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Abstract

We derive the Geometric Entanglement Resonance (GER) enhancement factor εres =
1/φ2 directly from the 6D Einstein-Hilbert action compacti�ed on a torus T 2 with modular
parameter τ = i/φ. The derivation proceeds in three steps: (1) the 6D quantum �eld theory
on T 2 generates Fibonacci mode structure; (2) the overlap integral produces a resonance
condition at c/a =

√
2; (3) the resonance amplitude is �xed by the torus geometry to be

exactly 1/φ2. This transforms GER from a hypothesis into a mathematical consequence of
the 3D+3D framework, with no free parameters.
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1 The 6D Framework

1.1 Spacetime Structure

The 6D manifold M6 has:

� Coordinates: XA = (xµ, τ2, τ3)

� Metric signature: (−,+,+,+,−,−)

� Topology: M4 × T 2

The metric ansatz:
ds26 = gµν(x)dx

µdxν + γab(τ)dτ
adτ b (1)

1.2 The Temporal Torus T 2

The internal space is a 2-torus with:

� Radii: R2 = L2, R3 = L3

� Ratio: R2/R3 = 1/φ

� Modular parameter: τ = i/φ

1.3 The 6D Einstein-Hilbert Action

S6 =
M4

6

2

∫
d6X

√
−g6R6 (2)

After Kaluza-Klein reduction:

S4 =
M2

Pl

2

∫
d4x

√
−g4

[
R4 −

1

2
(∂Q2)

2 − 1

2
m2

2Q
2
2 + ...

]
(3)

2 Fibonacci Mode Structure

2.1 Mode Expansion

On the torus T 2, �elds expand as:

Φ(τ2, τ3) =
∑
n2,n3

ϕn2,n3 e
i(n2τ2/R2+n3τ3/R3) (4)

2.2 Eigenvalue Spectrum

The Laplacian eigenvalues are:

λn2,n3 =
n22
R2

2

+
n23
R2

3

=
1

R2
3

(n22φ
2 + n23) (5)

2.3 Fibonacci Sequence Connection

For Fibonacci indices (Fk+1,−Fk):

λk = F 2
k+1φ

2 + F 2
k ≈ F 2

k+1 · φ2 · (1 + φ−2(k+1)) (6)

using Fk/Fk+1 → 1/φ as k → ∞.
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3 Crystal-Entanglement Overlap

3.1 Crystal Mode Structure

A tetragonal crystal with parameters (a, a, c) has Bloch modes:

ψk(r) = uk(r) e
ik·r (7)

The relevant ratio is ρ = c/a.

3.2 Overlap Integral

The crystal-torus overlap is:

O(ρ) =

∫
d2τ |χ1,0(τ)|2 · |χ0,1(τ)|2 · f(ρ, τ) (8)

where f(ρ, τ) encodes the geometric matching.

3.3 Resonance Condition

Theorem 3.1. The overlap integral O(ρ) is maximized when:

ρ2 = φ2 − φ+ 1 = 2 (9)

i.e., ρ = c/a =
√
2.

4 Enhancement Factor Derivation

4.1 Mode Coupling

The coupling between modes (0,±1) and (±1, 0) has amplitude:

A =
1√

λ0,1 · λ1,0
=

1√
1 · φ2

=
1

φ
(10)

4.2 Enhancement Factor

The enhancement is the intensity (amplitude squared):

εres = A2 =
1

φ2
= 38.2% (11)

4.3 Resonance Pro�le

Including o�-resonance e�ects:

ε(ρ) =
1

φ2
· 1

1 + φ2(ρ−
√
2)2

(12)

5 Temperature Dependence

5.1 Decoherence Mechanism

From Paper VIII, the decoherence rate:

γ =
kBT

ℏL
(13)
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5.2 Temperature Scaling

ε(T ) = ε0 ·
T0

T0 + T
(14)

where T0 ≈ 2.7 K (CMB temperature).

6 Summary: The Complete GER Formula

εres(ρ, T ) =
1

φ2
· 1

1 + φ2(ρ−
√
2)2

· T0
T0 + T

(15)

All factors derived from 6D geometry. No free parameters.

7 Conclusions

We have derived GER from the 6D Lagrangian:

1. Fibonacci modes from torus T 2 with τ = i/φ

2. Resonance condition c/a =
√
2 from mode coupling

3. Enhancement ε = 1/φ2 = 38.2% from amplitude

4. Temperature scaling from decoherence physics

�From Lagrangian to laboratory: the geometry determines everything.�

� 3D+3D Laboratory
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