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Abstract

We present a complete dynamical systems formulation of the cosmological sector of the 3D+3D discrete
spacetime framework, a six-dimensional gravitational theory with signature (—,+,+,+,—,—) and two compactified
temporal dimensions. Introducing dimensionless variables u = S/H and v = (P—Q)/H, where S = P+Q = o/(2a) +
B/(2PB) and H is the Hubble parameter, the 6D Einstein equations reduce to a two-dimensional autonomous
system. The system admits three exact fixed points on the v = 0 submanifold. The matter-era fixed point at u* =
1/3, v* = 0 has Jacobian eigenvalues A_u =—53/36 and A_v = —65/36, both strictly negative, establishing it as a
stable node by the Hartman—Grobman theorem. This fixed point is analytically exact (rational root of an
autonomous cubic), SymPy-verified to machine precision, and corresponds to the known physical predictions:
S/H — 1/3 (temporal compactification rate locked to cosmic expansion), P — Q (moduli synchronization), and
the observed geometric dark matter fraction Q_geom = 19/73 =~ 0.260. The kinetic fixed points at u* = +V6 are
identified as a repulsor and a saddle, respectively. This formulation places the 3D+3D framework in the
standard language of dynamical systems cosmology, analogous to Copeland-Liddle-Wands quintessence but
with attractor structure determined by 6D geometry rather than a scalar potential. Phase-space visualization and

the dark-energy era fixed point will be presented in a companion note (v1.1).

Keywords: dynamical systems - cosmological attractors - compactified temporal dimensions - 6D gravity -
geometric dark matter - stability analysis - Copeland—Liddle—Wands

1. Introduction

The 3D+3D discrete spacetime framework [Papers [-LXXII, Zenodo] proposes a six-dimensional spacetime
with metric signature (—,+,+,+,—,—), where two additional temporal dimensions 12 and 13 are compactified on a
torus T? at galactic scales (L2 =9.5 ly, Ls = 6.0 ly). The framework derives all 42 Standard Model parameters
from a single geometric axiom with zero free parameters. Its cosmological sector predicts geometric dark matter
(Q geom = 19/73 = 0.260, error 0.16% from Planck 2018) and geometric dark energy (wo = —0.80) as effects of

the evolving compactification, without invoking any new particle.
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Across Papers XVI, LXV, and the Bridge Paper series (v1.1), the cosmological equations have been
progressively derived and SymPy-verified. A central physical prediction emerging from those equations is the

late-time relation:
1
S/H = (P+Q)/H — 3 (1.1)

where this relation was identified as an attractor in earlier work but not formally proven as a stable fixed point
in the dynamical systems sense. Adversarial reviewer Vega (OpenAl) correctly identified that formalising this
result would: (i) provide a rigorous stability proof, (i) classify all cosmological eras, (iii) determine the basin of
attraction, and (iv) connect the framework to the well-established Copeland-Liddle-Wands (CLW) formalism

[1]. The present paper executes this programme.

Scope of this paper. No new equations are introduced here. All field equations used — (2.3)—~2.6) and (2.7) —
are taken directly from the existing 3D+3D corpus (Papers XVI, LXV, Bridge v1.1), where they were derived
from first principles and SymPy-verified. The contribution of this paper is to recast those equations in the
standard language of dynamical systems, identify the autonomous structure, locate the fixed points, and provide
the stability proof that was absent from previous papers. This reformulation adds mathematical rigour without

modifying the physical content.

Central result (Proposition 4.1): The dimensionless variable u = S/H satisfies an autonomous cubic ODE with
exact rational root u* = 1/3. The Jacobian at this root has eigenvalues A u=-53/36 and A_v =—65/36, both
strictly negative. By the Hartman—Grobman theorem, u* = 1/3 is a stable node. This is the geometric analogue
of the matter-era attractor in CLW quintessence, but with the attractor position determined by 6D geometry

rather than a scalar potential.

2. The Six-Dimensional Canonical System

2.1 Metric and Variables

The 6D cosmological metric is:
ds® = —c*dt® + a*(t) §;; dz'dx’ — a(t) c® dri — B(t) ¢ dri (2.1)

where a(t) is the 4D scale factor and a(t), B(t) are the dimensionless compactification moduli. The natural

logarithmic rates are:
H=2%  P=—, Q=45 S=P+Q (2.2)

At the matter-era attractor the golden ratio arises: P/Q = ¢ = (1+V5)/2 [Paper XXVIL, SPARC-validated]. This is

a consequence of the attractor, not an input.



2.2 SymPy-Verified Einstein Equations (RT-B1, March 2026)

The four independent 6D Einstein equations, derived from Christoffel symbols by SymPy direct computation,

arc:

(G00) 3H?+3HS + PQ = ?ﬂm [Friedmann-6D] (2.3)

(G;) 2H+3H>+2HS+S+3(P°+Q°)+PQ=0  [Raychaudhuri] (2.4)
(G44) 3H +6H>+3HQ+Q+Q*=0  [Q-modulus] (2.5)

(G55) 3H +6H?+3HP+P+P>=0  [P-modulus] (2.6)

Equations (2.5) and (2.6) are structurally asymmetric: G44 contains only Q (not P) and G55 contains only P
(not Q). This asymmetry, confirmed by full cancellation tables, is the microscopic origin of the geometric

attractor.

Combining (2.4), (2.5), (2.6) algebraically:

2 2
. _oH?— 2
o] Z S+5/ [HDOT-CANON] (2.7)

Numerically verified: residual < 107'¢ at (H = 0.0667, S = H/3, P/Q = ¢).

2.3 Moduli Synchronization ODE

Subtracting (2.5) from (2.6) yields the exact ODE for the moduli difference:

W +(BH+S5)(Q-P)=0 (2.8)

Since 3H + S > 0 throughout the matter era, the solution decays as:

(Q — P)(t) o exp(— / (3H + 8) dt) 50 (2.9)

This is the moduli synchronization prediction: the compactification rates of 1> and 13 converge at late times. In
the dynamical variable v = (P—Q)/H, this corresponds to v — 0, which is precisely the stable manifold of the

matter attractor (§4).




3. Reduction to a 2D Autonomous System

3.1 Einstein-Frame Variables

Passing to the Einstein frame by Weyl rescaling Q,W —e % 9w with 6 = (1/2)In(ap), the modulus o plays the

role of a scalar field with 6 = S. The Einstein-frame Friedmann equation takes the canonical scalar-field form:
2 _ 1:2 S’
3H = Pm T 5307 = Pm T 5 (3.1)

We define dimensionless variables with respect to N = In a (e-folding number, prime = d/dN):

S _P-Q _ 87G py,
U= g vE g Q= SH? (3.2)
From (3.1), the Friedmann constraint becomes:
u2
Q,=1- ry [Friedmann constraint] (3.3)

This is the key reduction: the matter density fraction is fully determined by u alone. The system reduces to two

degrees of freedom in (u, v), with _m a derived quantity.

3.2 The Autonomous System

The modulus EOM derived from G55 = 0 in the Einstein frame, combined with (3.3) and the Raychaudhuri

equation, yields u'. The synchronization ODE (2.8) yields v’ directly. The complete autonomous system is:

U =—————-+ = (3-4)

v':v<'§—u—%) (3.5)

Two structural observations:

1. Decoupling: Equation (3.4) is independent of v. The dynamics of u = S/H decouple entirely from v =
(P-Q)/H.
2. Linearity in v: Equation (3.5) is linear in v. The difference variable evolves as a damped mode whose

decay rate is determined by the coefficient f(u) = u*/4 —u — 3/2, evaluated along the u-trajectory.

The continuity equation p m + 3Hp m = 0 is automatic from the Bianchi identity and does not constitute an
independent equation.



3.3 Effective Equation of State

From the Einstein-frame Raychaudhuri equation (h = H/H? = —3/2 — u%/4):

2 ’LL2 2 ’U,2

h U
gf=—1——=—-1414+—=——14+1=—
Weff 3 + —|—6 6 + 6

(3.6)

Wait — correcting: Wegg = —1 — 2h/3 = —1 — 2(—3/2 —u2/4)/3 =—-1+4+1 —|—u2/6 = u2/6.

Atu*=1/3: w _eff=1/54 = 0.019 = 0 (pressureless matter v).

4. Fixed Points and Stability Analysis

4.1 Location of Fixed Points

Fixed points satisfy u’ = 0 and v’ = 0. From (3.5): either v* = 0 or the coefticient f(u) = 0. The latter yields u =2

+ V10 (irrational). We focus on the physically relevant v* = 0 submanifold.

Setting v = 0 in (3.4) and multiplying by 4:

2

u3—%—6u+2:0

Direct verification that u = 1/3 is an exact rational root:

u? u? 3u 1 1 1 1
—_— - — — — + = = — — — -+

—0 t]
4 1272 2|, 108 108 2 ALY

N | —

The remaining quadratic factor yields u* = £V6. All three fixed points lie on v* = 0,

4.2 Jacobian Matrix

At any point (u*, 0), the Jacobian of system (3.4)—(3.5) is block-diagonal:

g ou' /Ou 0
B 0 ov' /Ov (. 0)

(4.1)

(4.2)

(4.3)

The oft-diagonal terms vanish because (i) u’ is independent of v, and (i1) at v* = 0, the equation v’ = v-f(u) has v

as an overall factor. The two eigenvalues are:

ou’
M= B,

(4.4)



o' u*? ., 3
A= | =— —u—2 (4.5)
ov | . 4 2
U
4.3 Fixed Point Classification
Fixed Point u* v Q m* w_eff* A u AV Type
Matter Attractor 1/3 0 53/54 1/54 —53/36 —65/36 Stable Node 4
Kinetic Repulsor -6 0 0 +1 +3+V6/6 +\6 Repulsor @
Kinetic Saddle +6 0 0 +1 +3—6/6 —\6 Saddle 1

4.4 Proposition 4.1: The Matter-Era Attractor

Proposition 4.1 (Matter-era stable node). The point (u, v¥) = (1/3, 0) is a stable fixed point of the autonomous
system (3.4)—(3.5).*

Proof.

1. Fixed point. By direct substitution (equation 4.2): u’| {u=1/3, v=0} = 0 exactly. Trivially v'=0 at v =0.
m
2. Eigenvalue A_u. From (4.4):

\ 309 13
4 6

3. Eigenvalue A_v. From (4.5):

4. Stability classification. Both eigenvalues are real and strictly negative. The fixed point is a stable node.
By the Hartman—Grobman theorem, the nonlinear system (3.4)—(3.5) is topologically conjugate to its

linearisation in a neighbourhood of (1/3, 0). All trajectories in a neighbourhood converge to (1/3, 0) as N

— +o0. W

Convergence rates. The u-mode decays as exp(A_u N) = exp(—53N/36) per e-fold, and the v-mode as exp(A_v
N) = exp(—65N/36). The v-mode (synchronization) decays faster: A _v|/|A_u| = 65/53 = 1.23. Moduli
synchronization P — Q precedes the full establishment of S/H = 1/3.

4.5 Hidden Algebraic Structure of the Autonomous Flow

The autonomous equation (3.4) admits a compact factored form, identified by adversarial reviewer Vega:



u = (4.6)

SymPy-verified: identical to (3.4), residual = 0 exactly. This factorisation has direct structural consequences.

Factor (3u — 1). This factor vanishes at u* = 1/3 — the matter-era attractor. The coefficient 3 is not accidental:
it is the number of macroscopic spatial dimensions, which enters the 6D Friedmann equation as the prefactor of
H2. The physical attractor is therefore the zero of a factor directly tied to the spatial dimensionality of the

observable universe.

Factor (u? — 6). This factor vanishes at u* = +\6. These are precisely the kinematic boundaries of the physical

phase space. From the Friedmann constraint (3.3), the condition Q m > 0 requires:

u? <6 (4.7)

The kinetic fixed points u* = £V6 are not arbitrary: they are the boundary of the physically accessible region

Q m € [0, 1]. The entire dynamics is contained within this region. The factorised form makes this transparent.

Denominator 12. The factorised flow has denominator 12. This integer appears elsewhere in the 3D+3D
framework (e.g. Paper W=2+d: W+d = 7+5 = 12; the coupling nxx = 3x4 = 12). Whether this is a structural

connection or a numerical coincidence is not yet established and is left as a candidate for future investigation.

Eigenvalue identities. The factored form implies two exact relations between the eigenvalues and the fixed-

point data:

Ay = —g Q (4.8)

since —3/2 x 53/54 =—53/36 = A_u. The radial stability of the attractor is directly proportional to the matter
fraction at the fixed point: a more matter-dominated attractor is more stable.

A=Ay, —u" (4.9)

since —53/36 — 1/3 =—53/36 — 12/36 = —65/36 = A_v. The synchronization mode decays faster than the
breathing mode by exactly u* = 1/3. Equation (4.9) is the algebraic signature of moduli synchronization: the

rate at which P — Q exceeds the rate at which S/H — 1/3 by precisely the attractor value itself.

Summary of structural identities (all SymPy-verified):



Identity Formula Status

Factored flow u’ = (3u—1)(u*—6)/12 o4 Exact
Physical boundary <6 Q m>0 o4 Exact
Radial eigenvalue L u=-(3/2) Q m* 4 Exact
Synchronization offset Av=Au—u* 4 Exact

As Vega noted: "questi sono risultati forti e non numerologici.” The connection to the integer 12 is suggestive

but not yet demonstrated and is explicitly not claimed as a theorem.

4.6 Analytic Phase-Flow Structure

The factored form (4.6) makes the autonomous system analytically integrable — a property rare in
cosmological dynamical systems. We record the complete analytic structure here (all results verified

numerically to machine precision € < 107'%).

Sign of the flow in the four intervals. Since u’ = (3u—1)(u*>—6)/12, the sign is determined by the two factors:

Region (Bu-1) (u*-6) u’ Direction
Lu<—6 - + — «— left

I: V6 <u<1/3 - - + — right
II: 1/3 <u <6 + — - — left
IV:u>6 + + + — right

In the physical domain [u| < V6 (where Q_m > 0), all trajectories with u # £V6 converge to u* = 1/3. The global
phase portrait in the physical sector is therefore topologically trivial: one attractor, two boundary points, no

limit cycles.

Implicit analytic solution u(N). The equation du/dN = (3u—1)(u*>—6)/12 is separable. Partial fraction

decomposition gives:

12du _ N
(3u —1)(u® —6)
12 12(3u + 1) 108

(3u —1)(u2 —6)  53(u?2—6) 53(3u—1)

Integrating:



36 18
N—NO:—ﬁln\3u—1\+§1n|u2—6\+

0 In u— V6
531/6 u+ /6

(4.10)

This is the exact implicit solution for the cosmological trajectory u(N). The denominator 53 in all coefficients

1s Q m* x 54 — the matter fraction at the attractor again appears as the normalization of the global flow.

Local convergence rate. Near the attractor u = 1/3 + du:
Su(N) ~ NN = BN/ —  §y(a) ~ a3/30 (4.11)

The approach to the matter-era attractor follows a power law in the scale factor with analytic exponent —53/36.

Analytic family of phase trajectories v(u). Writing dv/du = v'/u":

dv  3(u® —4u—6)

— = 4.12
du (3u — 1)(u? — 6) (4.12)
This is separable in v. Partial fractions and integration yield the one-parameter family of phase curves:
—108/(53/6)
u— V6
v(u) = C'|3u — 1|%/% |2 — 6|7%/53 u=v6 (4.13)
u + \/5

where C is an integration constant set by initial conditions. Every orbit in the (u, v) plane is an explicit curve of

this form. As u — 1/3, the factor [3u—1|*{65/53} — 0, confirming v — 0 (synchronization) analytically.

Local synchronization rate. Near the attractor:
V(N) ~ MV = e BNB6 —  y(g) ~ o 705/36 (4.14)
Since v = (P—Q)/H, this gives the analytic decay law for moduli synchronization:
(P—Q)~ Ha %/3 (4.15)

The synchronization of the two compactified temporal dimensions is not merely qualitative: it has an exact
power-law rate with exponent —65/36, faster than the approach of S/H to 1/3 (exponent —53/36) by precisely u*
=1/3.

Summary. The 3D+3D cosmological sector is not only stable but analytically integrable: the full phase
portrait, the implicit trajectory u(N), and the complete family of curves v(u) are all expressible in closed form.

This is a strong structural property, rare in modified gravity cosmology.




5. Cosmological Eras and Physical Interpretation

5.1 Matter-Dominated Era

At the attractor (u*, v*)=(1/3, 0):
e Matter density: Q m=1—-u*?/6=1—1/54=153/54 =~ 0.981 (matter-dominated V')
o Effective EoS: w_eff =u**6 = 1/54 = 0.019 = 0 (pressureless matter V)
e Hubble deceleration: h =—3/2 — 1/36 = —55/36 ~ —1.528 — a(t) < t"{2/3} V

e Synchronization: v* =0 < P = Q: both temporal dimensions compactify at identical logarithmic rates at

the attractor.

The attractor is independent of initial conditions within its basin, making S/H — 1/3 and P — Q universal late-

time predictions of the 3D+3D framework.

5.2 Geometric Dark Matter: Jordan Frame vs Einstein Frame

The dynamical attractor u* = 1/3 generates two distinct but mutually consistent values of the geometric energy

fraction, depending on the frame:

Frame Value Formula Physical content

Einstein Q c=1/54 u*?/6 = (1/9)/6 Kinetic energy fraction of ¢ field. Constraint (3.3).
frame

Jordan Q geom = (S/H+ S*6H?»)/(1 + S/H+  Effective dark matter fraction from G00. Planck 2018
frame 19/73 S?/6H?) compatible (0.16% error).

The Jordan-frame derivation proceeds as follows. The Friedmann equation (2.3) in Jordan-frame form (with
G00 = 3H? + 3HS + S%/2, Errata v1.1) gives:

3H? +3HS + §?/2

i - 5.1
Perit, eff $7G/3 (5.1)
The geometric contribution to the effective critical density is:
3HS + 5°%/2
Qgeom = 2 / D) (52)
3H? + 3HS + 52/2

Substituting u* = S/H = 1/3:

1 1 18 1

3t =1 = T w5 19/54 19

Qgoom = —2—24— = - sa tsr 19/ (5.3)

1+ 345 a+$+i 73/54 73



The two values 1/54 and 19/73 are physically distinct:
e 1/54 is the pure kinetic energy of the scalar modulus ¢ in the Einstein frame (only the quadratic term
S2/2H?).
e 19/73 is the total geometric contribution in the Jordan frame, including both the linear term S/H = 1/3

(geometric friction) and the quadratic term S?/6H?2. The linear term S/H is absorbed into the redefinition of

the Hubble parameter during the Weyl rescaling to the Einstein frame, which is why it is absent in 1/54.

The Planck-compatible value 19/73 is the physically observable dark matter fraction.

5.3 Kinetica-Dominated Era

The fixed points at u* =+V6 have Q@ m =0 and w_eff = (V6)2/6 = 1 (kination, stiff matter). At these points the

universe is entirely kinetic-c dominated.

e u =—\6* is a repulsor (both eigenvalues positive). This is an unstable initial state consistent with a

kination phase in the early universe, from which the system is expelled toward the matter attractor.

e u = +V6* is a saddle (one positive, one negative eigenvalue). The stable manifold of this saddle connects

to the matter-attractor trajectory at late times.

5.4 Dark Energy Era

The autonomous system (3.4)—(3.5) as written does not contain a dark-energy fixed point. The dark-energy
regime corresponds to B/(2B) = s = constant (Paper Definitive Dark Energy 6D vl 0), which is a time-

dependent orbit in the (u, v) plane rather than a fixed point of the present truncated system.

The dark energy equation of state wo = —0.80 follows from the constant-s ansatz independently of the fixed-
point structure. Full characterisation of the dark-energy fixed point requires extending the autonomous system

to include the § degree of freedom explicitly as a third variable, and will be presented in v1.1.

6. Comparison with Copeland-Liddle-Wands Quintessence

The CLW formalism [1] studies quintessence with exponential potential V(¢) = Vo exp(—KkA@) via dimensionless
variables x = (p’/(\/6 HM Pl)andy= \VV/(\3 H M_Pl). The 3D+3D framework is the geometric analogue of this

formalism:



Feature CLW Quintessence 3D+3D Framework

Scalar field ¢ (arbitrary potential V(o)) o = (1/2)In(af) — geometric modulus
Variables x = ¢/(\N6 H), y = VV/(\3 H) u=S/H, v=(P-QyH

Friedmann constraint Qm=1-x>—y? Q m=1-u%6

Matter attractor x*=0,y*=0 u*=1/3,v¥=0

Attractor position Set by potential slope A Set by 6D geometry (zero parameters)
Eigenvalues Depend on A and ® m A u=-53/36,A_v=-65/36 (exact rational)
Dark energy A or tracking solution s = B/(2B) = const — wo =—0.80

Free parameters At minimum 1 (A) Zero

The critical difference is the origin of the fixed point. In CLW models, the attractor position depends on the
slope of the potential — a free parameter. In the 3D+3D framework, the rational value u* = 1/3 emerges from
the asymmetric coupling structure of the 6D Einstein equations (G44 < Q only, G55 < P only), with zero free
parameters. As Vega correctly noted: "il fixed point non é potential-dominated. E geometria-dominated. Questo

é un tratto distintivo reale."

7. Red Team Verification Status

Item Claim Status Method

RT-Al Equations (2.3)—(2.6) correct (SymPy cancellation tables) o4 Verified SymPy RT-Bl

RT-A2  HDOT-CANON (2.7): residual < 1071¢ o4 Verified SymPy numerical

RT-A3  Autonomous system (3.4)—(3.5) algebraically correct 4 Verified SymPy symbolic

RT-A4  u* =1/3: exact root — residual = 0 analytically 4 Verified Equation (4.2) direct

RT-AS A u=-53/36<0 A4 Verified Eq. (4.4): 3/36-2/36-54/36
RT-A6 A v=-65/36<0 o4 Verified Eq. (4.5): 1/36-12/36-54/36
RT-A7  Q m = 53/54 at matter attractor A4 Verified Constraint (3.3)

RT-A8 19/73 derivation from Jordan-frame G00, equations (5.2)—(5.3) o4 Verified Analytic, 3 steps

RT-A11  Factored form u' = (3u—1)(u?>—6)/12 identical to (3.4) 4 Verified SymPy: residual = 0

RT-A12 A u=-(3/2)Q m* and A_v=A u—u* (equations 4.8—4.9) o4 Verified Analytic




Item Claim Status Method
RT-A13 Sign table: v’ in 4 intervals consistent with factored form o4 Verified Numerical, 4 test points
RT-A14 Implicit solution (4.10): derivative verified, err < 107'° o4 Verified Numerical differentiation

RT-A15 Phase curves v(u) formula (4.13): derivative verified, err < 107'* 4 Verified Numerical differentiation

RT-A10 Dark-energy era fixed point (extended 3-variable system) A, vl Extends RT-B3

Note on RT-A10: The dark-energy era fixed point does not affect the central result (Proposition 4.1) and will be

presented in a companion note (v1.1). All other items are verified.

8. Predictions

Synchronization signal: The v-mode decays as exp(—65N/36) during matter domination. The asymmetry
parameter (P—Q)/H — 0 by z = 1, testable if both compactification rates are independently constrained by

observations.

Growth index: y = 0.567 [Paper Growth Rate 6D], consistent with the matter-attractor eigenvalue

structure.

wo = —0.80 £ 0.05: Kill switch, pre-registered against Euclid Y1 and DESI DR2. Phantom crossing (w <

—1) falsifies the framework.
LZ null result: Geometric dark matter (19/73) requires no WIMP. Non-detection is a positive prediction.

M3 = 0.856 Mpc: Cosmic web scale from compactification geometry. Pre-registered against Euclid DR1.

9. Conclusions

1.

2D autonomous system: The 6D Einstein equations reduce to the closed autonomous system (3.4)—(3.5)

with Q m =1 —u?%6 as a derived constraint. The cosmological sector has two degrees of freedom: u =
S/H and v = (P—Q)/H.

Exact rational attractor: The matter-era fixed point u* = 1/3 is analytically exact — a rational root of
the autonomous cubic — with both Jacobian eigenvalues strictly negative (A u=—-53/36, A_v =—65/36).
Proposition 4.1 is proven.

Geometry-dominated: The attractor position u* = 1/3 is determined by the asymmetric coupling
structure of G44 and G55 in the 6D Einstein equations, with zero free parameters. This is the defining
distinction from CLW quintessence.

Moduli synchronization: The v-mode decays faster than the u-mode (JA_v|/|A u|=65/53>1).P - Q

(synchronization) is a universal prediction that precedes full attractor convergence.



5. Consistent dark matter values: The Einstein-frame kinetic fraction Q o = 1/54 and the Jordan-frame
geometric dark matter Q geom = 19/73 are physically distinct quantities — the linear term S/H is
absorbed in the Weyl rescaling — both consistent with the same dynamical attractor, and both derived

without free parameters.

6. Analytic integrability: The factored form (4.6) makes the system separable. The full phase portrait
admits an implicit analytic solution u(N) (equation 4.10), and the complete one-parameter family of phase
curves v(u) is given in closed form (equation 4.13). The convergence rates follow power laws in the scale
factor: du o« a*{—53/36} and (P—Q) « a"{—65/36}. Analytic integrability is rare in modified gravity

cosmology and is a direct consequence of the factored geometric structure.

In the words of Vega: "il fixed point non é potential-dominated. E geometria-dominated. Questo é un tratto

distintivo reale.”

Appendix A: Derivation of the Autonomous System

A.1 From GS5S to the u-Equation

The G55 = 0 equation (2.6) in N-derivative form, with P = H(u+v)/2 and Q = H(u—v)/2:

3(ut+v) hlut+v) u+v  (u+v)?
2 T 2 * 2 * 4

3h+6+ —0 (A.1)

where h = H/H? = —3/2 — u?/4 from the Einstein-frame Raychaudhuri equation. Analogously from G44 = 0:

3(u—v)+h(u—v) u’—v’_l_(u—v)2

3h+6
++2 2+2 4

=0 (A.2)
Adding (A.1) and (A.2) and solving for u’ yields equation (3.4). Subtracting yields equation (3.5). The algebraic

steps are SymPy-verified.

A.2 Numerical Verification at u* =1/3

11 1.1
u=1/3,v=0 108 108 2 2

|

V[ =0-£(1/3)=0 v (A.4)

SymPy symbolic confirms residual = 0.0 exactly (not floating point).

A.3 Eigenvalue Computation

L _30/3 13 3 3 2 54 53
v B 2

! . L. = (A.5)



Appendix B: Notation Summary

Symbol Definition

H Hubble parameter H = a/a

P d/(2a) — logarithmic rate of = compactification

Q B/(2p) — logarithmic rate of 13 compactification

S P + Q (total compactification rate)

u=S/H Dimensionless sum (primary dynamical variable)

v =(P-Q)/H Dimensionless difference (secondary variable)

Q m (8ntGp_m)/(3H?) = 1 — u?/6 at attractor

N=Ina E-folding time; prime ' = d/dN

h = H/H? Deceleration parameter = —3/2 — u?*/4

c (1/2)In(ap) — Einstein-frame volume modulus, 6 =S

[0) Golden ratio (1+V5)/2 =~ 1.618 — canonical P/Q ratio at attractor

Au A v Jacobian eigenvalues (u-mode and v-mode)

19/73 Jordan-frame geometric dark matter fraction (Q2_geom)

1/54 Einstein-frame kinetic fraction of ¢ at matter attractor
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