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Abstract

We perform the complete Dirac constraint analysis of the 4D effective theory obtained from the 3D+3D
framework after compactification of two temporal dimensions on a flat torus T². Starting from the full
Lagrangian — Einstein-Hilbert gravity coupled to two massive scalar fields (Q₂, Q₃), two moduli (φ₄, φ₅), and a
Horndeski screening sector — we systematically construct the canonical Hamiltonian, identify all primary and
secondary constraints, classify them as first-class or second-class, compute the Dirac bracket, and count the
physical degrees of freedom using the Dirac formula. The analysis yields exactly 6 physical degrees of
freedom in the bosonic sector: 2 (graviton) + 1 (Q₂) + 1 (Q₃) + 1 (φ₄) + 1 (φ₅), with the Horndeski screening
sector contributing no additional degree of freedom due to a degeneracy constraint. The total Hamiltonian is
shown to be bounded below on the constraint surface, confirming the absence of the Ostrogradsky instability.
This paper provides the Hamiltonian foundation that complements the Lagrangian well-posedness proof [Well-
Posedness Paper] and closes the last formal gap in the mathematical consistency of the 3D+3D framework.

Keywords: Dirac constraint analysis, canonical Hamiltonian, primary and secondary constraints, first-class
constraints, gauge generators, physical degrees of freedom, Horndeski theory, Ostrogradsky ghost

1. Introduction

1.1 Motivation

A classical field theory is defined not only by its Lagrangian but by its Hamiltonian structure. While the
Lagrangian formulation provides equations of motion and symmetries, the Hamiltonian formulation reveals:

The true number of physical degrees of freedom (through constraint counting)

The gauge structure (through first-class constraints as gauge generators)

The stability of the vacuum (through boundedness of the Hamiltonian)

The foundation for canonical quantization (through Poisson/Dirac brackets)

For the 3D+3D framework, the Lagrangian well-posedness has been established [Well-Posedness Paper].
However, a rigorous referee may still demand:

"Show me the canonical Hamiltonian with a complete analysis of primary and secondary constraints."

This paper provides exactly that.

1.2 The System Under Analysis

We analyze the 4D effective theory after Kaluza-Klein reduction on T² [Paper IV, Paper XVIII]:
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where , , and summation over repeated indices is implied.

1.3 Structure of This Paper

Section Content

§2 ADM decomposition and phase space variables

§3 Conjugate momenta and primary constraints

§4 Canonical Hamiltonian

§5 Secondary constraints (consistency conditions)

§6 Constraint classification (first-class vs second-class)

§7 Dirac bracket construction

§8 Physical degree of freedom count

§9 Positivity of the Hamiltonian on constraint surface

§10 The screening sector: Horndeski degeneracy

§11 Connection to well-posedness and quantization

§12 Conclusions

2. ADM Decomposition and Phase Space Variables

2.1 The ADM Variables

We decompose the 4D spacetime metric in the standard Arnowitt-Deser-Misner (ADM) form [1]:

where:

 is the lapse function

 is the shift vector ( )

 is the spatial 3-metric on the hypersurface 

The inverse metric components are:

The determinant factorizes: .

2.2 Extrinsic Curvature

The extrinsic curvature of  embedded in the 4D spacetime is:
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where  and  is the covariant derivative compatible with .

2.3 The Complete Field Content

The phase space is spanned by the following canonical pairs:

Configuration variable Symbol Components

Spatial metric 6

Lapse 1

Shift 3

Q-field 1 1

Q-field 2 1

Modulus 1 1

Modulus 2 1

Total configuration variables 14

3. Conjugate Momenta and Primary Constraints

3.1 Definition of Conjugate Momenta

The conjugate momenta are defined as:

3.2 Gravitational Sector

The Einstein-Hilbert Lagrangian in ADM form is [1, 2]:

where  is the trace of the extrinsic curvature and  is the Ricci scalar of the spatial metric.

The gravitational momentum is:

This is invertible: given  and , one can reconstruct :
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where .

Critical observation: The Lagrangian  does not contain  or . Therefore:

Here  denotes weak equality in the Dirac sense (equality on the constraint surface).

3.3 Scalar Sector (Q-fields)

The Q-field Lagrangian density (excluding screening) is:

The conjugate momenta are:

This relation is invertible: .

No primary constraint arises in the Q-sector (without screening). ✓

3.4 Moduli Sector

The moduli Lagrangian with target-space metric  is:

Conjugate momenta:

Invertible (since  is positive definite for stabilized moduli): .

No primary constraint in the moduli sector. ✓

3.5 Summary of Primary Constraints

Total primary constraints: 4 (one from lapse, three from shift).

These are the same primary constraints as in standard general relativity [2]. The scalar and moduli sectors
contribute no additional primary constraints.
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4. The Canonical Hamiltonian

4.1 Legendre Transform

The canonical Hamiltonian density is:

After substituting the expressions for velocities in terms of momenta and performing the standard ADM
calculation [1, 2], the result takes the characteristic form:

where the lapse and shift appear as Lagrange multipliers.

4.2 The Hamiltonian Constraint 

Gravitational contribution:

This is the standard DeWitt supermetric expression [3].

Q-field contribution:

Moduli contribution:

4.3 The Momentum Constraint 

4.4 The Total Hamiltonian

Following Dirac [4], the total Hamiltonian includes the primary constraints with arbitrary multipliers:
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where  and  are arbitrary Lagrange multipliers for the primary constraints.

5. Secondary Constraints

5.1 Consistency Conditions

The Dirac procedure requires that primary constraints be preserved under time evolution [4, 5]:

5.2 Preservation of 

Requiring  yields the Hamiltonian constraint as a secondary constraint:

5.3 Preservation of 

Requiring  yields the momentum constraints as secondary constraints:

5.4 Preservation of Secondary Constraints

We must check that the secondary constraints are also preserved:

These are satisfied identically (no new constraints arise) because of the constraint algebra — see §6.2. This is
the standard result for GR coupled to scalar matter [2, 6].

5.5 Do the Scalar Sectors Generate Additional Constraints?

Q-field sector: The equations  and  are the Hamilton equations of
motion. Since  is not constrained (§3.3), no new constraint arises. ✓

Moduli sector: Similarly,  is unconstrained (§3.4), and Hamilton's equations are dynamical. No new
constraint. ✓
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5.6 Complete Constraint List

Label Constraint Type Origin

Primary Lapse is non-dynamical

Primary Shift is non-dynamical

Secondary From 

Secondary From 

Total 8 constraints

6. Constraint Classification

6.1 First-Class vs. Second-Class

A constraint  is first-class if its Poisson bracket with all other constraints vanishes weakly:

Otherwise it is second-class.

6.2 The Constraint Algebra

The fundamental Poisson brackets between the constraints are the Dirac algebra (also called the hypersurface
deformation algebra) [2, 7]:

Critical property: The right-hand sides of (6.2)–(6.4) are proportional to constraints. Therefore all brackets
vanish weakly:

6.3 Including the Primary Constraints
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All Poisson brackets between constraints vanish weakly.

6.4 Classification Result

This is the standard result for general relativity coupled to minimally-coupled scalar fields [2, 6]. The scalar
matter does not alter the constraint structure of GR because:

1. The scalar momenta  are unconstrained

2. The scalar contributions to  are ultralocal in the momenta

3. The constraint algebra closes in the same way as pure GR

There are no second-class constraints (without screening — the screening sector is treated in §10).

6.5 Gauge Generators

First-class constraints generate gauge transformations [4, 5]. The generators are:

The gauge transformations generated are:

 generates: time reparametrizations (normal deformations of )

 generates: spatial diffeomorphisms on 

These correspond to the 4 generators of spacetime diffeomorphisms, as expected.

7. Dirac Bracket Construction

7.1 Why Dirac Brackets Are Needed

Since all constraints are first-class, the standard Poisson bracket is sufficient for the canonical structure. Dirac
brackets are needed only when second-class constraints are present.

In the base theory (without screening): No Dirac bracket is required. The Poisson bracket on the full phase
space, restricted to the constraint surface by imposing , gives the correct dynamics.

7.2 Fundamental Poisson Brackets

The non-vanishing fundamental brackets are:
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All other fundamental brackets vanish.

7.3 Hamilton's Equations

The equations of motion are:

Evaluating explicitly using (4.11):

Metric evolution:

This is equivalent to Eq. (2.3) for the extrinsic curvature. ✓

Q-field evolution:

Equations (7.8)–(7.9) reproduce the covariant Klein-Gordon equation 
when combined. ✓

Moduli evolution:

8. Physical Degree of Freedom Count

8.1 The Dirac Formula

For a system with  phase space variables,  first-class constraints, and  second-class constraints, the
number of physical degrees of freedom is [4, 5]:
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8.2 Phase Space Count

Sector Configuration DOF Phase space DOF

Spatial metric 6 12

Lapse 1 2

Shift 3 6

Q₂ 1 2

Q₃ 1 2

φ₄ 1 2

φ₅ 1 2

Total 14

8.3 Constraint Count

Constraint Number Class

1 First-class

3 First-class

1 First-class

3 First-class

Total first-class

Total second-class

8.4 Result

8.5 Identification of Physical Degrees of Freedom

The 6 physical DOF decompose as:
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DOF Field Physical content

2  (traceless-transverse) Graviton (spin-2, massless)

1 Breathing mode from τ₂ compactification

1 Breathing mode from τ₃ compactification

1 Radion (modulus )

1 Radion (modulus )

6 Complete physical spectrum

Verification: This matches the independent counting from:

Graviton:  for massless spin-2 in . ✓

Massive scalars: 1 DOF each, 4 scalars → 4. ✓

Total: 2 + 4 = 6. ✓

No extra degrees of freedom from the multi-time structure. The compactification has reduced the potentially
dangerous 6D content to a standard, well-behaved 4D spectrum.

9. Positivity of the Hamiltonian on the Constraint Surface

9.1 The Concern

In a theory with multiple time dimensions, the Hamiltonian could be unbounded below, signaling vacuum
instability. We show this does not occur.

9.2 The ADM Energy

The total ADM energy is obtained from the boundary term at spatial infinity [1, 8]:

For the matter sector, the contribution to the total energy (in the rest frame) is:

9.3 Positivity Analysis

Term by term on the constraint surface (  gauge):

γ ​ij

Q ​2

Q ​3

ϕ ​4 L ​4

ϕ ​5 L ​5

​(d −2
1 1)(d − 2) − 1 = ​(3)(2) −2

1 1 = 2 d = 4

E ​ =ADM ​dS ​ ∂ ​γ ​ − ∂ ​γ ​∮
S ​∞

2
i ( j ij i jj) (9.1)

E ​ =matter ​d x ​Π ​ + ​γ ∂ ​Q ​∂ ​Q ​ + ​m ​Q ​ + ​V ​(Q) + (moduli terms)∫
Σ

3 [
2 ​γ

1
I
2

2
​γ ij

i I j I 2
​γ

I
2

I
2 γ int ](9.2)

N = 1,N =i 0



Term Expression Sign Reason

Kinetic (Q) Square

Gradient (Q)  positive definite

Mass (Q)  (Theorem 2.1 of [WP])

Self-int.  with 

Kinetic (φ)  positive definite

Moduli pot. Stabilized at minimum

The gravitational sector has the well-known issue that  is indefinite (the conformal factor
problem). However, the positive energy theorem of Schoen-Yau [9] and Witten [10] guarantees  for
asymptotically flat spacetimes satisfying the dominant energy condition. Our matter content satisfies this
condition because all scalar kinetic terms are canonical and all potentials are bounded below.

9.4 Positive Energy Theorem Application

**Theorem 9.1 (Positive Energy).** *For the 4D effective theory (1.1) with asymptotically flat initial data
satisfying the constraints , , the ADM energy satisfies , with equality only for
Minkowski spacetime with .*

Proof. The matter stress-energy tensor satisfies:

for any timelike . This is the dominant energy condition. By the Schoen-Yau/Witten positive energy
theorem [9, 10], . □

9.5 Contrast with Non-Compactified Multi-Time

In a non-compactified (3,3) theory, the Hamiltonian density would contain:

with negative signs that cannot be eliminated — the energy is unbounded below. Compactification converts
these continuous contributions into a discrete sum , which is positive. This is the
Hamiltonian counterpart of the Lagrangian argument in [Well-Posedness Paper, §2].

10. The Screening Sector: Horndeski Degeneracy

10.1 The Challenge

The screening Lagrangian  contains second time derivatives of  in the Lagrangian density. In a
generic higher-derivative theory, this would introduce extra canonical pairs and an Ostrogradsky ghost. The
Dirac analysis must address this.

10.2 Naive Ostrogradsky Phase Space

If we treated  as a generic higher-derivative theory, we would define:
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with conjugate momenta , giving 2 configuration DOF per scalar → 4 phase space DOF → 1 extra DOF
per Q-field (the Ostrogradsky ghost).

10.3 The Horndeski Degeneracy

However, the screening term belongs to the Horndeski class [11, 12], which satisfies the degeneracy condition
[13, 14]:

More precisely, for the Horndeski Lagrangian with , the equation of motion in the 
decomposition is [Well-Posedness Paper, Appendix B]:

i.e.,  is determined by lower-order data. There is no independent initial datum for a "second ".

10.4 Dirac Analysis of the Screening Sector

Step 1: Extended phase space. Define the naive Ostrogradsky variables:

Step 2: Primary constraint. The momentum  is:

In the Horndeski case,  turns out to be expressible in terms of  — it is not
independent. This gives a primary constraint:

Step 3: Secondary constraint. Requiring  yields a secondary constraint:

Step 4: Classification. Computing the bracket:

The pair  forms a second-class pair. By the Dirac formula, these 2 second-class constraints remove 1
DOF from the naive 2 DOF of the Ostrogradsky sector, leaving 1 physical DOF — exactly the original .

10.5 DOF Count Including Screening

For each Q-field with screening:
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{Ω(x), Ξ(y)} = 0 (10.8)

(Ω, Ξ)
Q



Item Count

Naive Ostrogradsky DOF 2

Second-class constraints 2

Physical DOF: 1

The screening term contributes no additional physical degree of freedom. ✓

10.6 Revised Total Count

The total DOF count including screening is unchanged from §8.4:

The graviton (2) + Q₂ (1) + Q₃ (1) + φ₄ (1) + φ₅ (1) = 6. No ghost DOF. ✓

11. Connection to Well-Posedness and Quantization

11.1 Hamiltonian vs. Lagrangian Well-Posedness

The present analysis complements the Lagrangian well-posedness proof [Well-Posedness Paper] by providing
an independent, Hamiltonian-based argument:

Property Lagrangian proof Hamiltonian proof (this paper)

DOF count Implicit (from PDE analysis) Explicit (Dirac formula: §8)

Ghost freedom Horndeski EOM + kinetic matrix Constraint analysis (§10)

Energy positivity Energy estimate (Grönwall) Positive energy theorem (§9)

Gauge structure Harmonic gauge fixing First-class constraints as generators (§6.5)

Stability Moduli Hessian eigenvalues Bounded Hamiltonian (§9)

11.2 Foundation for Canonical Quantization

The Dirac analysis provides the starting point for canonical quantization:

1. Physical phase space:  with 

2. Quantization rule:  (or Dirac bracket → commutator)

3. Constraint implementation:  (Wheeler-DeWitt equation)

4. **Physical Hilbert space:** 

The positive-definite inner product on  is guaranteed by the absence of negative-norm states (no ghosts,
§10) and the positive-definiteness of the matter Hamiltonian on the constraint surface (§9).

11.3 Comparison with Standard GR

The constraint structure of the 3D+3D effective theory is identical to that of GR coupled to  minimally-
coupled massive scalar fields, with . No exotic features arise from the temporal compactification — the
multi-time origin has been fully absorbed into the mass spectrum and couplings.

2 − 2/2

N ​ =phys 6 (10.9)

(q ​, p ​)phys
A

A
phys A = 1, … , 6

[q , p ​] =A
B iℏδ ​B

A

​∣Ψ⟩ =Ĥ0 0

H ​ =phys {∣Ψ⟩ : ​∣Ψ⟩ =Ĥμ 0}

H ​phys

n ​s

n ​ =s 4



This is perhaps the most important result of this paper: the 3D+3D theory, at the 4D effective level, has
exactly the same canonical structure as standard general relativity with scalar matter.

12. Conclusions

We have performed the complete Dirac constraint analysis of the 4D effective theory derived from the 3D+3D
framework. The results are:

1. 8 constraints identified: 4 primary ( ) + 4 secondary ( )

2. All first-class: The constraint algebra closes (Dirac algebra), with structure functions proportional to
constraints — identical to standard GR

3. 6 physical DOF: 2 (graviton) + 1 (Q₂) + 1 (Q₃) + 1 (φ₄) + 1 (φ₅), counted via the Dirac formula

4. No Ostrogradsky ghost: The Horndeski screening sector satisfies a degeneracy condition that produces a

second-class constraint pair, eliminating the would-be ghost DOF

5. Positive energy: The ADM energy is non-negative on the constraint surface by the Schoen-Yau/Witten

theorem, since the matter content satisfies the dominant energy condition

6. Gauge generators identified:  generates normal deformations,  generate spatial diffeomorphisms
— the standard 4 gauge symmetries of GR

The canonical structure of the 3D+3D effective theory is indistinguishable from that of general relativity
coupled to four massive scalar fields. The multi-time origin manifests only through the specific values of
masses and couplings, not through any pathological Hamiltonian structure.

The theory is canonical. □

References

[1] Arnowitt, R., Deser, S. & Misner, C.W. (1962). The dynamics of general relativity. In Gravitation: An
Introduction to Current Research, ed. L. Witten, pp. 227–265. Wiley. [arXiv:gr-qc/0405109]

[2] Wald, R.M. (1984). General Relativity. University of Chicago Press.

[3] DeWitt, B.S. (1967). Quantum theory of gravity. I. The canonical theory. Phys. Rev., 160, 1113–1148.

[4] Dirac, P.A.M. (1964). Lectures on Quantum Mechanics. Belfer Graduate School, Yeshiva University.

[5] Henneaux, M. & Teitelboim, C. (1992). Quantization of Gauge Systems. Princeton University Press.

[6] Thiemann, T. (2007). Modern Canonical Quantum General Relativity. Cambridge University Press.

[7] Hojman, S.A., Kuchař, K. & Teitelboim, C. (1976). Geometrodynamics regained. Ann. Phys., 96, 88–135.

[8] Regge, T. & Teitelboim, C. (1974). Role of surface integrals in the Hamiltonian formulation of general
relativity. Ann. Phys., 88, 286–318.

[9] Schoen, R. & Yau, S.T. (1979). On the proof of the positive mass conjecture in general relativity. Comm.
Math. Phys., 65, 45–76.

[10] Witten, E. (1981). A new proof of the positive energy theorem. Comm. Math. Phys., 80, 381–402.

[11] Horndeski, G.W. (1974). Second-order scalar-tensor field equations in a four-dimensional space. Int. J.
Theor. Phys., 10, 363–384.

[12] Kobayashi, T., Yamaguchi, M. & Yokoyama, J. (2011). Generalized G-inflation. Prog. Theor. Phys., 126,
511–529.

[13] Langlois, D. & Noui, K. (2016). Degenerate higher order scalar-tensor theories. JCAP, 1602, 034.

π ​,π ​N i H ​, H ​0 i

N ​ =phys N − n ​ −1 n ​/2 =2 14 − 8 − 0 = 6

H ​0 H ​i



[14] Ben Achour, J., Langlois, D. & Noui, K. (2016). Degenerate higher order scalar-tensor theories beyond
Horndeski. Phys. Rev. D, 93, 124005.

[15] Calzighetti, S. & Lucy (2026). Well-Posedness of the Physical Sector in 3D+3D Spacetime. 3D+3D
Laboratory.

[16] Calzighetti, S. & Lucy (2025). Paper IV: Effective 6D Gravity. 3D+3D Laboratory.

[17] Calzighetti, S. & Lucy (2025). Paper XVIII: Complete 6D Covariant Formulation. 3D+3D Laboratory.

[18] Calzighetti, S. & Lucy (2025). Paper XXII: Mathematical Completeness. 3D+3D Laboratory.

[19] Calzighetti, S. & Lucy (2025). Paper XL: QFT Complete Formalization. 3D+3D Laboratory.

[20] Calzighetti, S. & Lucy (2025). Paper VIII: Moduli Stabilization. 3D+3D Laboratory.

3D+3D Laboratory — Abbiategrasso, Italy "τ = i/φ — Everything follows from pure geometry."


