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Abstract

We derive the equation of state of geometric dark energy in the 3D+3D framework from first principles,
resolving a tension between the oscillatory dynamics of the compactification modulus B(t) and the requirement
w =~ —1. The six-dimensional spacetime with signature (—,+,+,+,—,—) features a metric coefficient B(t) governing
the third temporal dimension 13, whose dynamics determine the geometric dark energy density. We prove a
Two-Sector Decomposition Theorem: the modulus field separates into (i) a rapidly oscillating component
Op_osc with period Ts = 19 yr that behaves as pressureless matter ((w_osc) = 0) when cosmologically averaged,
and (ii) a quasi-static component governed by the slowly evolving minimum B_eq(a) of the effective potential
V_eff(B; a). Since the radion mass m = 6.9 x 107* eV satisfies m_B/Ho = 4.8 x 10°, the oscillatory sector has
been in the tracking regime since z =~ 7 x 10°, with its energy density suppressed by a factor > 107'® relative to
the primordial value. The observed dark energy therefore arises entirely from the quasi-static sector: p DE(a) =
V_eff(B_eq(a)) = V_oo+ C a3, yielding an equation of state w(z) = —1 + C(1+z)*/(V_o + C(1+2)?). This
formula reduces to wo =—1 + C/(V_oo + C) at z = 0, with the effective timescale T f = (V_oo + C)/(3HoC)
determined by the coupling strength C/V_oo rather than by oscillation damping. For C/V_co € [0.10, 0.25], we
obtain T B € [24, 53] Gyr and wo € [-0.91, —0.80], consistent with current observational constraints. The
theorem explains why the exponential ansatz B(t) = f_max(1 — e*{—t/t_B}) correctly reproduces wo despite
being dynamically distinct from the true oscillatory solution, and identifies the physical origin of the timescale

T_[ as a property of the effective potential rather than Hubble damping.

1. Introduction
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1.1 The Dark Energy Problem in the 3D+3D Framework

The 3D+3D discrete spacetime theory proposes a six-dimensional spacetime with metric signature (—,+,+,+,—,
—), where two additional temporal dimensions (12, T3) are compactified on a torus T? with radii L4 = 9.5 light-

years and Ls = 6.0 light-years [1-3]. The cosmological metric takes the form:
dsip = —c*dt* + a*(t)d;;dz'dz’ — a(t)c*dry — B(t)c*drs (1.1)

where o(t) and B(t) are dimensionless moduli governing the metric coefficients of the compactified temporal
dimensions. Dimensional reduction of the six-dimensional Einstein equations yields a modified Friedmann

equation containing geometric contributions from the time evolution of these moduli [4,5]:
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where the last two terms define a geometric dark energy density:
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Previous work [4,5] assumed an exponential activation ansatz B(t) = f_max(1 — e*{—t/t_B}), yielding the
equation of state:
1
w(z) = -1+ m (1.4)

However, the dynamical analysis of moduli stabilization [6] demonstrates that the physical solution for B(t) is
not a monotonic exponential but an underdamped oscillator with period Ts = 19 years and damping ratio I'/o =
107°. This creates a fundamental tension: rapidly oscillating scalar fields in quadratic potentials behave as

pressureless matter (w = 0) on cosmological timescales, not as dark energy (w = —1).

1.2 Scope and Results

In this paper we resolve this tension by proving a Two-Sector Decomposition Theorem that separates the
dynamics into a cosmologically irrelevant oscillatory sector and a quasi-static sector that produces the observed
dark energy. We derive the equation of state from first principles, identify the physical origin of the effective

timescale ©_f3, and present falsifiable predictions that differ from the original formula at z = 0.5.

1.3 Paper Organization

Section 2 establishes the dynamical framework. Section 3 proves the Two-Sector Decomposition Theorem.
Section 4 derives the equation of state from the mobile minimum mechanism. Section 5 presents observational
consequences and falsifiable predictions. Section 6 discusses the connection to the exponential ansatz. Section 7

identifies open problems. Section 8 concludes.



2. Dynamical Framework

2.1 Effective Potential

The moduli stabilization analysis [6] establishes that the compactification radius Ls (equivalently, the metric

coefficient B) is stabilized by an effective potential arising from four contributions:

V;ff (6) - VCasimir (ﬂ) + V;:urvature (6) + Vﬂux (ﬂ) + VQ—ﬁeld (6)

Near the equilibrium value B_eq, this potential is well-approximated by:

Vir(8) = Vo <% . 2)

which has a unique minimum at §_eq =1 with V_eff(B_eq) = 0, and curvature V"(B_eq) = 2Vo.

2.2 Equation of Motion

The modulus B satisfies the Klein-Gordon equation in an expanding FRW background:

B+ 3H(t)B + (8) =0

where V' _eff = Vo(1 — 1/B?) and H(t) is the Hubble parameter.

2.3 Physical Scales

The oscillation frequency at the minimum is:

W =/ oit (Beq) = V2V,

From the observed Q-field oscillation period Ts = 19 years [7], we obtain:
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The corresponding mass in natural units is:
mg = hwg = 6.90 x 107 2* eV

The ratio to the Hubble scale is:

(2.1)
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—4.81 x 10° > 1 (2.7)

This establishes that the modulus is in the heavy field regime (m_[3 > H) throughout the entire post-
inflationary history.

3. The Two-Sector Decomposition Theorem

3.1 Statement

Theorem 3.1 (Two-Sector Decomposition). The solution p(t) of Eq. (2.3) decomposes as:

B(t) = B(t) + 6Bosc(t) (3.1)

where:

(i) The oscillatory sector of_osc(t) has period Ts = 19 yr and amplitude A(t) < a(t)"{—3/2}, contributing an
effective energy density p_osc that redshifts as matter ((w_osc) = 0). For any primordial amplitude A_i, the

present-day fraction is:

2
Qosc(z = 0) < 10718 x <ﬁ) (3.2)
5eq

(ii) The quasi-static sector [(t) tracks the slowly evolving minimum p_eq(a) of the effective potential,

contributing:

poE(a) = Verr(B(a)) (3-3)

with equation of state w = —1.

3.2 Proof — Part (i): Oscillatory Sector

Step 1: Linearization. For small perturbations df around f(t), Eq. (2.3) gives:
0B +3HSB + w38 =0 (3.4)

where > B =V"(B_eq) = 2Vo and we neglect anharmonic corrections (justified a posteriori by the smallness of

op/B_eq).

Step 2: WKB solution. Since ® 3 > H (Eq. 2.7), the WKB approximation is valid. The solution is [8]:

3/2
§Bosc(t) = A(t) cos (wst + ¢), A(t) = A; (%) (3.5)



This is the standard result for an oscillating scalar field in an expanding universe: the amplitude decreases as
a™{—3/2} and the energy density as a*{—3} (matter-like behavior) [8,9].

Step 3: Time-averaged equation of state. For oscillations in a quadratic potential V = %2®?0f?, the virial
theorem gives (K) = (V), where K and V are kinetic and potential energies respectively. The time-averaged

equation of state is [9]:

_ K —(V)
o =0 (3.6)

For anharmonic corrections from the full potential Vo(1/B +  — 2), expanding to fourth order gives (w) =0 +
O(A?/p?_eq), which is negligible for A < _eq.

Step 4: Quantitative suppression. The oscillations begin when H drops below m_. From Eq. (2.7):

In the matter era: H = HVQ_m(1+2)*{3/2},so H= P at:

w
(1 + 2ose)¥? = H()—jm — 2 A 4.2 x 108 (3.7)
In the radiation era: H = Ho\/Q_r(l+Z)2, soH=o pat:
(14 2ose)? = —B— = 20~ 7.1 x 10° (3.8)
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Taking the conservative estimate z_osc = 7 x 10° (radiation era), the suppression factor is:

Al(z =

% — (14 2ese) 2~ 1.7x107° (3.9)
<osc

% = (14 205) P 2.8 x 10718 (3.10)

Even with maximal initial misalignment A 1= eq (100%), the present-day oscillation energy density is
suppressed by a factor > 107'8 relative to its primordial value. Since p_osc at z_osc was at most of order

p_crit(z_osc), we obtain:

A\’
Qosc(z = 0) <1071 x <—> (3.11)
Beq

This is cosmologically negligible for any reasonable initial condition. No fine-tuning of the misalignment angle
is required. m



3.3 Proof — Part (ii): Quasi-Static Sector

Step 1: Adiabatic tracking. Since m [ > H at all cosmologically relevant epochs (Eq. 2.7), the field B(t)
adiabatically follows the instantaneous minimum of the effective potential [10]:

B(t) = Beq(a(t)) + O f_fj (3.12)

The correction term is of order (Ho/w B)* =4 x 1072, negligible.

Step 2: Scale-dependent potential. The effective potential V_eff receives contributions from the Q-field sector
that couple to the matter density [6,11]:

Verr(B; ) = Vo(B) + AV (8, pm(a)) (3.13)

The Q-field backreaction term is proportional to the local matter density p_ m « a~>. As the universe expands

and matter dilutes, the effective potential changes shape, shifting the equilibrium position f_eq(a).

Step 3: Energy density from the mobile minimum. The dark energy density is:

ppE(a) = Vegr(Beq(a); a) (3.14)

Expanding to first order in the matter-dependent correction:
ppE(a) ~ Voo +C -a® (3.15)

where Voo =V _eff(f_eq(a—x)) is the asymptotic value of the potential at the minimum when matter has fully

diluted, and C parameterizes the strength of the Q-field—matter coupling in the effective potential.

The condition V_oo > 0 (necessary for late-time cosmic acceleration) is a constraint on the parameters of the
stabilization potential that must be verified in the full calculation. We note that the sign of V_eff at the
minimum depends on the relative magnitudes of the Casimir, curvature, flux, and Q-field contributions (Eq.
2.1), and that the explicit calculation of V_oo from these contributions remains an open problem (see Section 7).
[ ]

4. Equation of State from the Mobile Minimum

4.1 Derivation

From Eq. (3.15), the dark energy density evolves as:

pDE(a) = Voo + C- a_?’ (41)



The time derivative is:
ppg = —3HCa ™3
Substituting into the definition of the equation of state parameter:

. -3
= 1P _ Ca
3H ppg

Expressing in terms of redshift (a = 1/(1+z)):

C(1+ 2)3
Voo + C(1 + 2)3

w(z) = -1+

4.2 Properties

Property 1: No phantom crossing. Since C>0and V_oo > 0:
w(z) > -1 Vz

The equation of state is always in the quintessence regime.

Property 2: Late-time limit. At z = 0:

C

R AN

For C K V_oo: wo — —1 (cosmological constant limit).

Property 3: Early-time limit. For z — co:

w(z) > —-1+1=0

The geometric dark energy becomes indistinguishable from pressureless matter at early times. This is a

qualitative difference from the exponential ansatz formula (Eq. 1.4), which gives w — —1 at high z.

+ Voo + Ca=3

(4.2)

(4.3)

(4.5)

(4.6)

(4.7)

Property 4: Transition redshift. The transition from DE-dominated (w = —1) to matter-like (w = 0) occurs at:

)
]-+ztr: F

For C/V_0=0.15:z tr= 0.88. For C/V_00=0.10: z tr = 1.15.

(4.8)



4.3 Effective T_f§ Parameter

Matching Eq. (4.6) to the parametrization wo = —1 + 1/(3Hot_p):

Voo +C
x> 4.
= 3H.C (4.9)

Crucially, T_f is not the oscillation damping timescale (which would be 2/(3Ho) = 9.7 Gyr), but rather

encodes the ratio V_oo/C of the static and dynamic components of the effective potential.

Table 1: Predictions as a function of C/V_oo

C/V_ T_B (Gyr) Wo z tr
0.05 101.4 —0.952 1.71
0.10 53.1 —0.909 1.15
0.15 37.0 —-0.870 0.88
0.20 29.0 —0.833 0.71
0.25 24.2 —0.800 0.59

For C/V_oo € [0.10, 0.25], we obtain t_3 € [24, 53] Gyr and wo € [—0.91, —0.80], consistent with the
observational constraint t 3 > 20 Gyr from CMB+BAO+SN data [12].

4.4 Comparison with Previous Formula

The original exponential ansatz (Eq. 1.4) and the mobile minimum formula (Eq. 4.4) agree at z = 0 by
construction (both give wo =—1 + 1/(3Hot_f)), but diverge at z> 0:

Table 2: Comparison of w(z) for C/V_oco=0.15 (t_p = 37.0 Gyr)

z w(Eq. 1.4) w(Eq. 4.4) Aw
0.0 —0.870 —-0.870 0.000
0.3 —0.889 —0.752 +0.137
0.5 —0.901 —0.664 +0.237
1.0 —-0.927 —0.455 +0.473
2.0 —0.957 —0.198 +0.759

The difference is measurable by current surveys (DESI, Euclid) at z> 0.5.



4.5 CPL Parametrization

Fitting Eq. (4.4) to the Chevallier-Polarski-Linder form w(z) = wo + w_a z/(1+z) over z € [0, 2]:

For C/V_o0 = 0.15, a least-squares fit over z € [0, 2] yields:
wit ~ —0.99, w, ~ +1.1 (4.10)

The CPL parametrization is a poor approximation to Eq. (4.4) because the latter has cubic rather than linear z-
dependence. The key qualitative result is that w_a > 0, in contrast to both the exponential ansatz (w_a < 0) and
ACDM (w_a = 0). The positive w_a arises because w(z) increases toward 0 at high z in the mobile minimum
model. Note: The exact wo from Eq. (4.6) is —0.870, which differs from the CPL fit value of —0.99 due to the
poor quality of the CPL approximation. Direct comparison with data should use Eq. (4.4), not the CPL mapping.

5. Observational Consequences

5.1 Qualitative Predictions

The Two-Sector Theorem makes the following robust predictions, independent of the specific value of C/V_co:

1. w>—1 at all redshifts (no phantom crossing)

N

w increases with z (w_a > 0 in CPL parametrization)

3. w — 0 at high z (DE becomes matter-like in the early universe)

&

The oscillatory sector is cosmologically undetectable (Q2_osc < 107'%)

5.2 Falsification Criteria

The model is falsified if:

1. w<-1 is measured at any redshift (phantom crossing)
2. w_a<0is confirmed with > 3¢ significance

3. The dark energy density is strictly constant (w_a = 0 confirmed at > 5c)

DESI comparison: Current DESI DR2 results [13] find wo =-0.55+0.21, w a=-1.27 £0.70 (CPL,
BAO+CMB+SN). The mobile minimum model predicts wo € [—0.95, —0.80] (compatible within 1) but w_a >
0 (in 2—30c tension with the DESI central value). However, the DESI error bar on w_a is large (+0.70), and the
CPL mapping of our non-CPL model introduces systematic bias. A direct fit of Eq. (4.4) to DESI BAO data is

needed to make a definitive comparison.
5.3 Key Discriminator: w(z) at z = 1-2
The strongest test is the value of w at z € [1, 2]:

e Exponential ansatz (Eq. 1.4): w(z=1) = —0.93 (nearly constant)

e Mobile minimum (Eq. 4.4): w(z=1) = —0.45 (strongly evolving)



e ACDM: w=—1 (exact)

Euclid and DESI DR3/DR4 will measure w(z=1) with precision +0.1, sufficient to distinguish between these

three scenarios.

6. Connection to the Exponential Ansatz

6.1 Why the Ansatz Worked

The exponential ansatz B(t) = f_max(1 — e"{—t/t_B}) was introduced in [4] as a phenomenological
parametrization. Despite describing a qualitatively different dynamics (monotonic approach vs. oscillation +
mobile minimum), it reproduces the correct wo because:

1. Both formulations are constrained to satisfy & DE(z=0) = 0.685, fixing the overall normalization.

2. Atz =0, both give wo=—1 + 1/(3Hot_f), with t_[3 absorbing the physics of V_oo/C.

3. The exponential ansatz effectively parametrizes the secular envelope of the oscillation + tracking

solution, capturing the correct late-time behavior.

6.2 Where the Ansatz Fails

The ansatz fails at z = 0.5, where it predicts w — —1 while the physical solution gives w — 0. This is because
the exponential ansatz has p DE — const at high z (mimicking A), while the mobile minimum model has p DE
— C(1+z)? (matter-like) at high z.

6.3 Updated Prescription

For future calculations in the 3D+3D framework, we recommend:

e Atz <0.3: Both formulas are equivalent within current observational precision.
e Atz>0.5: Use Eq. (4.4) with C/V_co as the free parameter.

¢ For CMB calculations (z ~ 1100): The mobile minimum formula gives w = 0 (matter-like), which must

be accounted for in the effective number of relativistic species and the ISW effect.

7. Open Problems

We identify the following problems that remain to be solved:

7.1 Sign of V_oo

The condition V_oo > 0 is necessary for cosmic acceleration. The numerical evaluation in [6] finds V_eff(f_eq)
~—3.2 x 1077 J/m3 < 0 at the stabilization minimum. However, this calculation does not include all
contributions to the effective potential (notably, the scale-dependent Q-field backreaction that produces the C

a term). The full calculation of V_oco including all contributions remains open.



7.2 Calculation of C/V_oo from First Principles

The ratio C/V_oo determines the equation of state through Eq. (4.6). Currently, this ratio is constrained by
observations to C/V_oo € [0.10, 0.25]. A first-principles derivation from the explicit Q-field backreaction in the

stabilization potential would render the model fully predictive.

7.3 High-Redshift Behavior

The formula w — 0 at z — oo implies that the geometric dark energy behaves as matter in the early universe.

The implications for:

e Big Bang Nucleosynthesis (additional matter-like component)
e CMB power spectrum (modified ISW effect)

e Structure formation (additional clustering component)

must be quantified. These effects are suppressed if C/V_co is small (the dark energy contribution at high z is
C(1+z)* K p_m(1+z)* for C K p_DE,0), but a detailed calculation is needed.

7.4 Connection to Inflation

During inflation, H_inf > m_f (assuming standard inflationary energy scales E_inf ~ 10'¢ GeV). In this
regime, the modulus is frozen by Hubble friction and acquires quantum fluctuations of order H inf/(2x). The
initial misalignment after inflation determines the primordial oscillation amplitude. As shown in Section 3, the
precise value is irrelevant due to the enormous suppression factor, but the dynamics during inflation determines
whether B starts near B_eq (small misalignment, rapid suppression) or far from it (larger primordial oscillation

energy). This is an open problem in the 3D+3D inflationary sector.

8. Conclusions

We have proved the Two-Sector Decomposition Theorem for geometric dark energy in the 3D+3D framework,

resolving the tension between oscillatory moduli dynamics and the requirement w = —1.
Key results:

1. The oscillatory sector (period Tz = 19 yr) is cosmologically irrelevant: suppressed by > 107'® in energy
density for any initial condition, with no fine-tuning required.

2. The dark energy arises from the quasi-static sector: the value of V_eff at its slowly evolving minimum
B_eq(a), which shifts due to Q-field—matter coupling as the universe expands.

3. The equation of state is w(z) = —1 + C(1+z)*/(V_oo + C(1+z)?), with the single parameter C/V_oo
encoding the coupling strength. This reduces to the known formula wo =—1 + 1/(3Hot_p) at z= 0.

4. The effective timescale T B =(V_o + C)/(3HoC) is a property of the effective potential, not of oscillation
damping.

5. The model predicts w_a > 0 (increasing w with redshift), in contrast to both ACDM (w_a = 0) and the
exponential ansatz (w_a < 0). This is a sharp discriminator testable by Euclid and DESI DR3/DR4.



Appendix A: Verification Code

-
python




#!/usr/bin/env python3
Numerical verification of Two-Sector Theorem claims
All numbers independently computed and cross-checked

nmn

import numpy as np

# Physical constants

hbar eV _s=6.582e-16 #¢eV's

HO s=2.18e-18 #s!

HO Gyr=0.069 # Gyr!
Om=0.315; Or = 9¢-5; ODE = 0.685

# Claim C1: oscillation frequency

T3 =19 * 3.156e7 # 19 yr in seconds

omega = 2*np.pi/T3

print(f'omega = {omega:.3e} s"-1") # 1.048¢-8

# Claim C2: radion mass
m_beta = hbar eV _s * omega

print(f'm_beta = {m_beta:.2e} eV") # 6.90e-24

# Claim C3: mass-to-Hubble ratio
ratio = omega/HO s
print(f'm/HO = {ratio:.2e}") #4.81e9

# Claim C4: oscillation start redshift (radiation era)
z_osc = np.sqrt(ratio/np.sqrt(Or)) - 1
print(f'z_osc = {z_osc:.le}") # 7.1e5

# Claim C4: suppression factor

supp_A = (1+z_osc)**(-1.5)

supp_rho = (1+z_osc)**(-3)

print(f"A suppression: {supp_A:.2e}") #~1.7¢-9
print(f'rho suppression: {supp rho:.2e}") # ~2.8e-18

# Claim C6: w(z) from mobile minimum
def w_mobile(z, Cv):
return -1 + Cv*(1+2)**3/(1 + Cv¥*(1+2)**3)

# Table 1 verification
for Cv in [0.05, 0.10, 0.15, 0.20, 0.25]:
tau = (1+Cv)/(3*HO_Gyr*Cv)
w0 =w_mobile(0, Cv)
z tr=(1/Cv)**(1/3) - 1
print(f"C/V={Cv:.2f}: tau={tau:.1f} Gyr, w0={w0:.3f}, z tr={z_tr:.2f}")




# Table 2 verification
E = lambda z: np.sqrt(Om*(1+z)**3 + ODE)
Cv =0.15; tau = (1+Cv)/(3*HO_Gyr*Cv)
for z in [0, 0.3, 0.5, 1.0, 2.0]:
w_old=-1+ 1/(3*HO0_Gyr*tau*E(z))
w_new = w_mobile(z, Cv)

print(f'z={z}: w_old={w_old:.3f}, w new={w_new:.3f}, dw={w_new-w_old:+.3f}")
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