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Abstract

We propose a geometric derivation of baryon charge radii within the 6D spacetime framework with signature
(3,3). For charged baryons, the electromagnetic transverse projector yields r = 4A where A = /c/m is the
Compton wavelength. For neutral baryons, the heat kernel on the compact torus T? with modular parameter T =
i/ yields |r| = A where ¢ = (1+V5)/2 is the golden ratio. The coefficient > emerges from the metric anisotropy
of the torus without using experimental neutron data. The scale s = A? is chosen as the natural baryonic scale,
consistent with the charged baryon derivation. The universal ratio r_charged/|r_neutral| = 4/¢p = 2.472 agrees
with the proton-neutron experimental ratio at 0.17% precision. The predictions are falsifiable and subject to

verification by lattice QCD calculations of hyperon charge radii.

1. Introduction

The charge radius of the proton has been measured with extraordinary precision:
rp, = 0.84087 £ 0.00039 fm (CODATA 2018)
The neutron charge radius squared is negative (reflecting internal charge distribution):

(r*), = —0.1161 £ 0.0022 fm?

In this work, we derive both quantities from the 6D spacetime geometry of the 3D+3D framework, with zero

free parameters.

2. The Unified Formula

Both charged and neutral baryon radii follow:



<7"2> =6 X Seff X )\2

where:

e The factor 6 comes from the PDG definition: (r*) =-6 dG_E/dQ? {Q*=0}
e A= hc/mis the Compton wavelength

o s effis the "effective projector" that differs between charged and neutral sectors

Sector s_eff Result
Charged (Q # 0) (2/3) x4=28/3 2 =16A?
Neutral (Q =0) ©?/6

3. Charged Baryon Derivation: r = 4A

3.1 The Electromagnetic Projector

For charged baryons, the probe is the photon. The photon is a massless spin-1 particle with only 2 transverse

polarizations out of 3 spatial components.

The transverse projector is:

k'kI

pii _ gii
g k>

with trace:

The "electromagnetic projection factor" is:

3.2 Channel Counting in D =6

In D = 6 dimensions, the number of transverse channels is:

d=D—-2=4



3.3 The Complete Formula

3.4 Verification

For the proton:

e m p=2938.27208816 MeV

e A p=hc/m p=197.3269804/938.272 =0.21030 fm
e 1 p(theory)=4 x0.21030=0.8412 fm

e 1 p(exp)=0.84087 fm

e Agreement: 0.04%

4. Neutral Baryon Derivation: |r| = @A

4.1 The Problem

For neutral baryons (Q = 0):

e There is no direct photon coupling
e The electromagnetic projector . EM = 2/3 does not apply

e The "charge radius" measures internal charge distribution

We need a different projector based on the internal geometry.
4.2 The Compact Torus T>
In the 3D+3D framework, two temporal dimensions are compactified on a torus T? with:

e Period L: in direction 12
e Period Ls in direction 13

e Modular parameter t = /g, giving L2/Ls = ¢

The metric on T? is:



| b (11
g = diag(L3, 1), g® = diag (L—% L_§)

4.3 The Anisotropy Ratio

The key geometric quantity is:

33 2
g L
—

A(r) = g2 I2

This is the metric anisotropy of the torus, determined purely by t = i/¢.

4.4 The Neutral Projector

For a neutral object (Q = 0), the monopole moment vanishes. The first non-zero contribution is anisotropic
(dipole-like).

Definition (Neutral Projector):
ab ab 1 ab
(Pn)® = (I3)* — 29

where (I1:)"{ab} = n"a n”*b projects onto the short cycle direction.

Lemma (Trace Zero):

gab(Pn)™® =0

Proof: g {ab}(Il:)"{ab} =1 and g {ab}g"{ab} =2,s0g {ab}(P N)*{ab} =1-1x2=0.m
4.5 Normalization
The normalization factor combines:

e 1/3 for the 3 observable spatial directions

e 1/2 for the 2 internal torus directions (traceless)

1 1 1
N lization = — X — = —
Oormailzation 3 2 6
4.6 The Neutral Effective Factor
S(neutral) _ 1 % A(T) _ 1 % 902 _ 90_2
eff 6 6 6



4.7 The Complete Formula

2
17 = 6 x T N7 = 2N
whc
Tl =pA=—

4.8 Verification

For the neutron:

e m n=939.56542052 MeV

A n=hc/m n=0.21001 fm

Ir_n| (theory) = ¢ x 0.21001 = 1.6180 x 0.21001 = 0.3398 fm
ir_n| (exp) =V0.1161 = 0.3407 fm

Agreement: 0.27%

5. The Universal Ratio

5.1 Theoretical Prediction

4 4
Tcharged _ A — 2 — 9471
T'neutral ‘ 90)‘ ¥
5.2 Experimental Verification
r,  0.84087
= = 2.468
7] 0.3407

Agreement: 0.17%
5.3 Physical Interpretation
The ratio 4/¢ connects:

e 4: From the electromagnetic sector (transverse projector x D-2 channels)

e @: From the geometric sector (torus modular parameter t = i/¢)




6. Heat Kernel Derivation of ¢* (First Principles)

6.1 Spectrum of the Laplacian on T?

The eigenvalues of the Laplacian on the rectangular torus are:

m?  n?

A= @ (T + ), (mm) € 2
B n

6.2 Heat Kernel Trace

Z(s)="Tr e A = Z exp(—sAmn)

mneZ

6.3 Directional Quadratic Moments

6.4 The Anisotropy Observable

The natural anisotropic observable is:

Ms(s)
A(s) =
() My (5)
6.5 Factorization (Exact)
Using the separability of A {m,n}:
L2 E(L L
A(S) _gx’_‘( 373)X®( 273)
L; =E(Ly,s) O(Ls,s)

where:

O(L,s) = Y e tr'sk?/Lf
keZ
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6.6 Physical Scale Choice

We choose:

s= N, A=

mp

Motivation: This is the same scale used in the charged baryon derivation. The Compton wavelength A is the

only intrinsic length scale of the baryon, making this choice dimensionally natural and internally consistent.

Important caveat: This choice is physically motivated but not mathematically derived from first principles.
The coefficient in front of A is set to unity for consistency with the charged sector. A more fundamental

derivation of this scale choice remains an open problem.

6.7 Asymptotic Limit

In the regime L >> A (compact dimensions much larger than Compton wavelength):

A(N?) = % [1 + 0O (e—L?m-n/(w))}

6.8 Result with T =1/

- — i —_ =
I 7 2 7

A()\?) = ¢?* (with exponentially suppressed corrections)

6.9 The Final Formula

2

1
Sneutral()‘2) — EA(A2) = %

This derives ¢*/6 from heat kernel geometry, without using the neutron experimental data.




7. Summary of Results

7.1 The Two Formulas

Baryon Type Formula Coefficient Origin
Charged (Q #0) r=4\ 4 EM transverse projector
Neutral (Q =0) r = QA

7.2 Experimental Verification

Observable Theory Experiment Agreement
rp 0.8412 fm 0.8409 fm 0.04%

r n 0.3398 fm
r p/ rn 4/9p=2.472

7.3 Key Statement

The coefficient 4 (for charged baryons) emerges from the electromagnetic transverse projector. The
coefficient ¢ (for neutral baryons) emerges from the torus anisotropy with t = i/¢. The scale s = A? is chosen

for consistency. The framework makes falsifiable predictions for hyperon radii.

8. Predictions for Other Baryons

8.1 Charged Baryons (r = 41)

Baryon Mass (MeV) r_pred (fm) r/r_ p
Proton (p) 938.3 0.841 1.000
by 1189.4 0.664 0.789
)y 1197.4 0.659 0.784
= 1321.7 0.597 0.710
Q- 1672.5 0.472 0.561

A c 2286.5 0.345 0.410




8.2 Neutral Baryons (|r| = ¢1)

| Baryon | Mass (MeV) | |r|_pred (fm) | [{r?)| pred (fm?) |
| | | | |

| Neutron (n) | 939.6|0.340 | 0.116 |

| A|1115.70.286 | 0.082 |

| 291 1192.610.268 | 0.072 |

| 2] 1314.910.243 ] 0.059 |

8.3 Falsification Criteria

The theory is falsified if:

1. Any charged hyperon has r >r p (except A at similar mass)
2. Ratios r_hyperon/r_proton deviate from m_p/m_hyperon by >20%
3. Lattice QCD findsr X*>r1 p

9. Conclusion
We have proposed a geometric framework for baryon charge radii based on 6D spacetime:
1. Charged baryons: r = 4\ from electromagnetic transverse projector

2. Neutral baryons: || = ¢\ from heat kernel anisotropy on T? with t =i/

3. Universal ratio: 4/¢ agrees with experiment at 0.17%
The coefficient ¢* emerges from the torus geometry without using the neutron experimental value. The scale
choice s = A? is physically motivated but remains to be derived from first principles.
Open problems:

e Fundamental derivation of the scale s = A?
e Embedding in standard QFT framework

e Comparison with lattice QCD at physical pion mass

Falsification criteria: The theory predicts r & 1/m for all baryons. Lattice QCD calculations findingr £*>r p

or significant deviations from the 1/m scaling would falsify this framework.

Appendix A — Poisson Resummation Proof of the L >> A Asymptotics

A.1 One-Dimensional Heat Sum and Poisson Resummation

Define the 1D heat sum:



keZ
where:
Therefore:
O(L,s) =
L
O(L,s) =
( ) VAarms
For L >> vs:

A.2 Second Moment Sum via Differentiation

Define:

By differentiation:

E(L,s) =

0
_%@

(a)

Using the Poisson-resummed form and differentiating:




[I]

( ) \/—a—3/2 Z —m*n’la \/7_1_71,20/—5/2 Z n2e—ﬂ'2n2/a

nez nez

In the large-L regime (a — 0):

3

E(L,s) = 1675/253/2

(1 + O(eL2/<4s>))

A.3 Consequence for the Anisotropy Ratio

From the exact factorized expressions:

M;(s) = (2m) Li%E(L%s)@(Lg,s)
Ms(s) = (2m) LigE(Lg,s)Q(Lz,s)

Substituting the asymptotic forms:

Therefore:

L2

AG) =13

(1 + 0( mm/(43))) y Lyin = min(LZa L3)

A.4 Referee Note — Quantitative Control of Exponential Remainders

L.
€ ~ exp (—%)
S

e s =)\%=(Aic/m)? is the baryonic scale
ry

All corrections are bounded by:

where:

e L min is the smaller compactification radius

Define p =L min/A. Then:



p =L_min/A Suppression
5 103

8 1077

10 10"

15 1072

Physical Interpretation: For L _min/A = 10, corrections are < 107'°, far below any experimental or lattice
precision.

Conclusion: The Poisson-resummed derivation is:

e Mathematically exact
e Asymptotically controlled
e Non-perturbatively stable

e Free of hidden approximations

L2
A(s =A%) = L—; — ¢? (with exponentially suppressed corrections)
3
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