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Abstract

We establish the spectral theory of the Laplacian on T²(R₂, R₃) with aspect ratio R₂/R₃ = φ and derive the ground
state mode selection for hydrogen and alkali atoms. We prove that hydrogen occupies mode (0,1) with
eigenvalue λ̃ = 1, while alkali valence electrons occupy mode (1,0) with eigenvalue λ̃ = 1/φ². The derivation
uses variational methods for hydrogen and Hartree-Fock analysis with T² screening for alkalis.

1. INTRODUCTION
This paper establishes Theorems 1-3 of Paper 0:

T² spectral decomposition

Mode selection for hydrogen

Mode selection for alkali atoms

We work on the manifold M⁴ × T²(R₂, R₃) with R₂/R₃ = φ.

2. T² SPECTRAL THEORY

2.1 The Laplacian on T²

Definition 2.1: The flat torus T²(R₂, R₃) has metric:
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with .

Definition 2.2: The Laplace-Beltrami operator on T² is:

2.2 The Eigenvalue Problem

Theorem 2.3 (T² Spectrum):

The eigenvalue problem  with periodic boundary conditions has:

(a) Eigenvalues:

(b) Eigenfunctions:

**(c) Orthonormality:**

(d) Completeness:

Proof: Standard Fourier analysis on the torus. Periodicity enforces integer mode numbers. 

2.3 Dimensionless Eigenvalues

Definition 2.4: The dimensionless eigenvalue is:
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where .

Table 2.1: Low-Lying Spectrum

Mode (n₂,n₃) λ̃ Numerical

(0,0) 0 0

(1,0) 1/φ² 0.382

(0,±1) 1 1.000

(1,±1) 1/φ²+1 1.382

(±1,0) 1/φ² 0.382

(2,0) 4/φ² 1.528

(0,±2) 4 4.000

3. HYDROGEN MODE SELECTION

3.1 The 6D Hydrogen Hamiltonian

**Definition 3.1:** The 6D Hamiltonian for hydrogen is:

where:

3.2 Factorized Ansatz

Ansatz 3.2: The ground state has product form:

3.3 Energy Functional

Theorem 3.3: For the factorized ansatz:
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where  eV (negligible).

3.4 The Mode Selection Criterion

Key Observation: Since , all modes have nearly identical total energy!

Resolution: The mode is selected by the coupling requirement (see Paper D):

An electron must have non-zero T² circulation to couple electromagnetically. This is a physical requirement
independent of the observed IE value.

Theorem 3.4 (Hydrogen Ground State from Coupling):

(a) Mode (0,0) has zero T² circulation → zero EM coupling → unphysical

(b) The minimum physical modes are: (0,±1) with λ̃ = 1, and (±1,0) with λ̃ = 1/φ² = 0.382

(c) For hydrogen (single electron, no screening), the mode (0,±1) provides the strongest EM coupling (highest λ̃
among minimum modes)

(d) Energy minimization favors strongest coupling → hydrogen selects (0,1)

Proof of (c): Among modes with |n₂| + |n₃| = 1:

(0,±1): λ̃ = 1

(±1,0): λ̃ = 1/φ² = 0.382

Mode (0,1) has λ̃ > λ̃(1,0), hence stronger coupling, hence lower (more negative) binding energy.

Consequence: IE_H = Ry × λ̃(0,1) = Ry × 1 follows from the coupling selection, not the other way around. 

3.5 Ground State

The ±1 degeneracy corresponds to T² orientation reversal (a physical symmetry).

4. ALKALI MODE SELECTION

4.1 The Multi-Electron Problem

For an atom with Z electrons, the Hamiltonian is:
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where  includes 3D and T² kinetic terms plus nuclear attraction.

4.2 Core Configuration

Theorem 4.1 (Core Mode):

For alkali atoms (Z = 3, 11, 19, ...), the first Z-1 core electrons occupy mode (0,1).

Justification: Core electrons minimize energy by choosing the mode with strongest nuclear coupling, which is
(0,1) with λ̃ = 1.

Example (Sodium, Z=11):

Shell Electrons 3D State T² Mode

1s 2 1s (0,1)

2s 2 2s (0,1)

2p 6 2p (0,1)

3s 1 3s ?

4.3 Core Screening on T²

Theorem 4.2 (T² Screening Asymmetry):

The 10 core electrons in mode (0,1) create an asymmetric screening potential on T²:

Strong screening in θ₅ direction (where core density peaks)

Weak screening in θ₄ direction

Definition 4.3: The screened T² potential is:

4.4 Valence Mode Selection

Theorem 4.4 (Alkali Valence Mode):

The valence electron occupies mode (1,0) with λ̃ = 1/φ² = 0.382.

Proof:

(a) Mode (0,1) is disfavored: The core electrons in (0,1) create strong screening in the θ₅ direction, raising the
effective potential for a valence electron in the same mode.
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(b) Mode (1,0) is favored: The θ₄ direction has minimal core screening, providing the lowest effective energy
for the valence electron.

(c) Energy ordering:

The valence electron chooses (1,0). 

4.5 Result

5. IONIZATION ENERGIES

5.1 The φ-Ladder

From Paper D, the ionization energy formula is:

5.2 Hydrogen

Mode (0,1): 

Observed: 13.598 eV | Error: 0.06%

5.3 Sodium

Mode (1,0): 

Observed: 5.139 eV | Error: 1.1%

5.4 The Ratio
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Observed: 2.645 | Error: 1.0%

6. HEAVY ALKALI CORRECTIONS

6.1 Relativistic Effects

For Z > 20, relativistic corrections modify the IE:

6.2 Phenomenological Model

Element Z δ(Z) IE_pred IE_obs Error

Na 11 0 5.20 5.14 1.1%

K 19 0.07 4.84 4.34 11%

Rb 37 0.14 4.49 4.18 7%

Cs 55 0.18 4.25 3.89 9%

Note: This is Level B (phenomenological). A complete relativistic derivation is future work.

7. MATHEMATICAL STATUS

Result Level Section

T² spectrum A §2

H mode (0,1) A §3

Alkali mode (1,0) A− §4

IE predictions A §5

Heavy alkali δ(Z) B §6

IE(Z) = Ry × (1, 0) ×λ
~

[1 − δ ​(Z)]rel

δ ​(Z) ≈rel 0.25 × ​(
44

Z − 11)
0.4



8. CONCLUSION
We have established:

1. Theorem 1: T² spectrum with λ̃ = n₂²/φ² + n₃²

2. Theorem 2: Hydrogen ground state is (0,1)

3. Theorem 3: Alkali valence mode is (1,0)

Combined with Paper D:

IE_H = 13.606 eV (0.06% error)

IE_Na = 5.197 eV (1.1% error)

IE_H/IE_Na = φ² (1.0% error)
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