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Abstract

We derive the mass—size relation exponent for dwarf spheroidal galaxies from first principles within
the six-dimensional discrete spacetime framework. Starting from virial equilibrium between gravi-
tational binding and Q-field support, we obtain the base scaling = 1/3 corresponding to constant
density systems. The compactification of two temporal dimensions on a rectangular torus T2 with
aspect ratio equal to the golden ratio introduces a geometric correction _Q = 3/(4 2) that reduces
the effective scaling dimension. The resulting exponent = 1/(3 — _ Q) = 0.369 agrees with obser-
vational estimates for Local Group dwarf spheroidals. This derivation completes the parameter-free
prediction of subcritical enhancement in the 3D+3D framework, with all quantities traced to the
underlying 6D Einstein-Hilbert action.
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1. Introduction
1.1 The Mass—Size Relation in Dwarf Galaxies

Dwarf spheroidal galaxies exhibit a well-defined correlation between their stellar mass M and half-
light radius r:

roc MY (1.1)

Observational studies consistently find in the range 0.3-0.4 [1-4], with typical values clustering
around  0.35-0.40. This relation encodes fundamental physics about the equilibrium configuration
of these systems.

For purely gravitational systems in virial equilibrium with constant density, dimensional analysis
yields = 1/3. The observed deviation from this value—systems being slightly more extended at
fixed mass—suggests additional physics beyond simple gravitational binding.



1.2 The Problem

Within the ACDM paradigm, the mass—size relation emerges from complex interplay between dark
matter halo properties, baryonic feedback, and environmental effects [5]. The observed value of is
typically treated as an empirical parameter rather than a derived quantity.

Alternative frameworks face the same challenge: can be predicted from first principles rather than
fitted to observations?

1.3 This Work

We demonstrate that the six-dimensional discrete spacetime framework (3D+3D) [6-8] provides a
complete derivation of from geometric principles. The key results are:

1. Base scaling: Virial equilibrium with Q-field support gives = 1/3
2. Golden ratio correction: The asymmetric compactification on T? introduces ~Q = 3/(4 2)
3. Final result: =1/(3 - Q) = 0.369

The derivation contains no free parameters— emerges entirely from the geometry of the compacti-
fied temporal dimensions.

1.4 Paper Organization

Section 2 reviews the theoretical framework. Section 3 derives the base scaling from virial equi-
librium. Section 4 derives the golden ratio correction. Section 5 presents the final result and
comparison with observations. Section 6 discusses implications. Section 7 provides conclusions.

2. Theoretical Framework
2.1 The 3D+3D Spacetime

The framework proposes six-dimensional spacetime with metric signature (—,+,+,+,—,—):

ds* = g, dxtdz” — Lidrs — Lydrs (2.1)

where (t, X, y, z) are the observable 4D coordinates and ( , ) are additional temporal dimensions
compactified on a torus T2.

2.2 The Golden Torus

The compactification radii satisfy:

with aspect ratio:
L 1 5
p= 2 =¢p= +\fm1.618 (2.3)



The golden ratio emerges from the resonance structure of breathing modes [6]. We term T? with
this aspect ratio the “golden torus.”

2.3 The Q-Field

Dimensional reduction from 6D to 4D produces scalar fields Q , Q encoding fluctuations of the
internal metric:

gas = —L3(1+Qy), 955 = —L3(1+ Q3) (2.4)

These Q-fields couple to matter and provide an effective “support” against gravitational collapse in
systems where bound breathing modes can form.

2.4 Critical Mass

Bound Q-field modes exist only above a critical potential depth:

U2
Vopiy = 2232 ~ 91 x 1078 (2.5)

i =
cri c2

where v_3D3D = 90.39 km/s is the breathing velocity. This corresponds to:

M, = 2.43 x 1010 M (2.6)

C

For dwarf spheroidals with M M__ crit, the Q-field response occurs via scattering rather than bound
states, but Q-field support still affects the equilibrium configuration.

3. Base Scaling from Virial Equilibrium
3.1 Energy Components
Consider a spherical satellite with mass M, radius r, and mean density = 3M/(4 r?3).
Gravitational binding energy:
3GM? GM?
E ow=— A — (3.1)

grav 5r r

where we absorb numerical factors into the proportionality.
Q-field support energy:

The Q-field provides pressure support through breathing mode oscillations. The characteristic Q-
field amplitude within the satellite is:

r

Qoat ™~ v%DSD x f ()\2) (3.2)



where = L = 4.3 kpc is the fundamental breathing scale and f(x) is a dimensionless profile
function.

For r (typical for dwarf spheroidals):

fw) ~ 27 = (A) (33)

This quadratic behavior arises from the Taylor expansion of the breathing mode eigenfunction near
the origin.

Q-field pressure:

2
-
Py ~ py X Vipsp X ()\2) (3.4)

where _ b is the baryonic density.

Support energy:

T5

Esupport ~ PQ X r3 =Pp X U§D3D X P (35)
2
Substituting b ~ M/r3:

2 2
M x vspsp X1

Esupport ~ 22 (36)
2
3.2 Virial Equilibrium
The virial theorem requires:
2K)+({U)=0 (3.7)
For Q-field supported systems, identifying K ~ E_support and U ~ E_ grav:
|Eg7“av| ~ Esupport (38)
GM? N M X v3p3p X 12 (3.9)

2
r A5



3.3 Solving for r(M)

Rearranging Eq. (3.9):

G2
o~ =2 x M (3.10)
U3p3pD
Therefore:
roc M3 (3.11)
Result: The base scaling exponent is:
1
== 3.12
Yo 3 ( )
3.4 Physical Interpretation
The exponent = 1/3 corresponds to constant density systems:
M
p=— =const < roc M3 (3.13)

3
This is the natural scaling for self-gravitating systems in virial equilibrium without additional scale-

dependent physics.

3.5 Comparison with Observation
Observed values cluster around ~ 0.35-0.40 [1-4], which is larger than = 0.333.

The implication: dwarf spheroidals are more extended at fixed mass than the base virial scaling
predicts. The Q-field geometry must provide a correction.

4. Golden Ratio Correction from T? Geometry
4.1 Asymmetric Contributions

The two temporal dimensions and contribute asymmetrically to the Q-field support due to their
different compactification radii.

Weight factors:

The contribution of each dimension is weighted by its inverse scale (larger scale = smaller effective
coupling):

_ 1/L2 _ L _ '
1/L2+1/L3 Ly + Ly 14+

(4.1)
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Wa — - = 4.2
5 1/Ly+1/Ly Ly+Ly 14¢ (42)
Using + 1= 2
%) 1
w = —-— = — (4.3
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1
Wy = — (4.4)
3 902
Verification: w +w =1/ +1/2=( +1)/2= 2/2=1
4.2 Asymmetry Parameter
The asymmetry between the two contributions is characterized by:
1 1
Aw = wy —wg = — — (4.5)
2 3 © (pQ
Usingl/ = —land1l/2=2— :
Aw=(p—1)—(2—¢p)=2¢—3 (4.6)
Alternatively, using the identity — 1 =1/
1 1 1 1 1 -1 -1 1
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4.3 Effective Dimension Reduction

The asymmetric contributions modify the effective volume element in the virial integral. Instead of
the base scaling r3 ~ M, we obtain:

rdess o M (4.8)

where d__eff is the effective scaling dimension.

Theorem 4.1 (Effective Dimension): The Q-field asymmetry reduces the effective scaling di-
mension to:

where _ Q) is the golden ratio correction.



4.4 Derivation of _ Q

The correction arises from the weighted integration over the internal torus. The effective measure
is:

d27_8ff = dT2 d7_3 X ?(U]Z?w?’) (410)

where F encodes the asymmetric coupling.
Step 1: Quadratic asymmetry contribution

The leading correction involves the square of the asymmetry:

1
Step 2: Normalization by geometric mean

The correction is normalized by the geometric mean of the weights:

/ 1 1
\/QUQX'IU3: X?:W (412)

Step 3: Dimensional prefactor

€l

The correction enters the 3D virial integral with a prefactor of 3/4 from the angular integration:

3 1/y8 3

Alternative derivation (direct):

A more direct approach considers the correction to the effective pressure from asymmetric mode
coupling;:

1

5 (4.14)

n

where the factor 1/ 2 represents the relative suppression of the sub-dominant ( ) mode contribution.

Numerical evaluation:

3 3 3
6 = 2 — - =0.2 4.1
Q7 492 T 4x 2618  10.472 02865 (4.15)




4.5 Physical Origin of the Correction
The correction _Q > 0 means d_ eff < 3, which implies > 1/3.

Physical interpretation: - The golden torus has unequal radii L > L - Q-field support couples
more strongly to the compact ( ) direction - The asymmetry effectively reduces the dimensionality
of the support - Systems are therefore more extended at fixed mass

This is analogous to how anisotropic pressure in ordinary hydrodynamics produces different equi-
librium shapes than isotropic pressure.

5. Final Result and Observational Comparison
5.1 The Derived Mass—Size Exponent

Combining the base scaling (Section 3) with the golden ratio correction (Section 4):

1 1
v = = (5.1)
Substituting Q = 3/(4 2):
1 42 4p?
= 3~ 2 - 2 (5.2)
Numerical value:
= ! = = 0.3685 (5.3)
7T 302865 27135 '
Rounding to three significant figures:
v =0.369 (5.4)

5.2 Comparison with Observations

Table 1: Observed mass—size exponents for dwarf spheroidals

Study Sample _obs Reference
Walker et al. (2009) MW dSphs 0.38 £ 0.05  [1]
Wolf et al. (2010) MW dSphs 0.35 £0.04  [2]
McConnachie (2012)  Local Group  0.37 £+ 0.03  [3]
Tollerud et al. (2014) M31 satellites 0.40 + 0.06  [4]

Weighted mean — 0.37 & 0.02

Comparison:



Viheory = 0-369,  Yop, = 0.37 £ 0.02 (5.5)

The agreement is within 1%.

5.3 Uncertainty Analysis
Theoretical uncertainty:

The derivation assumes: - Spherical symmetry (typical dwarf spheroidals have ellipticity ~ 0.3) -
Isolated systems (tidal effects neglected) - r  (valid for r < 1 kpc)

These approximations contribute systematic uncertainty ~2-5%.

Combined assessment:

Viheory = 0-369 £ 0.015 (5.6)

fully consistent with observations.

5.4 The Golden Ratio Formula

The result can be written in a compact form emphasizing the golden ratio:

1 42 4p?
= = = 5.7
TR T 4P X33 3(dg? 1) (5:7)
Using 2= + 1:
4 1 4 1 4 4

T 3(dp+4—1) 3(4p+3) 120+9

While less elegant, this form shows explicitly that depends only on and integer coefficients.

6. Discussion
6.1 Comparison with ACDM Predictions
In the standard ACDM paradigm, the mass—size relation for dwarf spheroidals emerges from:

1. Dark matter halo profiles (NFW or cored)
2. Baryonic feedback effects

3. Tidal stripping history

4. Star formation efficiency

These processes involve multiple parameters and produce a range of values depending on assump-
tions. The 3D+3D framework provides a parameter-free prediction.



6.2 Implications for Dark Matter Alternatives

The successful derivation of adds to the evidence that apparent dark matter effects may have geo-
metric origin. Combined with rotation curve predictions [6] and lensing analysis [8], the framework
demonstrates predictive power across scales from ~0.1 kpc to ~1 Mpec.

6.3 Connection to Other Derived Quantities

The mass—size exponent connects to the subcritical enhancement exponent _ eff through [9]:

X Bridai

Xtidal = 1—~ (6.1)
where _tidal = 1/ is the tidal coupling exponent.
Self-consistency check:
0.369 x 0.618  0.228
Apidal = 1— 0369 = 0.631 =0.361 (62)
Combined with _ scatter = 0.356 at r = 0.5 kpc:
a.pp = 0.356 + 0.361 = 0.717 (6.3)
matching observations exactly [9].
6.4 Why the Golden Ratio?
The golden ratio appears because:
1. Breathing mode resonances: The -ladder of scales = x 2 emerges from eigenvalue

quantization [6]
2. Torus geometry: The compactification radii inherit the -ladder structure
3. Asymmetric coupling: The weight factors w = 1/, w = 1/ 2 follow from the geometry
The golden ratio is not assumed—it emerges from the requirement of stable, resonant breathing
modes.
6.5 Testable Predictions
Prediction 1: Universality

All dwarf spheroidals should follow = 0.369 regardless of: - Host galaxy (MW, M31, field) - Stellar
mass (10 -10 M_ ) - Distance from host

Prediction 2: Scatter

The intrinsic scatter in the mass—size relation should be ~0.1 dex, arising from: - Ellipticity variations
- Tidal effects - Measurement uncertainties

Not from variations in itself.
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Prediction 3: Environment independence

Unlike ACDM predictions where may vary with environment, the 3D+3D value is universal.

7. Conclusions

We have derived the mass—size relation exponent = 0.369 for dwarf spheroidal galaxies from first
principles within the 3D4-3D framework. The derivation proceeds in two steps:

1. Virial equilibrium between gravitational binding and Q-field support yields the base scaling
=1/3

2. Golden torus geometry introduces a correction _Q = 3/(42) 0.287 that reduces the
effective scaling dimension

The final result:

agrees with the observational value _obs = 0.37 + 0.02 within 1%.

This derivation: - Contains no free parameters - Follows entirely from 6D geometry - Provides
explicit falsification criteria - Connects to other derived quantities ( _eff, tidal)

The appearance of the golden ratio in is not numerology but geometry: characterizes the aspect
ratio of the temporal torus T2, which in turn determines the asymmetric Q-field coupling that
modifies virial equilibrium.
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Appendix A: Golden Ratio Identities
The golden ratio = (1445)/2 1.6180 satisfies:

P’=p+1 (A1)
1
—=p—1 A2
" (A.2)
1 1
—9 = A.
2 Y=o (A.3)
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More useful:

1
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where F is the nth Fibonacci number.

Numerical values:

1/

0.6180
0.3820
0.2361
0.1459
0.0902

0.0557

STl W N~ | B
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Appendix B: Virial Theorem Derivation

The virial theorem for a self-gravitating system states:

2(K) + (U) =0

Derivation:

Consider N particles with positions r, and momenta p,. Define:

G:Zri'pi

Taking the time derivative:

%:Zi‘i'pi+zri'pi

The first term equals 2K (twice the kinetic energy). The second term equals:

dor, Fp==>r1,-V,U

For gravitational potential U 1/r, Euler’s theorem gives:

12
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Therefore:

dG
= — 9K
p +U

For a system in equilibrium, dG/dt = 0, giving the virial theorem.

Appendix C: Numerical Verification

#!/usr/bin/env python3

nimnn

Numerical wverification of gamma derivation
nimnn

import numpy as np

# Golden ratio

phi = (1 + np.sqrt(5)) / 2
print(f"Golden ratio = {phi:.6f}")

# Weight factors

w2 = 1 / phi

w3 = 1 / phix*2

print(f'w = 1/ = {w2:.6£}")
print(f"w = 1/? = {w3:.6£}")

print(f"w + w = {w2 + w3:.6f} (should be 1)")

# Golden ratio correction
delta_Q = 3 / (4 * phi**2)
print(f"\n _Q = 3/(4 ?) = {delta_Q:.6f}")

# Effective dimension
d_eff = 3 - delta_Q
print(f"d_eff = 3 - _Q = {d_eff:.6£}")

# Mass-size exponent
gamma = 1 / d_eff
print(f"\n = 1/d_eff = {gamma:.6f}")

# Comparison with observation
gamma_obs = 0.37
print(f" obs = {gamma_obs}")

print(f"Agreement: {100 * (1 - abs(gamma - gamma_obs)/gamma_obs):.1f})")
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# Self-consistency with alpha_eff

beta_tidal = 1 / phi

alpha_tidal = gamma * beta_tidal / (1 - gamma)
alpha_scatter = 0.356

alpha_eff = alpha_scatter + alpha_tidal

print (£"\nSelf-consistency check:")

print(f" _tidal = 1/ = {beta_tidal:.4f}")
print(f" _tidal /(1-) = {alpha_tidal:.4f}")
print(f" scatter = {alpha_scatter:.4f}")
print(f" _eff = {alpha_eff:.4f}")
print(f"Target: 0.717")

Output:

Golden ratio = 1.618034

w =1/ = 0.618034

w =1/2 = 0.381966

w + w = 1.000000 (should be 1)

_Q =3/(472)

= 0.286475
d_eff =3 - Q=

2.713525

= 1/d_eff = 0.368536
_obs = 0.37
Agreement: 99.6%

Self-consistency check:
_tidal = 1/ = 0.6180
_tidal = /(1-) = 0.3607
_scatter = 0.3560

_eff = 0.7167

Target: 0.717
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