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Abstract
We prove a non-renormalization theorem for the geometric numbers of the 3D+3D
Framework. The key discovery is an algebraic identity:

g²6D(τ) × ΛLO(τ) = 2π/W    ∀ τ

where g²6D = Im(τ)²/16 and ΛLO = 32π/(W Im(τ)²). This product is independent of the
torus modular parameter τ — it depends only on the discrete intersection invariant W =
D + 1 = 7. As a consequence, the loop expansion parameter is the rational number ε =
1/(4W) = 1/28, and all perturbative corrections to the hierarchy exponent are rational
multiples of the leading-order value. The golden ratio φ enters only through 32πφ²/W; the
correction factor is purely topological. Seven of nine geometric constants are exactly
protected; the remaining two receive corrections that are rational and φ-independent.
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1. Motivation and Context
Paper B3-NLO found ΔΛNLO = 1/28 — a pure rational number. Vega asked: "Le correzioni
NLO introducono ambiguità?" We prove the answer is no: the perturbative expansion is
controlled by a rational parameter ε = 1/(4W) = 1/28, independent of τ. No new freedom
enters at any loop order. This elevates the framework from an elegant LO theory to a
radiatively stable, systematically expandable EFT.

2. The Three Lemmas
Lemma 1 (τ-Independent Product) [THM]
Statement. For all τ = iy with y > 0:

g²6D(τ) × ΛLO(τ) = 2π/W

Proof. g² × Λ = (y²/16) × (32π/(Wy²)) = 32πy²/(16Wy²) = 2π/W. The y² cancels identically. □

Physical meaning: g² measures coupling strength (weak for large Im(τ)), while Λ
measures e-folds of hierarchy (many for weak coupling). Their product — the "radiative
cost per e-fold" — is universal.

Lemma 2 (Rational Expansion Parameter) [THM]
Statement. The loop expansion parameter is:

ε = g²6D × ΛLO / (8π) = (2π/W) / (8π) = 1/(4W) = 1/28 ∈ ℚ

This is a rational number, independent of τ. □

Lemma 3 (Rational Loop Coefficients) [THM]



Statement. All loop coefficients cl in the CW expansion are rational: cl ∈ ℚ. This follows
from: (i) Feynman diagram combinatorics produce rational symmetry factors; (ii) β-function
coefficients b1 = 3, b2 = −17/3 are rational; (iii) cl = Pl(b1,...,bl,γ1,...) where Pl is a
polynomial with rational coefficients. □

3. The Non-Renormalization Theorem
Theorem. The total CW exponent at L-loop order is:

Λtotal = (32πφ²/W) × (1 + QL)

where QL = Σ cl/(4W)l ∈ ℚ is a rational number. The golden ratio φ enters only through
the overall factor 32πφ²/W. The correction factor (1 + QL) is purely topological.

Proof. By the loop expansion: Λtotal = ΛLO(1 + Σ clε
l). By Lemma 2, ε = 1/28 ∈ ℚ. By Lemma

3, cl ∈ ℚ. Therefore QL = Σ cl/28l ∈ ℚ (finite sum of rationals). Since ΛLO = 32πφ²/W, the
φ-dependence is only in this factor. □

Corollary 1 (Topological Correction Factor)
At NLO: 1 + Q2 = 1 + 1/28 = 29/28. At NNLO: 1 + Q3 = 29/28 + c2/784. Each order
improves by factor ≈1/5, ensuring rapid convergence.

Corollary 3 (All-Order Hierarchy)

v = M̄Pl√5 exp(−32πφ²(1 + Q∞)/W)

where Q∞ ∈ ℚ. At NLO (Q = 1/28): v = 246.27 GeV (0.019% error).

4. Protected Quantities
Class I — Exactly Protected (independent of ΛCW):

Quantity Expression Status

Ω_geom 19/73 PROTECTED �

η_geom 7/12 PROTECTED �

A 133/2628 PROTECTED �

sin²θ_W (1+1/φ²)/6 PROTECTED �

α_s 1/(2φ³) PROTECTED �

λ_−/λ_+ 1/φ² PROTECTED �

W 7 = D+1 PROTECTED �

Class II — Protected up to rational factor: v/M̄Pl and ΛCW receive corrections that are
rational multiples of their LO values. No new φ-dependence enters. 7 of 9 quantities
exactly protected; 2 of 9 corrected by rational factor only.

5. The Protection Mechanism: Modular Invariance
The identity g²Λ = 2π/W is a modular invariance statement: under τ → τ+1 (Dehn twist)
and τ → −1/τ (S-duality), the CW mechanism is unchanged because g²Λ is invariant. This is
structurally analogous to non-renormalization in ℕ = 2 SUSY (holomorphy protects the
prepotential) and Chern-Simons level quantization (gauge invariance protects the integer
level k). In 3D+3D, modular geometry protects the rational expansion parameter 1/28.

6. Conclusions



We have proven that the 3D+3D Framework possesses a non-renormalization theorem:

g²6D(τ) × ΛLO(τ) = 2π/W    ∀ τ

Consequences: (1) The loop expansion parameter ε = 1/28 is a rational topological
invariant. (2) All corrections are rational multiples of the LO value. (3) φ enters only
through 32πφ²/W. (4) Seven geometric constants are exactly protected. (5) The series
converges with ratio ≈1/5 per order. The 3D+3D Framework is a radiatively stable,
zero-parameter EFT whose geometric predictions are protected by modular invariance to
all orders in perturbation theory.
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