?

Double minus — positive. v

A.2 Consistency with All Previous Papers

1 1
_62 . _82
L% T2 L% T3

Paper Eq. Our notation Consistent?
Paper VII, Eq. 3.24 M? = Me* — n2%/L2* — ns?/Ls? Eq. (3.11) with Ms # 0 v
Internal Dim., Eq. 4.11 m? KK = (2n)[n?/L+? + ns%/Ls?] Eq. (3.9) with Ms =0 v
Well-Posedness, Eq. 2.9 M2 = A2(n2%/R2? + ns?/Rs?)/c? Eq. (3.9) with Ms =0 v
Paper R_geom, §5.1 M= po\/(lhz + na?@?) Eq. (6.4) with Ms =0 v

All four papers are mutually consistent. v/

Appendix B: Numerical Verification Code

-
python




#!/usr/bin/env python3

Numerical verification: Two-sector KK spectrum
Author: Lucy (for Simone Calzighetti)

Date: March 3, 2026

nmn

import numpy as np

phi= (1 +np.sqrt(5)) /2 # Golden ratio
hbar ¢ =1.9733e-16 # GeV'm

M _P1=1.22e19 # GeV
ly=9.461el5 #m

#

# SECTOR I: Q-field moduli (Paper VII)
#

L2=95%*1y #m
L3=6.0*1y #m

m?2 =hbar c/L2 # GeV
m3 = hbar c¢/L3 # GeV

print("SECTOR I: Q-field Moduli")

print(f" L2 = {L2:3e} m = {L2/ly:.1f} Iy")
print(f' m2 = {m2:.3e} GeV = {m2*1e9:.3e} eV")
print(f" m3 = {m3:.3e} GeV = {m3*1e9:.3e} eV")
print()

# Tower analysis (M? in units of 1/L.2?%)

modes = [(0,0), (1,0), (0,1), (2,0), (1,1), (2,1)]

print(" Mode spectrum (m? in units of m22):")

ratio_sq = (L2/L3)**2 # (L2/L3)* = 2.507

for n2, n3 in modes:
M2 =1 - n2**2 - n3**2 * ratio_sq
status = "STABLE" if M2 > 0 else ("THRESHOLD" if M2 == 0 else "TACHYON")
print(f"  ({n2},{n3}): M?/m2? = {M2:+.3f} [{status}]")

#
# SECTOR II: Graviton KK tower (Paper R_geom)
#
mu_0=M_PI * np.exp(-12*np.pi) / phi**3
R2=hbar ¢/ mu 0

R3 =R2/phi

print(f"\nSECTOR II: Graviton KK Tower")
print(f" mu 0= {mu_0:2f} GeV")
print(f* R2 = {R2:3e} m")




print(f' R3 = {R3:3e} m")
print()

print(" Mode spectrum:")
for n2, n3 in modes:
M =mu 0 * np.sqrt(n2**2 + n3**2 * phi**2)
print(f"  ({n2},{n3}): M = {M:.1f} GeV [PHYSICAL]")

#
# Scale separation
#
print(f"\nSCALE SEPARATION:")
print(f" L2/R2 = {L2/R2:.2¢}")
print(f' mu_0/m2 = {mu_0/m2:.2e}")

print(f" loglO(mu_0/m2) = {np.logl0(mu_0/m2):.1f} orders of magnitude")

Appendix C: Cross-Reference to Previous Papers

C.1 Papers Establishing Sector I (Q-Field Moduli)
e Paper I [7]: Mathematical foundations, Q-field introduction
e Paper II [10]: Gravitational lensing from Q-fields
e Paper III: Effective 6D gravity and Q-field coupling
e Paper IV: Complete phenomenological framework
e Paper VII [1]: Self-consistency, tower truncation, ghost freedom

e Paper VIII [5]: Moduli stabilization via V_eff

C.2 Papers Establishing Sector II (Geometric Compactification)
e Paper XXII: Mathematical completeness (R _geom assumed)
e Paper M_KK: Complete derivation chain for M_KK
e Paper R geom [2]: First-principles derivation of R_geom

e Paper Cosmological Constant [6]: Derivation of po =M_Pl e*{—12n}/¢?

C.3 Papers Consistent with Both Sectors
e Internal Dimensions Stability Analysis [3]: Ascending tower (Sector II perspective)
e Well-Posedness Paper [4]: Ascending tower, healthy spectrum

e Paper Unified: Combined framework



C.4 Addendum Requirements

This paper recommends the following addenda to previous publications:

1. Paper VII: Add note clarifying that the tower truncation applies to the moduli sector (Ms = m2 # 0), not
to the graviton sector (Ms = 0). Additionally, §6.3 contains a unit conversion error: the mass 3.91 x 107
kg correctly converts to 2.20 x 1072* eV, not 1.47 x 107>* eV as stated. The latter value corresponds to L. =
14.2 ly rather than the canonical L. = 9.5 ly. This affects only the numerical mass values in the abstract
and §6.3; the self-consistency argument and tower truncation are unaffected.

2. Paper R_geom: Add §3.7 "Coexistence with the Q-Field Self-Consistency Condition" referencing this
paper. Correct the m2 value from 1.47 x 1072* to 2.20 x 107>* eV in the parameter table (§5.3), and fix Eq.
8.4 which incorrectly equated F with po/m2 using the wrong m value. The enhancement factor F =

A2/R2"geom = 8.22 x 10%7 (Eq. 8.2) remains correct.

3. Internal Dimensions Stability Analysis: Add note clarifying that the ascending tower result applies to

Ms = 0 fields (graviton sector).

End of document.



