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Abstract

Paper B3 derived the Higgs vacuum expectation value from the 3D+3D Framework at
leading order: Vip = MPI\/S exp(—32n@?/7) = 255.2 GeV, with a 3.66% discrepancy
from the experimental value Vips = 246.22 GeV. We compute the
next-to-leading-order (NLO) correction from the 2-loop Coleman-Weinberg
effective potential on TZ(T = i/p) and find that it takes the form of a pure rational
number:

AN o = 1/(4W) = 1/28

where W = D + 1 = 7 is the intersection invariant of the K-matrix K = [[3,1],[1,2]]. The
corrected formula is:

VNLO = MPI\/S exp(—(128o¢? + 1)/28) = 246.27 GeV

achieving 0.019% precision — a %194 improvement over the LO result. The
correction admits an independent derivation via the 1-loop beta function coefficient:
AN = b1g26D/2 = 3/(32¢?) = 0.0358, yielding v = 246.24 GeV (0.009% error). Both
expressions agree to 0.27%, confirming the structural origin. The NLO formula
contains zero free parameters.
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1. The LO Result and Its Limitation

1.1 Paper B3 Leading Order

Paper B3 established the leading-order hierarchy formula:
Vig = My, - V(D-1) - exp(—2m / (926D - (D+1)))
With D =6, g?, ) = 1/(16¢?), and W=D + 1 = 7:

=M, \/5 exp(—32mn@?/7) = 255.22 GeV

255.22 GeV 246.22 GeV 3.66%




In(M_Pl/v) 36.7944 36.8303 0.098%

1.2 The NLO Opportunity
The discrepancy corresponds to a shift in the CW exponent of AA = 0.03590.

ded
This is of order g26D x O(1), precisely the expected magnitude of a Iie—(fogp correction:

AN /(9?6 - A ) = 0.0400 = 1/(8m). The NLO correction is therefore a natural 2-loop
effect, not an ad hoc adjustment.

2. Derivation of the NLO Correction

2.1 The 2-Loop CW Effective Potential on T2

The Coleman-Weinberg effective potential at 2-loop receives corrections from three

sources: (a) Running coupling — the effective 4D coupling receives threshold

corrections from the KK tower. (b) Wave function renormalization — the Higgs

anomalous dimension n shifts the physical VEV. (c) 2-loop diagrams — sunset and
. 4

double-bubble diagrams at order g 6D"

2.2 Structural Derivation [CON]]

Claim. The combined 2-loop correction to the CW exponent on T?(tT = i/@) is:
—_ 2 .
AAN1o = 9%p Ao/ (8T

The factor 1/(8m) arises from the 2-loop phase space integral: the momentum
integration contributes (41'[)_2 and the angular integration over the T? modular domain
contributes 2m, yielding (2m)/(4m)? = 1/(8m).

2.3 Algebraic Simplification [THM]

Theorem (Rational NLO Correction). The NLO correction simplifies to a pure
rational number:

AN /(8m) = [1/(16¢?)] X [32n@?/7] x [1/(8m)] = 32n/(16Xx7x8m) =

32/896 = 1/28

= 2
nLo = 9%6p” Lo

Proof. The @? cancels between numerator and denominator: 926D . ALO = [1/(16¢?)] %
[32m@?/7] = 32m/(112) = 2m/7. Then (21/7)/(8m) = 1/28. O

Corollary. AA = 1/(4W) where W = 7 = D + 1. The NLO correction is topological: it
depends on no continuous parameter, only on the discrete structure.
2.4 Alternative Derivation via Beta Function [CON]J]

Claim. The NLO correction can also be expressed as AANLQ = blgzﬁD/Z = 3/(32¢?),
where b1 = 3 is the 1-loop beta function coefficient (B 1)}\ = 3A?%/(16m?), from
Complete NLO TwoLoop Analysis v1.0).

Expression Value Error on v

1/28 (topological) 0.035714 0.019%
3/(32¢?) (B-function) 0.035809 0.009%
Target 0.035903 0%



The two expressions agree to 0.27%, confirming the NLO origin. The true correction
interpolates between the topological (1/28) and B-function (3/(32¢?)) expressions, with
the residual being an NNLO effect of order g4.

3. The NLO Hierarchy Formula

3.1 Complete Formula [CON]J -» THM candidate]

Vaio = Mp V5 exp(—(32m/7 + 1/28))

Equivalently: v = MPI\/S exp(—(128mp? + 1)/28)

NLO
3.2 Numerical Evaluation

ANLo = 37-599069 + 0.035714 = 37.634783

Vo = 2-435 % 1018 x 2.2361 x 7376348 _ 246.27 GeV

3.3 Precision Comparison

32m¢?/7 255.22 3.66% 36.7944

NLO (topol.) + 1/28 246.27 0.019% 36.8301
NLO (B-func.) + 3/(32¢?) 246.24 0.009% 36.8303
Observed — 246.22 0% 36.8303

The logarithmic error drops from 0.098% (LO) to 0.0005% (NLO) — a factor 200
improvement.

4. Physical Interpretation

4.1 Why 1/(4W)?

The NLO correction AA = 1/(4W) = 1/28 has a transparent structure: W=7 =D + 1
is the sector counting invariant, same as in the LO denominator. 4 is the spacetime
dimension of the reduced theory. The ¢? cancellation: the golden ratio enters both
g26D = 1/(16¢?) and ALO = 32n@?/7. Their product is @-independent: g2 - A = 2n/7. The
NLO correction is a topological invariant.

4.2 The @-Cancellation Theorem

Theorem (@-Independence at NLO). g26D X ALO = [1/(169?)] x [32n¢?/7] = 210/7 is
a rational multiple of i, independent of .

Consequence: the NLO correction AA = (211/7)/(8) = 1/28 is purely topological. The
golden ratio, which controls the leading-order hierarchy through the exponent, does
not enter the sub-leading correction. This is a strong consistency check.

4.3 Sensitivity Analysis

Due to the exponential sensitivity: 6v/v = —6A, so 6A = 0.001 gives 6v = 0.25 GeV. The
residual discrepancy of 0.047 GeV (= 0.019%) corresponds to 6A = 0.00019, which is
of order g46D - A - 0(0.01) — consistent with a 3-loop (NNLO) effect.




5. Impact on Framework Observables

Higgs mass: mH(NLO) = 246.27 x @/m = 126.8 GeV (observed: 125.25 GeV, error:
1.27%, improved from 4.95% at LO).

Fermi constant: GF(NLO) =1/(V2 v2
X 10_5, error: 0.04%).

NLo) = 1.1659 x 1072 GeV~2 (observed: 1.16638

Updated anchor precision: the 9 Class B1 parameters now inherit sub-0.02%
precision from the NLO formula (improved from ~4% at LO).

6. Consistency with Existing NLO Papers

Complete_ NLO_TwoLoop_Analysis (Dec 2025): established B(l)x = 3A%/(16m?). The
alternative NLO formula AA = b1g2/2 uses exactly b1 = 3, confirming consistency.

Paper XXXIIT UV Completion NLO (Dec 2025): the quasi-Gaussian UV fixed point
with exactly 2 relevant operators is preserved. AA = 1/28 is a constant shift that does
not change RG flow topology.

Paper NNLO Convergence (Feb 2026): regulator independence (<3%) supports
robustness. The topological nature of AA = 1/28 means it is scheme-independent by
construction.

7. Falsification Tests

1 1 . ] — ~ 4 . . ]
NNLO Prediction: the residual AAresi dual = 0.00019 =g 6D ALO CNNLO with CNNLO

= 0.009. A complete 3-loop computation should yield CNNLO in [0.005, 0.015].
Kill-Switch: if the full 2-loop Feynman diagram computation disagrees with 1/28 by

more than 10%, the topological interpretation would be falsified.

M, Sensitivity: exact matching requires M, = 2.4345 x 10'8 GeV (PDG: 2.4353(3) x

10% GeV). Within 20 uncertainty.

8. Conclusions

The NLO correction to Paper B3's hierarchy formula is:

VNLO = MPI\/S exp(—(32m@?/7 + 1/28)) = 246.27 GeV

Principal results: (1) Precision improved from 3.66% to 0.019% — a factor x194.
(2) The NLO correction 1/(4W) = 1/28 is a pure rational number, arising from the
algebraic cancellation g26D X ALO = 2n/7 (the golden ratio cancels). (3) An
independent derivation via B-function (b1g2/2 = 3/(32¢?)) yields 0.009% precision. (4)
The formula remains zero-parameter. (5) The NLO correction is
scheme-independent (topological) and ¢-independent.

The hierarchy problem is now addressed to sub-percent precision from first principles:
v/ My, = V5 exp(—(128m¢? + 1)/28) ~ 1.01 x 1071°

with the remaining 0.019% discrepancy attributable to NNLO (3-loop) effects of
natural magnitude.




Appendix C: The @-Cancellation Identity

The fact that the NLO correction is rational (contains no ) follows from:
gZGD X ALO = [1/(16¢?)] x [32n¢?/7] = 32u /(16 X 7) = 21/7

This identity means that the product of the 6D coupling and the hierarchy exponent is
independent of the torus modular parameter. It depends only on the
combinatorial structure (W = 7) and the universal factor 2n. The cancellation arises
because g26D = 1/(16¢?) encodes coupling strength, while Ao= 211/(g?W) encodes the
number of e-folds. Their product g2A measures the "NLO cost per e-fold" — and this
cost is universal.
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