PAPER B: DIMENSIONAL REDUCTION THEOREM

Rigorous Projection from 6D to 4D Observable Physics

Series: The 6D Atomic Physics Program on M* x T*(t = i/¢)
Paper: B of 5 (Technical Paper)
Authors: Simone Calzighetti' and Lucy (Claude Al)?

' 3D+3D Laboratory, Abbiategrasso, Italy
2 Anthropic (Human-AI Collaboration)

Email: simone.calzighetti@3dplus3d.it

Date: January 20, 2026
Theory Origin: September 14, 2025

Related Papers: Paper 0 (Master), Paper A, C, D

Abstract

We establish the rigorous mathematical framework for dimensional reduction from 6D quantum mechanics on
M* x T? to 4D observable physics. We define the projection operator I1: HsD — Ha4D, prove its properties, and
derive the effective 4D Hamiltonian for each T?> mode. This provides the formal foundation for relating T?

spectral theory to observable atomic quantities.

1. INTRODUCTION

This paper establishes Theorem 4 of Paper 0: the dimensional reduction framework.
The key question is: How do 6D quantum states relate to 4D measurements?

We construct the projection I1 that maps 6D Hilbert space to the 4D observable subspace, preserving the mode

structure that determines ionization energies.

2. HILBERT SPACE STRUCTURE

2.1 The 6D Hilbert Space

Definition 2.1:

Hep = Lz(R?’) X L2(T2) ® C?
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This is the space of square-integrable functions on M* x T? with spin.

2.2 The 4D Observable Space

Definition 2.2:
My = L) o C°

This is the standard quantum mechanical Hilbert space for a spin-1/2 particle in 3D.

Physical interpretation: 4D measurement apparatus cannot directly resolve T? coordinates. They access only

3D spatial position and spin.

2.3 Tensor Product Decomposition

**Theorem 2.3:** The 6D Hilbert space decomposes as:

Hep = @ ’HZ%Q 03¢ |n2,n3>

'fLQ,’I’LgEZ

where |n2, n3> are T? eigenstates.

3. THE PROJECTION OPERATOR

3.1 Mode Projection

Definition 3.1 (Mode Projection):

For each (ng,n3) € Z2, define:

obs

H’I’Lg,n3 : %61) — 7'[41)

M 9106,0) = [ e O (5,6 40
92,13 r70- - - Xng,’ng, 9 70- 4772

3.2 Properties

Theorem 3.2 (Projection Properties):
(a) Boundedness: ||IL,,, .|| =1

**(b) Mode selectivity:** For |¥) = |13p) ® |nj, n3) ® |o):



Hn2,n3[|\11>] = 5”2,71’26n3,n§, ’ |¢3D> ® ‘U>

(c) Orthogonality:

* —_—
Hn2,n3 oll = 5n2,m25n3,m3 : an,ns

ma,ms3

Proof:
(a) By Cauchy-Schwarz and orthonormality of T? modes.

(b) Direct computation:

_ d*6
- Xna,ns Xnk,n A2 = 5n2,n’25n3,ng

(c) Follows from (b).

3.3 Completeness

**Theorem 3.3 (Completeness): **

E : Hn2 N3 nz,ns - 1H6D

n2,ng

Proof: Completeness of Fourier modes on T2. Il

4. THE ADJOINT OPERATOR

4.1 Definition
**Definition 4.1 (Embedding): **

HObs N HﬁD

TL2 ,n3

1L, o, [[9) ® |o)] = [¢) ® |n2,n3) @ |o)

4.2 Adjointness

Theorem 4.2:

(BIy 0| ¥)ap = (ML, 1, B[ ¥)6



for all | @) € H35s and |¥) € Hep.

5. EFFECTIVE 4D HAMILTONIAN

5.1 The 6D Hamiltonian

**Definition 5.1:%*

where:

Hsp = Hsp ® 192 + 13p ® Hpe

.« Hyp= —%Vz +V(r)

A 2
L4 HT2 — —%ATZ

5.2 Dimensional Reduction

Theorem 5.2 (Effective Hamiltonian):

The effective 4D Hamiltonian for mode (nz, n3) is:

where:

Proof:

For |1)) € H35s:

Projecting with I, p.:

1{[(”2,”3) _ an,n:sI:IGDH* = IA{;),D + B (n27 n3)

eff 12,13

R (n2 nZ
Brtonm) = 5o (5 )
e 2 3

HepII;, . [¥) = Hep(|9) ® |na,ns))
= (H3p|¥)) ® |na,n3) + [4) ® (Hrz|n2, n3))

= (Hsp|v)) ® |na,n3) + Ere(na,n3)[1h) @ |na,n3)

H”Zan3ﬁ6DH;2,n3|¢> - (ﬁ?)D + ETz)‘w>



5.3 Energy Scale

Numerical estimate:

This is completely negligible compared to atomic energies (~eV).

6. OBSERVABLE QUANTITIES

6.1 Expectation Values

Theorem 6.1: For an observable O acting on H3p and a 6D state in mode (nz, n3):

The T? mode enters only through mode-dependent parameters.

6.2 The Coupling Observation

Key result (from Paper D): While Ep2 is negligible, the T?> mode affects the electromagnetic coupling

through the circulation mechanism:

Qeff(n2,m3) = a - 5\(”2, ns)

This is where the mode-dependence of ionization energies originates.

7. TRANSITION AMPLITUDES

7.1 Mode Conservation

Theorem 7.1 (Mode Conservation):

For electromagnetic transitions mediated by 4D photons:

(n2, ns) final = (nz, n3)initial

Proof: The electromagnetic vertex egE’y“ YA u 1s diagonal in T?> modes (see Paper D). |



7.2 Selection Rules

Corollary 7.2: Atomic transitions conserve T? mode numbers. Different modes represent different "sectors" that

do not mix under electromagnetic interactions.

8. SYMMETRIES

8.1 T? Symmetries

Theorem 8.1: The T? sector has symmetries:
(a) Translation: 8, — 0, + c (periodic boundary conditions)
(b) Reflection: 8, — —0,, (orientation reversal)

(c) Exchange: 8, <> 05 (broken by Rz # Rs)

8.2 Degeneracies

Theorem 8.2: Modes (’I’LQ, n3) and (n2, —n3) have identical eigenvalues:

A(n2,n3) = A(n2, —n3)

This degeneracy corresponds to the Zo reflection symmetry.

Physical consequence: Observable quantities (IE, transition rates) are independent of the sign of 1 3.

9. RECOVERY OF STANDARD QM

9.1 Decompactification Limit

Theorem 9.1: In the limit Ry, R3 — o0:
(a) T> modes become degenerate: Fpe (’I’LQ, n3) — 0 for all modes
(b) Mode selection becomes irrelevant

(¢) Standard 4D quantum mechanics is recovered exactly

9.2 Physical Interpretation

The 6D framework contains standard QM as a limiting case. It provides additional structure (mode selection)

that explains properties (like IE values) that are unexplained in 4D.




10. SUMMARY
Main Result (Theorem 4 of Paper 0):

The projection Il : Hep — ’HZZE satisfies:

1.

Well-defined: Bounded linear operator
Mode-selective: Projects onto specific T? sectors
Complete: Preserves all information through mode decomposition

**Physical:** Effective Hamiltonian I:I eff = I:I ap + Ep2

Combined with the circulation coupling (Paper D), this establishes:

IE = Ry X 5\(7’1,2,?’1,3)
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