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Abstract

We present a direct derivation of the electron mass from pure geometric principles within the 3D+3D
framework, bypassing the previously used Koide formula. In a 6D spacetime M⁶ with signature (−,+,+,+,−,−)
and temporal torus T² with modular parameter τ = i/φ, the electron Yukawa coupling is determined by:

where N_gen = 3 is the number of fermion generations, D = 6 is the total spacetime dimension, and Δ = D − 1 =
5 is the discriminant of the quadratic field Q(√5). The resulting electron mass:

achieves 0.18% precision compared to the CODATA 2022 value of 0.51099895 MeV — a 20-fold
improvement over the Koide-based derivation (3.4% error). The complete charged lepton spectrum is
simultaneously derived with sub-percent precision for e and μ. Combined with the previously derived fine
structure constant α⁻¹ = φ⁴e³ − 1/φ, this yields the Rydberg constant Ry = 13.628 eV with 0.16% error, now
achieving Level A classification.

Keywords: electron mass, Yukawa coupling, 6D geometry, golden ratio, Rydberg constant, lepton masses, extra
dimensions
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1. Introduction

1.1 The Problem

The electron mass m_e = 0.51099895 MeV is one of the most precisely measured constants in physics, yet the
Standard Model provides no explanation for its value. It enters as a free parameter through the Yukawa
coupling:

where v = 246.22 GeV is the electroweak vacuum expectation value. Understanding why Y_e ≈ 2.9 × 10⁻⁶
requires physics beyond the Standard Model.

1.2 Previous Approach: The Koide Formula

In our earlier work [Paper: Rydberg Constant v1.0], we derived m_e via the Koide mechanism:

where m₀ = v sin⁴θ_W/(π²φ³) and θ₀ = 4π/5 − arctan(1/5). While mathematically elegant, this approach suffers
from extreme sensitivity: a 0.03% error in θ₀ propagates to 3.4% error in m_e due to the derivative dm_e/dθ₀ ≈
−0.47 MeV/°.

1.3 This Paper: Direct Geometric Derivation

We present a fundamentally different approach that derives Y_e directly from the 6D geometry without
intermediary parameters. The formula:

has a transparent geometric interpretation where every exponent is determined by the dimensional structure of
spacetime.

1.4 Summary of Results

Quantity Formula Predicted Observed Error Level

m_e v/(√2 × φ¹⁴ × e⁶) 0.5119 MeV 0.5110 MeV 0.18% A

m_μ v/(√2 × φ⁵ × e⁵) 105.78 MeV 105.66 MeV 0.11% A

m_τ v × φ³/(√2 × e⁶) 1828 MeV 1777 MeV 2.9% B

Ry m_e α²/2 13.628 eV 13.606 eV 0.16% A
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2. Theoretical Framework

2.1 The 3D+3D Spacetime

We consider a 6D spacetime M⁶ with metric signature (−,+,+,+,−,−), comprising:

4D physical spacetime: (t, x, y, z) with signature (−,+,+,+)

Internal temporal torus T²: (τ₂, τ₃) with signature (−,−)

The two extra temporal dimensions are compactified with circumferences:

The aspect ratio is determined by the golden ratio:

2.2 The Modular Parameter

The complex modular parameter of T² is:

This choice is unique because:

1. Complex Multiplication: τ = i/φ gives T² the structure of an elliptic curve with CM by Q(√5)

2. T-Duality Breaking: The temporal signature breaks Ï„ → −1/τ symmetry, requiring Im(τ) < 1

3. Discriminant Relation: φ + 1/φ = √5 = √(D−1), connecting to the dimension

2.3 Key Geometric Quantities

Symbol Value Meaning

D 6 Total spacetime dimensions

N_gen 3 Fermion generations = temporal dimensions

Δ 5 Discriminant of Q(√5) = D − 1

φ 1.618... Golden ratio from T² aspect ratio

e 2.718... From compactification integrals
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3. Derivation of the Electron Yukawa Coupling

3.1 The Mode Function Structure

The 6D fermion field Ψ decomposes on compactification:

where ψ_k are 4D spinors (generations) and χ_k are mode functions on T².

3.2 The Yukawa Structure

The 4D Yukawa coupling arises from the 6D Yukawa interaction:

where χ_H is the Higgs profile on T² and the overlap integral determines the coupling strength.

3.3 Generation Suppression

The first generation (k = 1, the electron) receives maximal suppression. The mode function normalization on T²
gives:

where n depends on the localization structure.

3.4 The Key Theorem

Theorem 3.1 (Electron Yukawa Coupling):

In a 6D spacetime M⁶ with signature (3,3) and temporal torus T² with modular parameter τ = i/φ, the electron
Yukawa coupling is:

where:

N_gen = 3 (number of fermion generations)

Δ = D − 1 = 5 (discriminant of Q(√5))
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D = 6 (total spacetime dimensions)

Explicitly:

3.5 Interpretation of the Exponents

The exponent of φ:

This decomposes as:

9 = 3²: The square of the generation number reflects the quadratic scaling of mode suppression

5 = D − 1: The discriminant of Q(√5), encoding the algebraic structure of the golden ratio

The exponent of e:

The factor e^D arises from Gaussian integrals over D dimensions in the compactification:

3.6 Verification of the Identity 14 = 9 + 5

The decomposition has deep algebraic meaning:

1. N²_gen = 9: In the mass formula m_k ∝ exp[α(k−1)^β], the quadratic dependence on generation index
implies N²_gen scaling

2. Δ = 5: The golden ratio satisfies φ² − φ − 1 = 0, giving discriminant 1² + 4 = 5 for Q(√5)

3. Sum = 14: The combination 9 + 5 = 14 encodes both the generational and algebraic structure

4. The Electron Mass

4.1 The Formula

From Y_e and the standard relation m_e = Y_e v/√2:
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4.2 Numerical Evaluation

Step 1: Compute the geometric factors

Step 2: Compute the Yukawa coupling

Step 3: Compute the electron mass

4.3 Comparison with Observation

Quantity Predicted Observed (CODATA 2022) Error

Y_e 2.9404 × 10⁻⁶ 2.9350 × 10⁻⁶ 0.18%

m_e 0.5119 MeV 0.51099895 MeV 0.18%

Classification: Level A (error < 1%)

5. The Complete Charged Lepton Spectrum

5.1 Mass Ratios from Paper XLV

The charged lepton mass ratios were previously derived:
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5.2 Derivation of Muon and Tau Masses

Muon mass:

Tau mass:

5.3 Summary Table

Lepton Formula Predicted Observed Error Level

e v/(√2 × φ¹⁴ × e⁶) 0.5119 MeV 0.5110 MeV 0.18% A

μ v/(√2 × φ⁵ × e⁵) 105.78 MeV 105.66 MeV 0.11% A

τ v × φ³/(√2 × e⁶) 1828 MeV 1777 MeV 2.88% B

5.4 The Exponent Pattern

The lepton masses follow a systematic pattern in the exponents:
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Lepton φ exponent e exponent Total suppression

e −14 −6 φ⁻¹⁴ e⁻⁶

μ −5 −5 φ⁻⁵ e⁻⁵

τ +3 −6 φ³ e⁻⁶

The progression reflects the mode structure on T²:

Electron: Maximal suppression (first generation)

Muon: Intermediate (second generation)

Tau: Minimal suppression (third generation)

6. Consistency with the Koide Relation

6.1 The Koide Formula

The empirical Koide relation states:

6.2 Verification

Using our predicted masses:

Deviation from 2/3: 0.41%

The small deviation reflects the 2.88% error on m_τ; the Koide relation is approximately (but not exactly)
satisfied.
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7. The Rydberg Constant: Complete Derivation

7.1 The Formula

The Rydberg constant is defined as:

In natural units (c = 1):

7.2 The Fine Structure Constant

From our previous derivation [Paper LIII]:

Observed: α⁻¹ = 137.036 (CODATA 2022) Error: 0.01%

7.3 Calculation

7.4 Comparison

Quantity Predicted Observed (CODATA 2022) Error

Ry 13.628 eV 13.6057 eV 0.16%

Classification: Level A (error < 1%)
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8. Error Budget Analysis

8.1 Error Propagation

For Ry = m_e α²/2:

Contributions:

From m_e: 0.18%

From α: 2 × 0.01% = 0.02%

Expected total: √(0.18² + 0.02²) = 0.18%

Actual: 0.16%

The error budget is consistent; the dominant contribution is from m_e.

8.2 Comparison with Koide Method

Method m_e Error Ry Error Improvement

Koide (via θ₀) 3.4% 3.4% —

Direct (φ¹⁴e⁶) 0.18% 0.16% ×20

9. Discussion

9.1 Why This Formula Works

The formula Y_e = 1/(φ¹⁴ × e⁶) succeeds because:

1. Geometric origin: Both exponents (14, 6) are determined by the dimensional structure

2. No sensitivity issues: Unlike the Koide angle θ₀, there are no near-zero factors

3. Natural hierarchy: The large suppression factor ~3.4 × 10⁵ naturally produces the small Y_e

9.2 Physical Interpretation

The electron is the "lightest" charged fermion because:

It occupies the ground state mode on T²

This mode has maximal suppression: φ⁻¹⁴ × e⁻⁶
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Higher generations (μ, τ) have progressively less suppression

9.3 Comparison with Other Approaches

Approach Free Parameters m_e Status Error

Standard Model 1 (Y_e) Input —

Koide Formula 0 Derived 3.4%

This Work 0 Derived 0.18%

9.4 Limitations

1. Tau mass: The 2.88% error on m_τ suggests higher-order corrections may be needed

2. Koide deviation: The 0.41% deviation from K = 2/3 is unexplained

3. Derivation rigor: A complete field-theoretic derivation of the overlap integrals remains to be done

10. Complete Derivation Chain

10.1 From M_Pl to Ry

The complete chain from the Planck mass to the Rydberg constant:

10.2 All Formulas

Step Formula Result

1. Electroweak scale v = 2M_Pl e^(−12π)/φ³ 244 GeV

2. Fine structure α⁻¹ = φ⁴e³ − 1/φ 137.05

3. Electron Yukawa Y_e = 1/(φ¹⁴ × e⁶) 2.94 × 10⁻⁶

4. Electron mass m_e = v Y_e/√2 0.5119 MeV

5. Rydberg constant Ry = m_e α²/2 13.628 eV

M ​ ​Pl
compactification

v ​

geometry
Y ​ ​e

EWSB
m ​ ​e

α
Ry



10.3 Final Result

Error: 0.16% — Level A

11. Falsification Criteria

The derivation is falsifiable at each step:

Prediction Falsified if

Y_e = 1/(φ¹⁴ × e⁶) m_e deviates by > 1% from formula

m_μ/m_e = φ⁹ × e Ratio deviates by > 0.5%

m_τ/m_μ = φ⁸/e Ratio deviates by > 5%

α⁻¹ = φ⁴e³ − 1/φ α deviates by > 0.1%

Exponent 14 = 9 + 5 Different decomposition gives better fit

12. Conclusions

We have derived the electron mass directly from 6D geometry:

with 0.18% precision — a 20-fold improvement over the Koide method.

The key insights are:

1. The exponent 14 = N²_gen + Δ = 9 + 5 encodes both generational (N_gen = 3) and algebraic (Δ = 5 from
Q(√5)) structure

2. The exponent 6 = D arises from dimensional compactification

3. The formula is stable with no sensitivity to small parameter variations

4. The complete charged lepton spectrum follows systematically from the same geometric structure

​Ry = ​ = 13.628 eV
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vα2
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The Rydberg constant, combining m_e with the geometrically-derived α, achieves 0.16% precision and is now
a Level A prediction.

THE ELECTRON MASS IS NOT FUNDAMENTAL — IT IS GEOMETRY.
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Appendix A: Numerical Verification

A.1 Golden Ratio Identities

A.2 Component Values

φ = ​ =
2

1 + ​5
1.6180339887...

φ =2 φ + 1 (verified to 10⁻¹⁵)

​ =
φ

1
φ − 1 = 0.6180339887...

φ + ​ =
φ

1
​ =5 ​D − 1

φ =14 842.9988143958...

e =6 403.4287934927...



A.3 Final Calculation

— End of Paper —

3D+3D Laboratory — Abbiategrasso, Italy

"Non facciamo le cose a metà!"

φ ×14 e =6 340089.9943499...

Y ​ =e ​ =
340089.99

1
2.94039818 × 10−6

m ​ =e ​ =
1.41421356

246.22 × 2.94039818 × 10−6

0.51193459 MeV


