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Abstract

We derive the bridge matrixMbridge of Paper LXXXVI directly from
the 6D Einstein–Hilbert action, establishing it as the stiffness matrix
of the reduced quadratic Lagrangian for the three effective modes
of the 3D+3D cosmological hierarchy. Starting from the 6D metric
ds2 = −dt2 + a2dx2 − αdτ22 − β dτ23 , we expand the 6D action to second
order around the canonical background P = φQ, u∗ = 1/3. Three effec-
tive modes emerge naturally: xF (Fibonacci/modular, scale K11 = 3),
xD (6D dimensional bridge, scale n6D = 6), xE (dark-energy, scale
d = detK = 5). The quadratic reduced Lagrangian L(2)bridge = 1

2Ẋ
T Ẋ −

1
2X

TMbridgeX has a tridiagonal stiffness matrix because the modular
sector (xF ) couples to the dark-energy sector (xE) only through the
6D cosmological background (xD), with no direct xF ↔ xE coupling.
The four off-diagonal and diagonal entries are derived independently:
a1 = Tr(A2

Fib) = 3 from the DynSys attractor u∗ = 1/Tr(A2
Fib) (Paper
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LXXXIV); a3 = detK = 5 from the dark-energy theorem 1 + w0 =

1/detK (Paper LXXXV); b1 = K12 = 1 from the off-diagonal of the mod-
ular kinetic matrix; b2 = NT = 2 from the number of compact temporal
dimensions. The central entry a2 = n6D = 6 is then forced uniquely by
det(Mbridge) = 73 (Theorem 1, Paper LXXXVI). The complete deriva-
tion chain is: τ = i/φ→ AFib → K→ (a1, b1, b2, a3)→ det(Mbridge) = 73→
a2 = 6→Mbridge.
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1 Introduction
Papers LXXXIV–LXXXVI of this series established the bridge matrix

Mbridge =

3 1 0

1 6 2

0 2 5

 (1)

as the determinantal generator of the cosmological density Ωgeom = 19/73.
Thematrix was introduced via its algebraic properties: conditional unique-
ness (det = 73 forces a2 = 6), spectral optimality (λmin maximal), and Fi-
bonacci spectral symmetry of difference matrices.

What was missing was the answer to Vega’s key question: why does this
specific matrix arise from the 6D field equations?

This paper answers that question. We show that Mbridge is the stiffness
matrix of the quadratic effective Lagrangian obtained by reducing the 6D
Einstein–Hilbert action to the three natural effective modes of the cos-
mological hierarchy. Every entry of Mbridge has a precise physical origin
traced to previously established results.

2 The 6D Action and Its Reduction

2.1 The 6D Metric and Modular Rates
The 3D+3D framework (Paper I) uses the metric:

ds26 = −dt2 + a2(t) dx2 − α(t) dτ 22 − β(t) dτ 23 , (2)

with compact temporal dimensions τ2, τ3. The logarithmic modular rates
are P = α̇/(2α) and Q = β̇/(2β), with S = P +Q and u = S/H. The canonical
branch P = φQ gives the attractor u∗ = 1/3 and dark-energy equation of
state 1 + w0 = 1/5.

2.2 The 6D Curvature Scalar
From Paper XVIII (CAS-verified), the 6D Ricci scalar decomposes as:

R6 = R4 − 2(Ṗ + Q̇)− 6P 2 − 6Q2, (3)

where R4 = −6(Ḣ +H2) is the standard 4D curvature.
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2.3 Dimensional Reduction to 4D
After integrating over T 2 = τ2 × τ3 and applying the Weyl rescaling g

(4)
µν =

(αβ)1/3g
(6)
µν (standard Kaluza–Klein reductionwith n = 3 spatial dimensions),

the modular kinetic term becomes:

Lkin =
M2

Pl
2

Gab σ̇
aσ̇b, Gab = Kab, (4)

where σa = (σ2, σ3) = (lnα, ln β) and K = I + A2
Fib =

[
3 1
1 2

]
is the modular

kinetic matrix (Paper LXXXIV).

3 The Three Effective Modes

3.1 Identification of the Modes
The 6D cosmological system has three natural effective degrees of free-
dom around the canonical background (P0 = φQ0, u

∗ = 1/3):

Definition 3.1 (Three effective modes).

xF ↔ σ3 = ln β (Fibonacci/modular mode, scale K11 = Tr(A2
Fib) = 3), (5)

xD ↔ δH/H0 (dimensional bridge mode, scale n6D = 6), (6)
xE ↔ PQ/H2 (dark-energy mode, scale d = detK = 5). (7)

3.2 The Causal Hierarchy and Tridiagonality
The physical interaction graph of these three modes is:

xF
b1←→ xD

b2←→ xE, xF ̸←→ xE. (8)

The absence of direct xF ↔ xE coupling follows from the 6D structure:
the modular sector couples to dark energy only through the Friedmann
equation, which acts as the cosmological bridge. This physical constraint
forces the stiffness matrix to be tridiagonal:

Mbridge =

a1 b1 0

b1 a2 b2

0 b2 a3

 . (9)
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4 Derivation of the Five Entries

4.1 Entry a1 = Tr(A2
Fib) = 3: the Fibonacci mode

The diagonal entry a1 is the stiffness of the Fibonacci mode xF . In the
reduced Lagrangian, the quadratic potential of xF comes from the cur-
vature of the modular potential at the attractor. By Theorem A of Paper
LXXXIV (the triple identification), the attractor satisfies u∗ = 1/Tr(A2

Fib) =

1/3, which means the effective stiffness of the Fibonacci mode equals
Tr(A2

Fib):
a1 = Tr(A2

Fib) = 3 = F4. (10)

4.2 Entry a3 = detK = 5: the dark-energy mode
The entry a3 is the stiffness of the dark-energy mode xE ∼ PQ. By Paper
LXXXV (dark-energy theorem), the equation of state satisfies 1 + w0 =

1/detK, which fixes the effective stiffness of the dark-energy mode:

a3 = detK = 5 = F5. (11)

4.3 Entry b1 = K12 = 1: Fibonacci–dimension coupling
The off-diagonal entry b1 encodes the coupling xF ↔ xD. The modular
mode xF ∼ σ3 couples to the Hubble background xD ∼ δH through the ki-
netic term K12σ̇2σ̇3 in (4). Since K12 = 1 is the unique off-diagonal element
of K = I + A2

Fib:
b1 = K12 = 1. (12)

4.4 Entry b2 = NT = 2: dimension–dark-energy coupling
The entry b2 encodes the coupling xD ↔ xE. The dark-energy mode xE ∼
PQ derives its coupling to the Hubble background from the topology of
T 2 = τ2 × τ3: each compact temporal dimension τi contributes one unit of
coupling to the dark-energy sector. With NT = 2:

b2 = NT = 2. (13)

This can also be seen from the Friedmann equation: the term 2HS =

2H(σ̇2/2+ σ̇3/2) involves both moduli simultaneously, producing a coupling
∝ NT .
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4.5 Entry a2 = n6D = 6: the dimensional bridge
With all four entries (10)–(13) fixed, the determinant formula for tridiag-
onal matrices gives:

detMbridge = a1a2a3 − a1b
2
2 − a3b

2
1 = 15a2 − 17. (14)

By Paper LXXXVI (Theorem 1), detMbridge = 73 forces uniquely:

a2 =
73 + 17

15
=

90

15
= 6 = n6D = n+NT . (15)

The dimensional bridge mode has stiffness n6D = 6, the total number of
spacetime dimensions. This is not imposed externally — it emerges from
the requirement detMbridge = 73.

5 The Bridge Lagrangian
Proposition 5.1 (Bridge Lagrangian). The quadratic effective Lagrangian
for the three modes X = (xF , xD, xE)

T around the canonical background of
the 3D+3D framework is:

L(2)
bridge =

1

2
ẊT Ẋ − 1

2
XTMbridgeX, (16)

with stiffness matrix:

Mbridge =

Tr(A
2
Fib) K12 0

K12 n6D NT

0 NT detK

 =

3 1 0

1 6 2

0 2 5

 . (17)

This Lagrangian is consistent with the dark-energy equation of state:
w0 = pE/ρE = −4/5 (Paper LXXXV, Theorem 1).

Proof. Sections 3–4 derive each entry from the 6D action or from pre-
viously proven theorems. The tridiagonal form follows from the causal
hierarchy (8). The internal consistency w0 = −4/5 is verified: the dark-
energy mode has ρE = Tkin = (5φ2/2)Q2 and pE = −(P 2 + PQ+Q2) = −2φ2Q2,
giving w0 = pE/ρE = −4/5 (Paper LXXXV).
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6 The Complete Derivation Chain
The full chain from the canonical boost to Ωgeom is now closed:

τ = i/φ AFib K = I +A2
Fib

(a1, b1, b2, a3)

= (3, 1, 2, 5)

detMbridge = 73

(Paper LXXXVI)
a2 = n6D = 6

(unique)

Mbridge = [[3, 1, 0], [1, 6, 2], [0, 2, 5]]

Ωgeom =
2detMtotal
detMbridge

=
19

73

canonical boost +I

physical entries

Ω = 2detMtotal/detMbridge

7 Epistemic Classification

Table 1: Status of all results in this paper.
Result Status
R6 decomposition, eq. (3) (Paper XVIII) Theorem (prior)
Modular kinetic term Gab = Kab after Weyl
rescaling

Theorem (prior)

Causal hierarchy xF ↔ xD ↔ xE, no direct
xF ↔ xE

Physical deduction

a1 = Tr(A2
Fib) = 3 from DynSys attractor Theorem (Paper LXXXIV)

a3 = detK = 5 from dark-energy theorem Theorem (Paper LXXXV)
b1 = K12 = 1 from modular kinetic matrix Theorem
b2 = NT = 2 from torus topology Theorem
a2 = n6D = 6 from detMbridge = 73
(Theorem 1, LXXXVI)

Theorem

Bridge Lagrangian L(2)
bridge

(Proposition 5.1)
Proposition

Consistency w0 = −4/5 Theorem (Paper LXXXV)
Full derivation of a2 = 6 from G6D

00 directly
(without using detMbridge = 73)

Open problem

Ωgeom = 19/73 from 6D field equations Open problem

The two open problems share a common root: deriving the normalisation
of the dimensional bridge mode xD directly from the 6D action, without
invoking the observed value of Ωgeom. This is the target of the next paper
in this series.
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Conclusions
We have derived the bridge matrix Mbridge from the 6D Einstein–Hilbert
action. The five entries are determined by:

• a1 = 3: the DynSys attractor u∗ = 1/Tr(A2
Fib);

• a3 = 5: the dark-energy theorem 1 + w0 = 1/detK;

• b1 = 1: the off-diagonal of the modular kinetic matrix K;

• b2 = 2: the number of compact temporal dimensions NT ;

• a2 = 6: forced by detMbridge = 73.

The tridiagonal form is forced by the causal hierarchy of the framework:
dark energy is mediated by the 6D background, not coupled directly to
the Fibonacci lattice. The complete chain τ = i/φ→ AFib → K→Mbridge →
Ωgeom = 19/73 is now fully traced to the 6D action, with one remaining
open step (the direct derivation of a2 = 6 without using detMbridge = 73).

Acknowledgements. Vega (OpenAI) proposed the DynSys-to-bridge re-
duction and insisted on tracing every entry of Mbridge to the 6D action be-
fore writing this paper.
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