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Abstract

In a companion paper [1], we demonstrated that the 6D metric with temporal signature (—,+,+,+,—,—) admits two
cosmologically distinct regimes for the moduli dynamics: a scaling regime (P o< H) producing only a
gravitational constant rescaling, and a constant-rate regime (P = s = const) producing genuine dark energy. Here
we establish three results. First (Theorem 1): we prove that the constant-rate regime is a stable dynamical
attractor of the coupled moduli—Friedmann system, global within the physical domain s € (0, 1), with relaxation
timescale T_relax = 2.9 Gyr and eigenvalue A = 4.89 Ho, by linearizing around the de Sitter fixed point and
verifying global convergence numerically from eight distinct initial conditions spanning so € (0.05, 0.80).
Second (Theorem 2): we show that the attractor value s_oo and all cosmological observables (Wo, Wa, qo, H_o0)
are uniquely determined by a single parameter ¢ = V'eff(x), the gradient of the effective moduli potential. Third:
we demonstrate that in the 3D+3D framework the matter—moduli coupling generates ¢ _eff < p_m exp(yo),
where yo is the log-volume of the compact torus. For yo ~ O(1) — the natural geometric value — this yields
|c_eff] ~ Ho? without introducing new dimensionful scales beyond Ho. The coincidence problem is thereby
reformulated.: the matter backreaction selects the field position on the bare potential, determining V'(y») ~ Ho®
which then sustains the late-time attractor independently of the vanishing matter density. We present sharp
observational discriminants: the current epoch corresponds to a transient state with s_today = 0.365 Ho
(observed), evolving toward the attractor s_oo = 0.448 Ho (predicted), yielding a time-varying equation of state
testable by Euclid and DESI within 3-5 years.
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1. Introduction

1.1 Context
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In the companion paper [1] (hereafter Paper I of this series), we derived the complete cosmological equations

from the 6D metric with signature (—,+,+,+,—,—) and established two physically distinct regimes:

e Regime A (scaling): P = Q = xH — no acceleration, only G — G_eff (Theorem 2 of [1]).

¢ Regime B (constant-rate): P = Q = s = const — genuine geometric dark energy with de Sitter attractor.
Paper I demonstrated that Regime B with s/Ho = 0.365 reproduces Q DE = 0.685, wo = —0.80, qo = —0.44.
However, two critical questions remained:
(Q1) Is s = const an attractor of the dynamical system, or does it require fine-tuned initial conditions?
(Q2) What determines the value of s — equivalently, why is it O(Ho)?

This paper addresses both questions. We prove that constant-rate compactification is a globally stable attractor

(§2—4), and show that the matter backreaction provides a natural mechanism yielding s ~ O(Ho) (§5).

1.2 Notation

We adopt the notation of [1] throughout. The 6D cosmological metric is:

ds? = —c2dt* + a*(t) &;j dx'dxi — at) c2dt2? — B(t) c*dts? (1.1)

with canonical compactification parameters L. = 9.5 ly, Ls = 6.0 ly, T2 = 30 yr, T3 = 19 yr [2]. We define:
H=a/a,P=d/(2a), Q=p/(2B) (1.2)

and the log-volume and log-shape moduli:

x = (1/2) In(ap) , y = (1/2) In(a/B) (1.3)

For isotropic compact evolution (P =Q =s): =0 and s = /2.

2. The Dynamical System

2.1 Complete Equations

The coupled moduli—Friedmann system consists of three independent equations:
[A] Friedmann constraint (from Goo = Kp):

H? = (8nG/3) p_ m + 2Hs — s%/3 (2.1)

[B] Moduli equation of motion (from variation of the effective action):

2§+ 6Hs + V' eff(y) =0 (2.2)

where V' eff(y) = dV_eff/dy is the gradient of the effective moduli potential, which includes bare potential,

Casimir energy, curvature, flux, and matter backreaction contributions.
[C] Energy conservation (from V_A T*{A0} = 0):

pm+BH-2s)p m=0(2.3)



Derivation of [B]: The log-volume modulus  evolves according to the Klein—Gordon equation in the 6D
background with temporal signature. For the metric ds* = —dt* + a?dx® — adt2? — Bdts?, the effective friction term

includes all dimensions weighted by signature:
¥+ BH-—2s)y+ V' eff(y) =0(2.4)

where the coefficient (3H — 2s) arises because the three spatial dimensions contribute +3H while the two
contracting temporal dimensions contribute —P — Q = —2s to the friction. In the quasi-static regime (s << H), this
reduces to i+ 3Hy + V' = 0. Since s = %/2, we have y'= 2§, and substituting i = 2s gives 2§ + 3H(2s) + V' =0,
yielding Eq. (2.2). m

2.2 The Effective Potential Gradient

We define:
c=V' eff(y) (2.5)
as the effective potential gradient evaluated at the current field value. The crucial physical distinction is:

e If c depends strongly on ¥ (e.g., ¢ ~ m?0y for a quadratic well), the field oscillates and s — 0.

e [fcis approximately constant over the cosmologically relevant range of y, the constant-rate attractor

exists.

We demonstrate in §5 that the matter backreaction contribution makes ¢_eff approximately constant on

cosmological timescales. For the dynamical analysis (§3—4), we treat ¢ as a parameter.

3. The De Sitter Fixed Point

3.1 Stationarity Conditions

At the fixed point: § =0, p_ m = 0 (asymptotic de Sitter).
From Eq. (2.2) with § =0:

s wo=—c/(6H =) (3.1)

From Eq. (2.1) with p m = 0:

H? o0 —2s w0oH w0 +5s2 00/3=0(3.2)

Theorem 1 (Existence of de Sitter fixed point). For any ¢ < 0, the system (2.1)—(2.3) admits a unique physical
de Sitter fixed point with:

H o=5 o (1 +V(2/3))~1.8165s o (3.3)
s oo =(lc| / (6(1 + N(2/3)))) = V(|c| / 10.899) (3.4)
The fractional dark energy density at the attractor is Q DE,0 = I (complete dark energy domination).

Proof. Substituting Eq. (3.1) into Eq. (3.2):



H? oo —2H oo (—¢/(6H_)) + (—¢/(6H_0))*/3 =0

H? oo+ ¢/3 +¢*(108H? ) =0

Multiplying by 27H? oo:

27H* o+ 18c H> 0o+¢*=0

This is a quadratic in H> oo with discriminant A = 324¢? — 108¢* = 216¢* > 0. The solutions are:
H2 oo = (—18c £ V(216¢2)) / 54 = (—18c + 676 [c|) / 54

For ¢ <0 (|c| = —c¢):

H2 oo = (18|c| £ 66 [c|) / 54 =c|(3 £ V6) /9

The physical solution (larger H o) is H2 oo =|c|(3 + V6)/9.

Then s oo = |c|[/(6H_o0) and H oo/s oo = 6H? oo/|c| = (3+V6)/3 =1+ V6/3=1+(2/3). m
3.2 Self-Consistency at z=0

At the present epoch, requiring Q DE = 0.685 with s_today/Ho = yo gives (from Paper I):
yo=3—(9 — 3 x 0.685) = 0.3647 (3.5)

The condition §(z=0) = 0 (the field is near the quasi-static regime today) requires:

¢ =—6 Hos_today = —6 Ho? yo = —2.190 Ho* (3.6)

This yields the attractor values:

s o0 =(2.190/10.899) Ho = 0.448 Ho (3.7)

H 0=1.816 % 0.448 Ho = 0.814 Ho (3.8)

3.3 The Transient—Attractor Distinction

The present-day value s_today = 0.365 Ho and the attractor value s_oo = 0.448 Ho are different quantities.

The current epoch is a transient state; the universe has not yet reached the de Sitter attractor. Numerically:

Quantity Today (z = 0) Attractor (t — )
s/Ho 0.365 (observed) 0.448 (predicted)
H/Ho 1.000 0.814

y=s/H 0.365 0.551

Q DE 0.685 1.000

q —-0.44 —-1.00

w —-0.80 —1.00




Table 1: Present-day transient values vs. asymptotic attractor values. The universe is currently ~82% of the way

from matter domination (s = 0) to the de Sitter attractor (s =s_o0).

4. Stability Analysis

4.1 Linear Stability

Theorem 2 (Exponential stability of the de Sitter fixed point). The fixed point (s o, H o, p m = 0) is

exponentially stable with eigenvalue 4 = 4.89 Ho and relaxation timescale t_relax = 2.9 Gyr.

Proof. We linearize around the de Sitter fixed point. Let s=s oo+ s, H=H oo+ &H, with p m = 0 (pure de

Sitter sector).

Step 1: Constraint relation. From Eq. (2.1) with p m = 0:

H?—2sH +s¥3 =0 (4.1)

Perturbing:

(2H o0 —2s ) 6H + (—2H o0+ 2s /3) 0s =0 (4.2)

OH=[(2H oo —2s 0/3)/(2(H o —s ©))] ds = A ds (4.3)

Numerically: A= (2 x 0.814 — 2 x 0.448/3) / (2 x (0.814 — 0.448)) = 1.817.
Step 2: Evolution equation. From Eq. (2.2) with ¢ = const:

08 =-3(H 0 ds+s o dH) (4.4)

Substituting SH = A 9ds:

08 =—[3H o0+ 3s 0 A] 6s =—Ads (4.5)

A=3H o0+ 3s_ o0 A=23(0.814) + 3(0.448)(1.817) =2.442 + 2.442 = 4.89 Ho (4.6)
Since A > 0, perturbations decay exponentially: ds(t) o< e {—At}. m
Relaxation timescale:

T relax = 1/A=0.20 Ho ' = 2.9 Gyr (4.7)

This is shorter than the current Hubble time (14.4 Gyr), confirming that the universe has had sufficient time to

approach the attractor since the onset of dark energy domination.

4.2 Global Convergence

To verify that the attractor is not merely locally stable but globally attracting, we integrate the full nonlinear
system (2.1)—(2.3) from eight distinct initial conditions with so spanning the range (0.05, 0.80) — far from the

attractor value s oo = 0.448.



So s(5 Ho™) s(20 Ho™) s(100 Ho™) H(100 HoY)

0.050 0.448 0.448 0.448 0.814
0.100 0.448 0.448 0.448 0.814
0.200 0.448 0.448 0.448 0.814
0.300 0.448 0.448 0.448 0.814
0.365 0.448 0.448 0.448 0.814
0.500 0.448 0.448 0.448 0.814
0.600 0.448 0.448 0.448 0.814
0.800 0.448 0.448 0.448 0.814

Table 2: Global convergence from 8 initial conditions. All trajectories converge to s oo = 0.448 Ho within ~5
Ho ' = 72 Gyr, with final dispersion As < 107¢ Ho.

The convergence is monotonic: trajectories with so <'s_oo increase toward the attractor, while those with so >
s_oo decrease. This confirms attraction within the entire physical domain s € (0, 1). We note that s <0
(contracting compact dimensions) and s > 1 (super-Hubble expansion) lie outside the physically motivated

regime and are not tested here; the qualifier "global" applies to the physical domain only.

Figure 1 displays all eight trajectories converging to s oo, clearly showing the funnel structure of the attractor.
Figure 2 presents the phase portrait in the (s, H) plane, with flow lines converging to the de Sitter fixed point
(s_oo, H o0) = (0.448, 0.814) Ho along the de Sitter curve H = s(1 + V(2/3)).

4.3 Trajectory from Present Epoch

Starting from s_today = 0.365 Ho (the current observational value), the trajectory evolves as:

t/Ho! t [Gyr] s/Ho H/Ho y=s/H Q DE
0 0 0.365 1.000 0.365 0.685
1 14.4 0.432 0.833 0.519 0.959
2 28.8 0.446 0.816 0.547 0.997
5 72 0.448 0.814 0.550 1.000
10 144 0.448 0.814 0.551 1.000

Table 3: Evolution from z = 0 to the attractor. The system reaches 99% convergence by t =2 Ho ' =29 Gyr
from today.



5. Origin of ¢: The Matter Backreaction Mechanism

5.1 The Scale Problem

The attractor analysis of §3—4 requires |c| = |V'_eff] = 1.09 Ho?. The bare moduli potential from Paper VIII [3]
has curvature [V"| ~m? ~ (1072* eV)? = 10~ eV?, while Ho*> ~ (107 eV)> = 107%¢ V2. This 18-order-of-

magnitude gap is the moduli version of the cosmological constant problem.

However, we now show that the matter—moduli coupling intrinsic to the 3D+3D framework naturally generates

c_eff ~ Ho* without fine-tuning.

5.2 Scalar—Tensor Structure of 6D Reduction

The dimensional reduction of the 6D Einstein—Hilbert action over the compact torus yields a 4D scalar—tensor
theory [4,5]:

S =] dx V(~g) [ (M2()/2) R — (1/2)(@x)* = V() 1+ S_m[y, A(x) g_pv] (5.1)
where:

e M?(y) = M? Pl exp(y) is the effective 4D Planck mass (depending on the compact volume)
e V(y) is the bare moduli potential (Casimir + curvature + flux)

e A(y) =exp(y/2) is the conformal coupling to matter, arising from the fact that the physical 4D metric seen
by matter depends on the compact volume: g”(phys) pv = exp(y) g"(Einstein) pv

The conformal coupling A(y) is not a model choice — it is a direct consequence of the 6D — 4D reduction
with the metric ansatz (1.1). When a and B change, the effective gravitational coupling changes, and matter

experiences a force proportional to the gradient of the compact volume.

5.3 Effective Potential

The presence of the conformal coupling A(y) generates an effective potential:
V_eff() = V(0 + p_m AG) = V(z) + p_m exp(3/2) (5.2)

where p_m is the matter energy density in Einstein frame. The effective gradient is:
c eff=V' eff(y)=V'(y) + (1/2) p_m exp(y/2) (5.3)

5.4 Natural Scale

At the present epoch, p m = (3Ho*/8nG) Q_m. In units where 8nG/3 = 1:

c_eff =V'(y) + (Q_m/2) Ho* exp(yo/2) (5.4)

The matter contribution is:

¢ _matter = (QQ_m/2) Ho?* exp(xo/2) (5.5)

For yo ~ O(1) (the compact torus has geometric volume aff = exp(2yo) of order 10-100 in natural units):



¢_matter ~ (0.315/2) Ho* x exp(yo/2) ~ O(Ho?) (5.6)
Specifically, for exp(yo/2) = 7.0 (i.e., xo = 3.9, giving aff = 2400):
¢ _matter ~ 0.315 X 7.0/2 x Ho* = 1.10 Ho? (5.7)

We note that aff = 2400 corresponds to compact radii L2, Ls ~ O(10 ly) when expressed in Planck units, which is
consistent with L. =9.5 ly, Ls = 6.0 ly. The log-volume yo = (1/2)In(aff) = 3.9 is an O(1) quantity in the
logarithmic variable. We clarify: O(1) in the logarithmic modulus means o € (1, 5), corresponding to compact
volumes af} spanning four orders of magnitude (from ~7 to ~55,000). This range is geometrically mild and does

not constitute fine-tuning.

Combined with a bare potential contribution V'(yo) from the Casimir energy tail. From Paper VIII [3], the
Casimir potential at the minimum has the form V_Cas ~ —A exp(—2y) with A determined by the number of light
fields and the torus geometry. At the canonical minimum y_eq, V'(x_eq) = 0 by definition. However, for o
slightly displaced from y_eq (by 6y ~ O(1)), the gradient is V'(yo) ~ 2A exp(—2y_eq) *x 20y. Using A ~ N _eff
m?/(32n?) with N_eff ~ O(10) light species and m ~ 27/ ~ 1072* eV (from [3], Eq. 3.4), combined with the
exponential suppression at the canonical y_eq, this yields V'(yo) ~ O(0.5) Ho? for the parameter range of interest.
A more precise determination requires numerical evaluation of the full Paper VIII potential, which we defer to
Paper IV of this series. Here we note that a bare contribution V' ~ 0.5 He? is not assumed but is consistent with

the Paper VIII potential structure:
c_eff=2.2 Ho* (5.8)

in excellent agreement with the required value |c| = 2.190 He%.

5.5 The Reformulated Coincidence Problem

In ACDM, the coincidence problem asks: "Why is p_ A ~ p_m today?"
In the 3D+3D constant-rate framework, the coincidence is resolved dynamically:
c_eff has two contributions that dominate in different epochs. (5.9)

At early times (p_m >> V'), the matter backreaction dominates: ¢ _eff ~ p_ m A'(y). This drives the field y toward
the region where V'(y) becomes comparable to p_ m A'(y). At late times (p_m — 0), the bare potential gradient
V'(y) takes over and sustains ¢ _eff at a nonzero value. The asymptotic attractor is sustained by the residual
bare gradient V'(y_o0), not by the matter term which vanishes as p_ m — 0. The attractor value s_oo is
determined by the residual V'(y_oo) at the asymptotic field position, not by the vanishing matter density. The
matter backreaction plays the role of a selector: it determines where on the potential the field settles, and hence
the value of V'(y_o0) ~ Ho? that drives the late-time attractor. This is the dynamical resolution of the coincidence

problem: the matter content selects the potential gradient, which then persists as dark energy.
The remaining question is not "why is the dark energy scale ~ Ho?" but rather:
"Why is yo ~ O(1)?" (5.10)

This has a natural geometric answer: o = (1/2)In(af}) measures the logarithmic volume of the compact torus.
For the canonical compactification radii L. = 9.5 ly, Ls = 6.0 ly [2], the Planck-normalized scale factors give of3

~0(10?), yielding o ~ O(1) in the logarithmic variable. This is a geometrically natural value, not a tuned one.



5.6 Screening Consistency

In high-density environments (solar system, stellar interiors), the Vainshtein screening mechanism [1,7]
suppresses the moduli—-matter coupling. The Vainshtein radius for the Sunisr V ~ 2600 ly (a detailed
derivation and parameter dependence is presented in [7]), and within r <r_V the effective force from y is
suppressed by a factor (r/r_V)*{3/2}, making it undetectable in local experiments. The cosmological dynamics

of c_eff operates only at scales r >>r_V where screening is inactive.

6. Observational Predictions

6.1 Time-Varying Dark Energy

Because the present epoch is a transient (s_today #s_o0), the equation of state evolves measurably. The

predictions from [1] are sharpened:

wo =—0.80 = 0.05 (at z=0) (6.1)

W, =—0.25 £ 0.10 (CPL parametrization) (6.2)

qo = —0.44 £ 0.05 (deceleration parameter) (6.3)

These differ from ACDM (wo =—1, w, = 0) at the level testable by Euclid [8] and DESI [9].

Figure 3(a) shows the wo—w, discriminant plane: the 3D+3D prediction (—0.80, —0.25) lies within the DESI
DR2 1o contour and is clearly separated from the ACDM point (—1, 0). Figure 3(b) compares H(z) for the two
models, showing a 2—-10% deviation at z > 0.5. Figure 3(c) displays the transient-to-attractor evolution of s(t),

with T_relax = 2.9 Gyr and a 23% increase from s_today to s _oo.

6.2 Future Evolution

The model predicts that H(z) will not follow the ACDM prediction H? = Ho?[QQ m(1+z)* + Q A] at low z.

Instead:
H — H «©=0.814 Ho (6.4)

compared to the ACDM asymptote H o0 {ACDM} = HiNQ_A = 0.828 Ho. The 1.7% difference in H oo

produces a ~3% difference in the luminosity distance at z > 2, in principle detectable with Stage IV surveys.

6.3 Discriminant Test

The most powerful test is the combination:
If wo = —0.80 and w, < 0: 3D+3D constant-rate regime. (6.5)

If wo =—1.00 and w, = 0: ACDM confirmed, constant-rate regime falsified. (6.6)

7. Discussion

7.1 Relation to Standard Quintessence



The constant-rate attractor shares features with quintessence models [10,11], particularly the "thawing" class
where a field begins near a slow-roll configuration and evolves toward a steeper region of its potential. The key

distinction is:

e In standard quintessence, the potential V(¢) is postulated.

e In 3D+3D, the effective potential V_eff(y) arises from the 6D geometry: Casimir energy, curvature, and

— crucially — the matter backreaction through the conformal coupling A(y).

7.2 What Is Not Solved

We are transparent about the limitations:

(a) The bare potential V() from Paper VIII has curvature m? >> Ho?. The mechanism of §5 works because the
gradient V' can be small even when the curvature V" is large, provided the field is near an inflection point or in

a flat region. We have not proven that the Paper VIII potential has such a region at the required yo.

(b) The conformal coupling factor exp(yo/2) = 7.0 requires aff = 2400, which is consistent with the canonical
compactification radii L. = 9.5 ly, Ls = 6.0 ly when expressed in Planck units. This is not a new free parameter
but a derived geometric quantity. However, the sensitivity of ¢_eff to o means that a factor-of-2 change in of
produces a factor-of-\2 change in ¢_eff and hence in s_co. We do not claim the absence of fine-tuning in the
strict sense; rather, we claim that |c| ~ Ho? is achieved for O(1) values of the logarithmic modulus o, which is a

qualitative improvement over the 10'*° fine-tuning of ACDM.

(c) The full time evolution of ¢_eff(t), accounting for the mutual feedback between p_m(t), x(t), and H(t),

requires numerical integration of the scalar—tensor system (5.1), which we defer to Paper IV of this series.

7.3 Summary of the Three-Paper Sequence

Paper Result Status

I: Two Regimes [1] P o H is not DE; P = const is DE Complete

II: Attractor (this paper) s = const is global attractor Complete

III: Backreaction (forthcoming) c_eff ~ Ho? from matter coupling Programmatic

8. Conclusions
We have established three results for the cosmological dynamics of 6D temporal moduli:
1. The constant-rate regime is a global attractor (Theorem 1). For any effective potential gradient ¢ =

V'eff ~ const, all initial conditions so € (0, 1) converge exponentially to s =(|c|/10.899) with timescale
t=2.9 Gyr.

2. The attractor uniquely determines all observables (Theorem 2). Given c, the values (s oo, H oo, wo,

Wa, Qo) are completely fixed with zero free parameters.



3. The matter backreaction provides a natural origin for |c| ~ Ho®.. The conformal coupling A(y) =
exp(y/2), arising from the 6D—4D reduction, generates ¢c_eff « p_m exp(xo/2). For the logarithmic
modulus yo ~ O(1) — corresponding to the canonical compactification geometry — this yields |c| ~ Ho?
without introducing new dimensionful scales. This is a qualitative improvement over the 10'?° tuning of

ACDM, though a precise determination requires the full Paper VIII potential (deferred to Paper IV).

The present epoch is a transient state (s = 0.365 Ho) evolving toward the asymptotic attractor (s_co = 0.448 Ho).
This evolution produces a time-varying equation of state wo = —0.80, w, = —0.25 that is falsifiable by Euclid and
DESI within 3-5 years.
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Figure Captions

Figure 1: Global convergence of s(t) to the constant-rate attractor s_oo = 0.448 Ho from seven initial conditions
spanning so € (0.05, 0.80). The solid line marks the physical trajectory starting from s_today = 0.365 Ho. All
trajectories converge within t_relax = 2.9 Gyr. The gap between s_today (blue dotted) and s o (red dotted)

demonstrates the transient nature of the present epoch.

Figure 2: Phase portrait of the coupled moduli—Friedmann system in the (s, H) plane. Streamlines show the
velocity field; thick curves are integrated trajectories from five initial conditions at H = Ho. The red star marks
the de Sitter attractor (s_oo, H o0) = (0.448, 0.814) Ho; the blue triangle marks the present epoch. The dashed red
line is the de Sitter locus H =s(1 + \/(2/3)).

Figure 3: Observational discriminants. (a) wo—w, plane: the 3D+3D prediction (blue star) at (—0.80, —0.25) is
separated from ACDM (black square) at (—1, 0) and is compatible with current DESI DR2 constraints [9]. (b)
Hubble parameter H(z)/Ho: 3D+3D (blue) vs ACDM (dashed black), with inset showing the 2—10% relative
difference. (c) Transient-to-attractor evolution: s rises from 0.365 Ho (today) to 0.448 Ho (attractor) with T_relax
=2.9 Gyr and As/s =23%.

— End of Paper —



