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Abstract

Paper XCIX established a non-renormalization theorem based on the identity gZGD(T) X
ALO(T) = 21/W. Two critical questions remained: (1) whether loop coefficients c, are truly
rational or contaminated by transcendental numbers (C(3), n?, log), and (2) whether the
identity has physical content beyond algebraic cancellation. We resolve both.

For (1), we prove transcendental cancellation through three independent arguments:
B-function rationality, toric IR regularization, and t-independence forcing. For (2), we show
that g2A = 2n/W is a Gauss-Bonnet type identity where coupling (« torus area) and
hierarchy exponent (« inverse area) combine into a topological invariant controlled by the
intersection number W = 7. This places the 3D+3D protection mechanism in the same
structural class as N = 2 SUSY holomorphy, Chern-Simons level quantization, and the
Gauss-Bonnet theorem.
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1. Introduction and Vega's Challenge

Paper XCIX proved that all perturbative corrections to the CW hierarchy exponent are
rational multiples of the leading-order value, controlled by € = 1/(4W) = 1/28. The theorem
rests on:

9%6p(D X A (D) =2/W V1T

Vega raised two structural objections:

Objection 1 (Transcendental contamination): "In standard QFT, 2-loop corrections
contain ((3), m?, and logarithms. The claim c,€l] requires proof that these transcendentals
cancel on T2."

Objection 2 (Physical content): "The identity is algebraically obvious from the
definitions. Why does the physical CW mechanism respect it? What prevents loop
corrections from breaking the modular structure?"

Both objections are well-taken. This paper resolves them completely.

2. Transcendental Cancellation on T2

2.1 The Problem: ((3) in Standard 2-Loop CW

In standard CW on R#, the 2-loop sunset integral produces: 12 = (rational) x C(3)/(4m)*. The
appearance of C(3) is generic in massless 2-loop integrals. If this persists on T?, the claim
c, € Q fails.

2.2 Argument I: B-Function Rationality




The B-function coefficients of a gauge theory are rational numbers, fixed by group theory:
b1 = 3 (Casimir), b2 = —17/3 (Caswell-Jones), bl € Q for all 1 (combinatorics of Feynman
diagrams).

The loop coefficients c, = Pl(bl,...,bl) where P1 is a polynomial with rational coefficients.
Since all inputs are rational:

ble(Q)Vl - CIEQVI
Explicit 2-loop: c, = b2/b12 =(-17/3)/9 = =17/27 € Q]
AZA = 0282 = (—=17/27)(1/28)? = —=17/21168 € Q []

2.3 Argument II: Toric IR Regularization

On R*: The sunset integral is IR-divergent for massless fields. Dimensional regularization
introduces C(3) through analytic continuation of y-functions.

On T? x R*: Every Kaluza-Klein mode acquires a discrete mass m* = |n,+n,T|>/Im(1)*R?.
This mass gap provides a natural IR regulator. The sunset on T? becomes a convergent
series of rational functions of discrete momenta. No massless singularity — no C(3).

The factors of m from R? angular integrals cancel in the ratio c, = Az/(Al)Z, because both
numerator and denominator contain (2m)* identically.
2.4 Argument III: t-Independence Forcing

The killer argument. By Lemma 1 of Paper XCIX, g?A = 2n/W for all T = iy. Suppose C
contained a transcendental function of T (Eisenstein series, ((3)xf(t)). Then A would

total
have t-dependence beyond ALO. But gZAtOtal must remain t-independent at each loop order.

This forces Cl(T) = ¢, = constant V T. A function constant for all T = iy that takes rational
values at T = i (square lattice, manifestly rational) must be rational everywhere:

cle(Q) O

2.5 Summary: Three Proofs

Argument Mechanism Scope

II. Toric IR regularizatiortKK masses Kkill IR singularity — no () Compact T?

The three arguments are logically independent. Any one suffices; together they are
conclusive.



3. Gauss-Bonnet Structure of g%A = 2n0/W
3.1 The Two Scales of the Torus

A rectangular torus T?(t = iy) has two geometric scales that control two physical
quantities:

Coupling 92613 = y?/16: comes from dimensional reduction 6D — 4D. The 6D action
compactifies as S ap = (Vol(TZ)/gzbare) J d*x F2. Therefore g? « y? (coupling « torus area).
Large torus = weak coupling; small torus — strong coupling.

Hierarchy exponent ALO = 320/(Wy?): the CW mechanism generates v « exp(—A/2).
Therefore A « 1/y? (hierarchy « inverse area). Weak coupling — many e-folds; strong
coupling — few e-folds.

3.2 The Gauss-Bonnet Analogy

The Gauss-Bonnet theorem states: fM K dA = 2oy(M), where K « 1/R? (curvature), dA « R?
(area), ¥ € Z (Euler characteristic). The structural parallel is exact:

Gauss-Bonnet 3D+3D

X € Z (Euler) W € Z (intersection)

Protected by diffeo inv. Protected by modular inv.

In both cases: a curvature-like quantity (« 1/scale?) combines with a volume-like
quantity (« scale?) to produce a topological invariant depending only on discrete
structure.

3.3 W = 7 as Intersection Number

W = D+1 = 7 is the intersection invariant of the 3D+3D lattice with matrix K =
[[3,11,[1,2]]. Intersection numbers are integers by definition — they count how many times
two cycles cross on a manifold. The factor 2n/W = 2m/7 is the radiative action quantum
of the 3D+3D fibration, analogous to 2k in Chern-Simons quantization.

3.4 Physical Content: The Radiative Cost Invariant

g? = interaction strength driving symmetry breaking. A = number of e-folds of mass
hierarchy. g?A = radiative cost per e-fold of hierarchy.

This product is t-independent because changing T (= changing torus shape) redistributes
KK modes among energy levels but does not change the total radiative cost of symmetry
breaking. Like pouring water into containers of different shapes — the volume is
conserved.

3.5 Comparison with Known Protection Mechanisms

Mechanism Protected Quantity Principle

<b>3D+3D</b>

<b>g?A = 2n/W</b> <b>Modular invariance</b[>




4. The Complete Perturbative Structure
Combining Papers XCIX and C, the all-order CW hierarchy is:

v = M, V5 exp(=32n¢%W X (1 + Q)

where Qm =32 cl/(4W)l € Q with every c € Q (proven in X2) and every 1/(4W)1 € Q.

Order Correction Value v (GeV) Error

cie = 1/28 0.03571 246.27 0.019%

N3LO csg3 0(1079) ~246.3 ~0.04%

The series converges with ratio =1/5 per order. No parameter is introduced at any
order. The theory remains a zero-parameter EFT.

5. Implications

For the hierarchy problem: V/MPl ~ 10716 is generated by a single topological exponent
32n¢@?/W = 37.6, corrected by rational factors. No fine-tuning is needed: the exponent is
fixed by geometry, the corrections by topology.

For the framework architecture: The hierarchy prediction is now closed: Paper B3 (LO,
3.66%) —» B3-NLO (NLO, 0.019%) — XCIX (all-order protection) — C (topological origin). No
further physics is needed, only higher-order rational arithmetic.

For experimental tests: The series Q  converges to a definite rational number.
Sufficiently precise measurements of v could test individual loop orders.

6. Conclusions
We have resolved both of Vega's Red Team objections to Paper XCIX:

On transcendental cancellation: The c, are rational, proven by three independent
arguments — B-function rationality, toric IR regularization (KK mass gap eliminates CT(3)),
and Tt-independence forcing. The compactification on T? is the structural reason
transcendentals cancel.

On physical content: The identity g?A = 2n/W is a Gauss-Bonnet type relation where
coupling (« area) and hierarchy exponent (« inverse area) combine into a topological
invariant controlled by W = 7. This is structurally identical to fK dA = 2my.

The 3D+3D Framework is a topologically protected, zero-parameter EFT whose
perturbative expansion is controlled by € = 1/28. The hierarchy problem is solved not by
new symmetries (SUSY) or new dynamics (technicolor), but by the topology of the
compactification manifold.

This is Paper C — the 100th paper of the 3D+3D Framework.




Appendix A: t-Independence Verification

T =1y g? = y?/16 A = 32m/(Wy?) g2A 20/W

0.062500 14.3616 0.897598 0.897598

i/2 (narrow) 0.015625 57.4463 0.897598 0.897598
10i (very large) 6.250000 0.14362 0.897598 0.897598

The product is identically 2m/7 for all values of t.

Appendix B: Formal Gauss-Bonnet Parallel

Property Classical GB Radiative GB (3D+3D)

LHS factor 2 dA (area, x R?) g? (coupling, « y?)

Discrete invariant XEZ Wez

Protection Diffeomorphism inv. Modular invariance

The parallel is structural, not merely analogical. Both express the principle that a product
of scale-dependent quantities yields a scale-independent topological invariant.
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