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Abstract

We present the complete quantum field theory framework for the 3D+3D six-dimensional spacetime with
signature (−,+,+,+,−,−). Starting from the covariant 6D action, we derive the full propagator structure for the Q-
fields, establish Feynman rules for all vertices, and compute loop corrections systematically. The key results
include: (1) the exact 6D propagator with KK mode summation, (2) the effective 4D propagator after
dimensional reduction, (3) vertex factors for Q-Q-graviton and Q⁴ interactions, (4) one-loop corrections to the
Q-field mass and coupling, and (5) the running of all couplings under the renormalization group. We
demonstrate that the theory is renormalizable in the effective field theory sense below the compactification
scale, with the self-consistency condition L = ℏ/(mc) ensuring UV finiteness of the KK tower. All calculations
are performed in both covariant gauge and physical gauge, with explicit verification of gauge independence for
physical observables.
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PART I: CLASSICAL FOUNDATIONS

1. The 6D Action Principle

1.1 Complete 6D Action

The fundamental action of the 3D+3D theory is:

where each term is:

Einstein-Hilbert term:

Q-field kinetic and mass terms:

Matter coupling:

S ​ =6 S ​ +EH S ​ +Q S ​ +matter S ​screening

S ​ =EH ​ d X ​R ​

2
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4
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Screening term (from h⁴ derivation):

1.2 Metric Convention

The 6D metric with signature (−,+,+,+,−,−):

$$g_{AB} = \begin{pmatrix}
\eta_{\mu\nu} & 0 \
0 & \gamma_{mn}
\end{pmatrix}$$

where:

 : 4D Minkowski

 : compact 2-torus

Inverse metric: $$g^{AB} = \begin{pmatrix} \eta^{\mu\nu} & 0 \ 0 & \gamma^{mn} \end{pmatrix}$$

with .

Metric determinant:

1.3 6D d'Alembertian

1.4 Dimensionless Action

Rescaling to dimensionless fields:

The action becomes:

S ​ =screening d X ​ ​(□ ​Q ​)∫ 6 −g ​6 [
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where  is the internal volume.

2. Field Equations and Gauge Symmetries

2.1 Euler-Lagrange Equations

Varying the action with respect to :

2.2 Linearized Equation

For small perturbations around vacuum ( ):

2.3 Gauge Symmetries

The theory possesses several gauge symmetries:

6D Diffeomorphism invariance:

Internal reparametrization:

S ​ =6 M ​V d x − ​(∂ ​ ​) − ​ ​ ​ ​ + ​ ​ ​ + ...Pl
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Q-field shift symmetry (broken by mass term):

2.4 Gauge Fixing

For quantum calculations, we adopt harmonic gauge in 6D:

This simplifies the propagator structure while maintaining covariance.

3. Canonical Quantization

3.1 Conjugate Momenta

The canonical momentum conjugate to  is:

For our metric:

3.2 Canonical Commutation Relations

In the Heisenberg picture:

3.3 Mode Expansion

Expanding in creation/annihilation operators:

where:

Q ​ →i Q ​ +i c ​i

∂ ​( ​g ) =A −g ​6
AB 0
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 are KK mode numbers

3.4 Creation/Annihilation Algebra

PART II: PROPAGATORS

4. The 6D Propagator

4.1 Definition

The 6D Feynman propagator is defined as:

where  and  denotes time ordering.

4.2 Momentum Space Representation

In momentum space:

where  is the 6D momentum and:

4.3 Position Space Representation

The position-space propagator is:
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4.4 Explicit Form

For the massive Q-field:

5. KK Mode Decomposition

5.1 Mode Sum Structure

The propagator decomposes into a tower of KK modes:

where:

are normalized mode functions on the circle.

5.2 4D Mode Propagators

Each KK mode has a 4D propagator:

with mass:
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5.3 Self-Consistency Truncation

From Paper VII, the self-consistency condition  implies:

Physical spectrum: Only the  mode is physical!

The propagator effectively reduces to:

5.4 Threshold Mode Treatment

The  mode with  requires special treatment. Its propagator is:

This is a massless propagator. However, loop corrections generate a small mass:

6. Effective 4D Propagator

6.1 Integration Over Internal Coordinates

Setting  (coincident internal points):

L ​ =i ℏ/(m ​c)i

M ​ =0,0
2 m >2 0 (stable ground state)

M ​ =±1,0
2 0 (threshold mode)

M ​ <n ​,n ​2 3
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6.2 Momentum Space

This is the standard massive scalar propagator with mass .

6.3 Including Screening

With the screening term , the propagator is modified:

In the IR limit ( ):

In the UV limit ( ):

6.4 Pole Structure

The screened propagator has poles at:

For  (our case):

Physical pole: 

Ghost pole: 

The ghost pole is at energy scale , well above the effective theory validity.
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7. Spectral Representation

7.1 Källén-Lehmann Representation

The exact propagator admits the spectral representation:

where  is the spectral density.

7.2 Free Field Spectrum

For the free Q-field:

7.3 Interacting Spectrum

With interactions, the spectral function develops:

Single-particle pole: 

Multi-particle continuum: 

Possible bound states: Additional poles below continuum

7.4 Sum Rule

The spectral function satisfies:

This ensures proper normalization of the field.

G(p ) =2
​dμ ​∫

0

∞
2

p − μ + iϵ2 2

ρ(μ )2

ρ(μ ) ≥2 0

ρ (μ ) =(0) 2 δ(μ −2 m )2

ρ ⊃ Zδ(μ −2 m ​)phys
2

ρ(μ >2 4m ) >2 0

​dμ ρ(μ ) =∫
0

∞
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PART III: VERTICES AND FEYNMAN RULES

8. Interaction Vertices

8.1 Q⁴ Self-Interaction

From the effective potential:

Vertex factor:

with 4! = 24 equivalent contractions.

8.2 Q-Q-Graviton Vertex

The minimal coupling to gravity:

Vertex factor (one graviton, two Q's):

8.3 Q-Matter Coupling

From the source term:

Vertex factor:

8.4 Screening Vertex

L ​ ⊃int − ​Q
4!
λ 4

​=[Q⁴ vertex diagram] −iλ

L ⊃ − ​g ∂ ​Q∂ ​Q =
2
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i
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μ
2
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1
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2
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1 2
2 ]

L ⊃ − ​ρ ​Q
M ​Pl

2

β
b

V ​ =Qρ − ​

M ​Pl
2
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From the screening term :

2-point vertex (momentum-dependent mass):

4-point vertex (derivative interaction):

8.5 Higher-Order Vertices

From expanding :

QQ(∂Q)² vertex:

9. Complete Feynman Rules

9.1 Propagators

Field Propagator Expression

Q (internal) ———

Q (external) ——○ 1

Graviton ≈≈≈

where:

​(□Q)Λ3
c 2

V ​(p) =screen
(2)

​p
Λ3

ic 4

V ​(p ​, p ​, p ​, p ​) =screen
(4)
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Λ3

ic
[ 1 2

2
3 4

2 ]

Q (□Q)2 2

V ​ =QQ(∂Q)2 ​Q ​ ⋅
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2ic
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2 (p ​)(p ​)3

2
4
2

​

p −m +iϵ2 2
i

​

k +iϵ2
iP μν,ρσ

P =μν,ρσ
​(η η +

2
1 μρ νσ η η −μσ νρ η η )μν ρσ



9.2 Vertices

Interaction Vertex Factor

Q⁴

QQh

Q-source

(□Q)²

9.3 Symmetry Factors

Diagram Type Symmetry Factor

Single Q loop 1/2

Q⁴ vertex (all external) 1/4!

Sunset (two loops) 1/6

9.4 Integration Measure

For each internal momentum:

9.5 External State Normalization

External Q particles: factor of 1

Energy-momentum conservation at each vertex: 

10. Crossing Symmetry and Ward Identities

10.1 Crossing Symmetry

The scattering amplitude  satisfies:

−iλ

− ​[p ​p ​ +M ​Pl

i
1
μ

2
ν p ​p ​ −1

ν
2
μ

η (p ​ ⋅μν
1 p ​ −2 m )]2

− ​

M ​Pl
2

iβ

​pΛ3
ic 4

​∫
(2π)4

d p4

(2π) δ ( p)4 (4) ∑

M(Q ​Q ​ →1 2 Q ​Q ​)3 4

M(s, t,u) = M(s,u, t)



due to the identical particle nature of Q.

Mandelstam variables:

Constraint: 

10.2 Ward Identities

From gauge invariance of the graviton coupling:

Verification:

Using  and on-shell conditions :

This vanishes by momentum conservation. ✓

10.3 Optical Theorem

Unitarity requires:

This is satisfied order by order in perturbation theory.

PART IV: LOOP CORRECTIONS

11. One-Loop Self-Energy

11.1 Self-Energy Diagrams

s = (p ​ +1 p ​) , t =2
2 (p ​ −1 p ​) , u =3

2 (p −1 p ​)4
2

s + t + u = 4m2

k ​V ​(p ​, p ​) =μ QQh
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1 2 0

k ​[− ​(p ​p ​ +μ
M ​Pl

i
1
μ

2
ν p ​p ​ −1

ν
2
μ η (p ​ ⋅μν

1 p ​ −2 m ))]2

k = p ​ +1 p ​2 p ​ =1
2 p ​ =2

2 m2

= − ​[(p ​ ⋅
M ​Pl

i
1 k)p ​ +2

ν (p ​ ⋅2 k)p ​ −1
ν k (p ⋅ν

1 p ​ −2 m )]2

Im[M(p → p)] = ​ ​ dΠ ​∣M(p →
2
1

f

∑ ∫ f f)∣2



The one-loop self-energy  receives contributions from:

1. Tadpole diagram (Q loop with Q⁴ vertex)

2. Bubble diagram (two Q propagators)

3. Graviton exchange (Q-Q-h vertex)

11.2 Tadpole Contribution

Using dimensional regularization in :

11.3 Bubble Contribution

Result:

11.4 Graviton Exchange

This is suppressed by  — utterly negligible!

11.5 Total Self-Energy

where:

Σ(p )2

Σ ​(p ) =tad
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​ ​ ​

2
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∫
(2π)4
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k − m + iϵ2 2

i

d = 4 − 2ε

Σ ​ =tad ​ ​ − γ ​ + ln(4π) − ln ​ + 1
32π2

λm2

[
ε

1
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Σ ​(p ) =bub
2
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6
λ2

∫
(2π)4
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k − m2 2

i

(p − k) − m2 2

i

Σ ​(p ) =bub
2

​ ​ + finite(p /m )
96π2
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[
ε
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Σ (p ) =grav
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2 10−96
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11.6 Physical Mass

The physical (pole) mass is:

After renormalization:

12. Vertex Corrections

12.1 One-Loop Q⁴ Vertex

The one-loop correction to the Q⁴ vertex is:

with:

where  is a finite function of the Mandelstam variables.

12.2 Q-Source Vertex

The coupling to matter receives corrections:

δm =2
​ ​ + const

32π2

λm2

(
ε

1 )

δZ = ​ ⋅
96π2

λ2

​

ε

1

m ​ =phys
2 m +2 Σ(m ) =2 m +2 δm +2 Σ ​(m )finite

2

m =phys
2 m 1 + ​ ln ​

2 [
32π2

λ (
m2
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)]

Γ
​
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, p ​
, p ​

, p ​
) =1−loop

(4)
1 2 3 4 −iλ + δΓ(4)

δΓ =(4)
​ ​ + F (s, t,u)

32π2

3λ2

[
ε

1 ]

F (s, t,u)

Γ ​ =Qρ − ​ 1 + ​ ln ​
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2
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16π2

λ (
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The effective coupling  runs logarithmically.

12.3 Screening Vertex Corrections

The screening coefficient receives one-loop corrections:

13. Vacuum Polarization

13.1 Q-Field Contribution to Graviton

The Q-field contributes to the graviton self-energy:

13.2 Result

This contributes to graviton wave function renormalization but is suppressed by .

13.3 Physical Implications

The graviton remains massless to all orders (protected by gauge invariance).

The Newton constant receives tiny Q-field corrections:

14. Renormalization

14.1 Counterterm Lagrangian

To absorb divergences, we add counterterms:

β ​eff

​ →
Λ3

c
​ 1 + ​ ln ​

Λ3

c [
8π2

λ (
m2

Λ2

)]

Π (k) =μν,ρσ
​V (p, p +∫
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μν k)G(p)G(p + k)V (p +ρσ k, p)

Π (k) =μν,ρσ
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2
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3
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ε

1
]

k /M ​

4
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2
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=N

eff G ​ 1 + O ​N [ (
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2
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14.2 Renormalization Conditions

On-shell scheme:

1.  (mass renormalization)

2.  (wave function renormalization)

3.  (coupling renormalization)

MS-bar scheme:Subtract only the  poles.

14.3 Renormalized Parameters

14.4 Finiteness of Physical Predictions

All physical observables (cross sections, decay rates, etc.) are:

1. Finite (no divergences)

2. Independent of the renormalization scale 

3. Independent of the regularization scheme

L ​ =ct − ​(∂Q) −
2
δZ 2

​Q −
2

δm2
2

​Q −
4!
δλ 4

​ρ ​Q −
M ​Pl

2

δβ
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Λ3

δc 2

Σ(m ​) =phys
2 0

Σ (m ​) =′
phys
2 0

Γ (s =(4) 4m , t =2 0,u = 0) = −iλ ​R

1/ε + γ ​ −E ln(4π)

m ​(μ) =R
2 m +2

​ ln ​

32π2

λm2

(
m2

μ2

)

λ ​(μ) =R λ + ​ ln ​

32π2

3λ2

(
m2

μ2

)

β ​(μ) =R β 1 + ​ ln ​[
16π2

λ (
m2

μ2

)]

μ



PART V: RENORMALIZATION GROUP

15. Beta Functions

15.1 Definition

The beta functions describe the running of couplings with energy scale:

15.2 One-Loop Beta Functions

From the loop calculations:

Q-field mass:

Quartic coupling:

Matter coupling:

Screening coefficient:

15.3 Anomalous Dimension

The Q-field anomalous dimension:

β ​ ≡g μ ​

dμ

dg

β ​ =m2 ​

16π2

λm2

β ​ =λ ​

16π2

3λ2

β ​ =β ​

16π2

λβ

β ​ =c ​

8π2

λc

γ ​ =Q − ​ ​ =
2
1
d lnμ
d lnZ

​

192π2

λ2



15.4 RG Equations

The complete RG system:

16. Running Couplings

16.1 Solution for λ(μ)

The quartic coupling equation:

has solution:

Landau pole: At , the coupling diverges.

For our case with :

No Landau pole within physical range!

μ ​ =
dμ

dm2

​

16π2

λm2

μ ​ =
dμ

dλ
​

16π2

3λ2

μ ​ =
dμ

dβ
​

16π2

λβ

μ ​ =
dμ

d(c/Λ )3
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8π2

λ

Λ3

c

​ =
d lnμ
dλ

​

16π2

3λ2
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1 − ​ ln(μ/μ ​)16π2
3λ ​0

0

λ ​0

μ = μ ​ exp(16π /(3λ ​))0
2

0

λ ​ ∼0 10−60

μ ​ ∼Landau μ ​ exp(10 ) ≫0
62 M ​Pl



16.2 Solution for m²(μ)

The mass grows very slowly with scale (anomalous dimension effect).

16.3 Effective Coupling at Galactic Scales

At galactic scales  eV:

Correction: 

Negligible running at galactic scales!

17. Fixed Point Analysis

17.1 Fixed Points of the RG Flow

Setting  for all couplings:

**Gaussian fixed point:**

This is the free-field limit.

Non-Gaussian fixed point:None exists at one-loop in 4D for  theory.

17.2 Critical Exponents

At the Gaussian fixed point, linearizing the RG equations:

The quartic coupling is marginal at the Gaussian FP.

m (μ) =2 m ​ ​0
2 (

μ ​0

μ )
λ/(16π )2

μ ∼ 1/kpc ∼ 10−27

λ ​ =gal λ ​ 1 + O ​ ln ​0 [ (
16π2

λ ​0 (
μ ​gal

m ))]

∼ 10 ×−60 ln(10 ) ∼3 10−57

β ​ =g 0

λ =∗ 0, m =∗2 arbitrary, β =∗ arbitrary

λϕ4

δλ(μ) = δλ ​ ​ =0 (
μ ​0

μ )
0

δλ ​0



The mass is relevant with .

17.3 Universality Class

The Q-field theory at low energies belongs to the Gaussian universality class of free massive scalar field
theory, with tiny interaction corrections.

17.4 Connection to UV Completion

From Paper XXXIII (UV Completion), the quasi-Gaussian fixed point with:

has exactly two relevant directions (mass and normalization), making the theory:

UV-complete (finite at high energies)

Maximally predictive (2 free parameters)

IR-consistent (matches low-energy phenomenology)

APPENDICES

Appendix A: Dimensional Regularization in 6D

A.1 General Formula

In  dimensions:

A.2 Key Integrals

δm (μ) =2 δm ​ ​0
2 (

μ ​0

μ )
−2

θ = 2

≈m~ 2∗ 0.003, λ =∗ 0

d = 6 − 2ε

​ ​ =∫
(2π)d
d kd

(k − m )2 2 n

1
​ ​(m )

(4π)d/2

i(−1)n

Γ(n)
Γ(n − d/2) 2 d/2−n

I ​ =1 ​ ​ =∫
(2π)d
d kd

k − m2 2

1
​ ​ − γ ​ + ln(4π) − ln(m /μ ) + 1

16π2

−im2

[
ε

1
E

2 2 ]



A.3 Tensor Integrals

Appendix B: Feynman Parameter Integrals

B.1 Two-Point Function

where .

B.2 Three-Point Function

Appendix C: Complete Vertex Catalog

C.1 Two-Point Vertices

Vertex Feynman Rule

Mass insertion

Wave function

Screening
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C.2 Three-Point Vertices

Vertex Feynman Rule

QQh

Q-ρ

C.3 Four-Point Vertices

Vertex Feynman Rule

Q⁴

QQhh  (complex tensor structure)

Screening Q⁴
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