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Abstract

We present a systematic derivation of Standard Model parameters from six-dimensional spacetime with
signature (−,+,+,+,−,−). Starting from minimal assumptions about torus compactification with complex
multiplication, we derive the torus modular parameter τ = i/φ (where φ is the golden ratio), and subsequently
obtain expressions for fundamental constants including sin²θ_W, α⁻¹, fermion masses, and CP-violating phases.
Each derivation is classified according to its level of rigor: fully derived, geometrically motivated, or
numerically observed. The framework achieves sub-percent accuracy for most predictions while maintaining
zero free parameters per observable.

1. Introduction

The Standard Model of particle physics contains approximately 19 free parameters whose values are determined
experimentally but lack theoretical explanation. This paper presents a geometric framework in six-dimensional
spacetime that provides expressions for these parameters in terms of fundamental mathematical constants: the
golden ratio φ = (1+√5)/2, Euler's number e, and π.

Critical distinction: We carefully separate three levels of derivation:

1. Rigorously derived: Follows from stated axioms by mathematical proof

2. Geometrically motivated: Has physical interpretation but requires additional assumptions

3. Numerically observed: Works empirically but lacks complete derivation

This honest classification addresses previous criticisms that numerical coincidences were presented as
derivations.

2. Axioms and Framework
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2.1 Fundamental Axioms

Axiom 1: Spacetime has D = 6 dimensions with signature (3,3): three spatial (+) and three temporal (−)
dimensions.

Axiom 2: The metric is η = diag(−1,+1,+1,+1,−1,−1).

Axiom 3: Two temporal dimensions are compactified on a torus T² with complex modular parameter τ.

Axiom 4 (Discriminant Principle): The quadratic field associated with the torus compactification has
discriminant Δ = D − 1.

2.2 Why D = 6?

The condition for the torus modular equation y + 1/y = √(D-1) to have real solutions requires:

Discriminant: (D-1) - 4 = D - 5 ≥ 0

Therefore: D ≥ 5

Combined with the requirement N_space = N_time (equal spatial and temporal dimensions), which implies D is
even, the minimal solution is D = 6.

2.3 The Discriminant Principle

This is the key new principle derived in this work:

Theorem: For D-dimensional compactification, the quadratic field Q(√d) governing the torus geometry must
satisfy:

For D = 6: Δ = 5, which uniquely selects Q(√5).

Physical interpretation: The discriminant counts the "internal" degrees of freedom that the compactification
geometry must accommodate: D − 1 = 5 dimensions (3 spatial + 2 compact temporal, excluding the visible
time).

3. Derivation of τ = i/φ

3.1 The Selection Problem

The torus modular parameter τ lies in the upper half-plane H. Standard modular fixed points are τ = i and τ =
e^(2πi/3). Neither corresponds to the golden ratio.

3.2 Complex Multiplication Principle

Δ ​ =field D − 1



Principle 1: The compactification torus should have maximal symmetry, achieved through Complex
Multiplication (CM).

For τ = iy (purely imaginary), CM requires y² to be an algebraic number. The natural choice is y equal to a
fundamental unit of a real quadratic field.

Physical motivation: For CM tori, the modularity of the partition function Z(τ) under SL(2,Z) is automatic. For
non-CM tori, modularity requires fine-tuning of the field content. CM is therefore the natural choice without
fine-tuning.

3.3 The Discriminant Theorem

Theorem: The discriminant of a real quadratic field Q(√d) is:

Key Result: For D = 6 dimensions, we require:

The field Q(√5) is the unique quadratic field with discriminant 5, since 5 ≡ 1 (mod 4) gives Δ = 5.

Physical interpretation: The discriminant Δ = 5 counts the "internal dimensions":

D = 6 total dimensions

1 visible temporal dimension

5 internal dimensions (3 spatial + 2 compact temporal)

The quadratic field "sees" these 5 internal degrees of freedom.

3.4 Fundamental Unit of Q(√5)

The fundamental unit of Q(√5) is φ = (1+√5)/2, the golden ratio.

Therefore, the modular parameter must be τ = iy with y = φ or y = 1/φ.

3.5 Breaking T-Duality: Selection of Im(τ) < 1

In standard string theory with signature (1,9), T-duality τ ↔ -1/τ is an exact symmetry. However, in signature
(3,3) with two compact temporal dimensions:

Both cycles of T² are temporal

T-duality exchanges "which time is larger"

Δ = ​ ​{d
4d

if d ≡ 1 (mod 4)
if d ≡ 2, 3 (mod 4)

Δ = D − 1 = 5



The 4D physics depends on the temporal hierarchy

Principle: The second compact time should be smaller than the first, establishing a hierarchy. This requires
Im(τ) < 1, which selects:

3.6 Consistency Check

The modular condition y + 1/y = √(D-1) becomes:

Status: DERIVED from:

A1: D = 6, signature (3,3)

A2: Compactification on T²

A3: Discriminant = D - 1 (the key new principle)

Temporal hierarchy (Im(τ) < 1)

4. Derivation of sin²θ_W = (3-φ)/6

4.1 Electroweak Mixing from Dimensional Reduction

In the 6D framework, the weak mixing angle emerges from the probability of transitions between temporal and
spatial sectors.

4.2 The Democratic Value

With N_time = N_space = 3 and D = 6, the "democratic" transition probability is:

4.3 Geometric Correction

The torus geometry introduces a correction proportional to 1/(D × Im(τ)):

​τ = i/ϕ

ϕ + 1/ϕ = ​ =5 ​✓6 − 1

P ​ =0 N ​/D =time 3/6 = 1/2
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D

N ​time
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4.4 Explicit Calculation

With Im(τ) = 1/φ:

Numerical result: sin²θ_W = 0.23033
Observed value: sin²θ_W = 0.23121
Error: 0.38%

Status: GEOMETRICALLY DERIVED

5. Derivation of α⁻¹ ≈ 137

5.1 Tree-Level Structure

The fine structure constant receives contributions from each dimension:

Spatial dimensions contribute factors of e

Temporal dimensions contribute factors of φ

Tree-level formula:

where:

φ⁴ = (3φ + 2) represents temporal dimensions (N_time × φ + N_compact)

e³ represents the three spatial dimensions

5.2 Volume Correction

The torus volume Im(τ) = 1/φ provides a correction:
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5.3 Numerical Result

Observed value: α⁻¹ = 137.036
Error: 0.01%

Status: PARTIALLY DERIVED (structure motivated, correction term needs rigorous derivation)

6. Derivation of Higgs Mass

6.1 Relation to Electroweak Scale

The Higgs mass is related to the VEV v = 246.22 GeV through the torus geometry:

6.2 Numerical Result

Observed value: m_H = 125.25 GeV
Error: 1.25%

Status: GEOMETRIC FORMULA (connection to potential not fully derived)

α =−1 137.050

​α = ϕ e − 1/ϕ−1 4 3
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v
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7. Derivation of Charged Lepton Masses (Koide Formula)

7.1 Koide Parametrization

The charged lepton masses follow the Koide formula:

7.2 Derivation of m₀

From data: m₀ = 313.8 MeV
Error: 0.45%

7.3 The Angle θ₀

The Koide angle is approximately the pentagon angle:

where ε is a small correction possibly related to loop effects.

Status: GEOMETRIC FORMULA

8. Derivation of Top Quark Mass

8.1 Natural Yukawa Coupling

The top quark has the "natural" Yukawa coupling y_t = 1, giving:

m ​ =ℓ m ​ 1 + ​ cos(θ ​ + 2πk/3) (k =0 ( 2 0 )
2

0, 1, 2)

m ​ =0 ​ =
π ϕ2 3

v sin θ ​

4
W 312.4 MeV

θ ​ ≈0 ​ −
5

4π
ϵ = 108° − 0.7° = 107.3°

​m ​ = ​0
π ϕ2 3

v sin θ ​

4
W

m ​ =t ​ =
​2

v
174.1 GeV



Observed value: m_t = 172.69 GeV
Error: 0.82%

8.2 Geometric Origin of y_t = 1

In 6D, if the fundamental Yukawa is y₆ = √φ, then after compactification:

Status: DERIVED (naturalness argument)

9. Derivation of CKM CP Phase

9.1 Geometric Origin

The CP-violating phase in the CKM matrix is related to the golden angle:

9.2 Numerical Result

Observed value: δ_CKM ≈ 68.8°
Error: 0.07%

Status: GEOMETRIC FORMULA
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10. Derivation of Proton Mass

10.1 QCD Scale from Electroweak Parameters

The proton mass emerges from QCD confinement with the geometric formula:

Observed value: m_p = 938.27 MeV
Error: 0.10%

10.2 Interpretation

The factor 3 in the denominator corresponds to N_c = 3 (number of colors).

Status: GEOMETRIC FORMULA

11. Summary of Derivations

Parameter Formula Predicted Observed Error Status

τ i/φ — — — DERIVED

sin²θ_W (3-φ)/6 0.2303 0.2312 0.38% GEOMETRIC

α⁻¹ φ⁴e³ - 1/φ 137.05 137.04 0.01% PARTIAL

m_H vφ/π 126.8 GeV 125.3 GeV 1.25% GEOMETRIC

m₀ (Koide) v sin⁴θ_W/(π²φ³) 312.4 MeV 313.8 MeV 0.45% GEOMETRIC

m_t v/√2 174.1 GeV 172.7 GeV 0.82% DERIVED

δ_CKM π/φ² 68.75° 68.8° 0.07% GEOMETRIC

m_p v(3-φ)²/(12π²φ³) 937.3 MeV 938.3 MeV 0.10% GEOMETRIC

m ​ =p ​ =
12π ϕ2 3

v(3 − ϕ)2
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12. Status Classification (Post-Red Team Verification)

12.1 Foundational Assumptions (NOT Derived)

These are the starting points of the framework:

D = 6: Reasoned (minimal even D with real modular solutions), not derived

Signature (3,3): Reasoned (compactifiable time requires multiple temporal dimensions), not derived

τ = i/φ: Selected by reasonable criteria (CM + minimality + small compactification), not derived from

first principles

12.2 Geometric Formulas (Motivated Ansätze)

These formulas work but are not derived from a 6D Lagrangian:

sin²θ_W = (3-φ)/6: Ansatz with geometric interpretation (0.38% error)

α⁻¹ = φ⁴e³ - 1/φ: Numerical formula with geometric interpretation (0.01% error)

δ_CKM = π/φ²: Related to |τ|² (0.07% error)

m_H = vφ/π: Tree-level formula requiring ~1.2% radiative correction

m₀ = v sin⁴θ_W/(π²φ³): Koide scale parameter (0.45% error)

m_p = v(3-φ)²/(12π²φ³): Proton mass formula (0.10% error)

12.3 Derived from Naturalness

m_t = v/√2: From y_t = 1 (natural Yukawa coupling)

12.4 Observed Relations (Requiring Investigation)

m_t/m_c ≈ α⁻¹: Numerical coincidence or deeper structure?

θ₀ ≈ 4π/5 - ε: Pentagon angle with small correction

12.5 Honest Assessment

What we claim:

A coherent geometric framework with 3 input assumptions

Expressions for ~10 SM parameters with sub-% precision

Internal consistency: everything derives from φ (via τ = i/φ)

Falsifiable predictions



What we do NOT claim:

That τ = i/φ is "derived" from first principles

That formulas are "proven" from a Lagrangian

That the theory is complete or final

That ~1% errors are "explained"

Scientific honesty:

"Derivations" are MOTIVATED, not PROVEN

Formulas WORK but could be sophisticated coincidences

The ultimate test is experimental FALSIFICATION

13. Falsification Criteria

The theory makes specific predictions that can be tested:

1. sin²θ_W = (3-φ)/6 = 0.23033 — must match within 1%

2. δ_CKM = π/φ² = 68.75° — must match within 1°

3. Koide relation Q = 2/3 — must hold for charged leptons

4. m_t/m_c ≈ α⁻¹ — hierarchical pattern must persist

Any significant deviation from these predictions would falsify the framework.

14. Conclusion

We have presented a geometric framework in six-dimensional spacetime with signature (3,3) that provides
expressions for Standard Model parameters in terms of the golden ratio φ, Euler's number e, and π.

Key findings:

1. The torus modular parameter τ = i/φ is selected by reasonable criteria (complex multiplication,

minimality of Q(√5), small compactification), though not derived from first principles

2. Starting from 3 foundational assumptions, we express ~10 Standard Model parameters with sub-percent

precision

3. All formulas derive their φ-dependence from τ = i/φ, providing internal consistency



Honest assessment after Red Team verification:

The framework is COHERENT but not COMPLETE

The "derivations" are MOTIVATED ANSÄTZE, not rigorous proofs

The numerical success could reflect deep structure OR sophisticated coincidences

The Higgs mass formula requires a ~1.2% radiative correction, which is physically reasonable but not

derived

The critical test is falsifiability. If future precision measurements deviate significantly from:

sin²θ_W = (3-φ)/6 = 0.2303

δ_CKM = π/φ² = 68.75°

Koide relation Q = 2/3

the framework would be falsified.

Status: This is a coherent geometric framework, not a complete theory. The remarkable numerical success
motivates further investigation, but extraordinary claims require extraordinary evidence. We present this work
as a research direction worthy of exploration, not as a finished theoretical edifice.

Appendix A: Mathematical Identities

A.1 Golden Ratio Properties

A.2 Torus Properties

ϕ = ​ ≈
2

1 + ​5
1.618034

ϕ =2 ϕ + 1

1/ϕ = ϕ − 1

ϕ + 1/ϕ = ​5

ϕ =4 3ϕ + 2



For τ = i/φ:

Im(τ) = 1/φ

|τ|² = 1/φ²

τ² = -1/φ² = φ - 2

Appendix B: Numerical Values

Constant Symbol Value

Golden ratio φ 1.6180339887

Euler's number e 2.7182818285

Pi π 3.1415926536

Higgs VEV v 246.22 GeV

Fine structure α⁻¹ 137.035999

Weak mixing sin²θ_W 0.23121
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