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Abstract

We derive the geometric factor eta geom = 7/12 appearing in the galactic coherence scale lambda 2 =
eta_geom * a_(0"grav entirely within the internal structure of the 3D+3D corpus, closing Flag V7 of

Paper GravBohr Q Field vl 0. The derivation uses two ingredients already present in the corpus prior to the
Connection Lemma: (i) the kinetic Lagrangian of the Q-field sector with coefficients (beta 2, beta 3, beta 3) =
(3, 2, 2) from the 6D metric reduction, and (ii) the first-mode KK length L 4 =L 2/2 from the Kaluza-Klein
tower. These two ingredients — independent of each other and independent of the Connection Lemma —
produce eta geom = (W _total/beta 2) * (L 4/L 2)"2 =(7/3) * (1/4) = 7/12 in two algebraic steps. The

Connection Lemma is thus a corollary of this derivation, not its source.

1. Context and Scope

Paper GravBohr Q Field vl 0 established that lambda 2 = (7/12) * a 0"grav where a_0"grav=c¢"2 L 2”2/
(G M__crit) is the gravitational Bohr radius of the Q-field KK quantum. It left open (Flag V7) the derivation of

the factor 7/12 from a QFT calculation independent of the Connection Lemma.

The present Lemma closes this gap using a different, strictly internal approach: the factor 7/12 is derived
directly from the structure of the kinetic Lagrangian of the Q-field sector, which is derived from the 6D

Einstein-Hilbert action prior to and independently of the Connection Lemma.

2. Ingredients

Ingredient I — Kinetic Lagrangian of the Q-sector (4D effective)

From the KK reduction of the 6D Einstein-Hilbert action with signature (-,+,+,+,-,-) on T2 (Papers VII, XVI,
LXV §4.2 corrected, Lagrangian 4D Complete), the kinetic sector of the Q-field moduli Q 2, Q 3 in 4D is:
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L kin®"Q=(M_PI"2/2) [beta_2 (partial Q_2)"2 + beta 3 (partial Q 3)"2 + beta 3 (partial Q 2)(partial Q 3)]

=(M_PI"2/2) [3 (partial Q_2)"2 + 2 (partial Q 3)"2 + 2 (partial Q_2)(partial Q 3)] [Eq. [.1]

The coefficients have a precise geometric origin:

e beta 2 = 3: the three 4D spatial directions into which Q 2 (modulus of the spatial-like component tau_2)

couples

e Dbeta 3 = 2: the two compact temporal dimensions, appearing twice — once as the kinetic coefficient of

Q 3, once as the cross-coupling coefficient, both weighted by the temporal sector

Ingredient II — KK tower first mode length

From the KK tower of the T2 compactification (Paper VII §4, Paper Two-Sector-KK), the mass of the first
excited KK mode (n=1) is:

[ m KKMn=1)=2*m_ KK =2 *hbar/(L 2 c)=hbar/(L 4c) ]

where:

[ L4:=L2/2 [Eql2] }

L 4 is therefore the Compton length of the first excited KK mode. In the 4D effective theory, this mode acts as

the dominant short-range screening length of the Q-field propagator. This definition of L_4 is intrinsic to the

KK tower structure and is independent of the Connection Lemma.

3. The Lemma

Lemma (eta_geom from Internal Structure):

The geometric factor eta_geom = 7/12 governing the galactic coherence scale lambda 2 = eta_geom *

a_0"grav is given by:

[ eta_geom = (W _total /beta 2) * (L 4/L 2)*2 [Eq.3.1] }

where W _total, beta 2 come from the kinetic Lagrangian (Ingredient I) and L_4/L 2 from the KK tower

(Ingredient II). The numerical value is:

[ eta_geom = (7/3) * (1/4)=7/12 [Eq. 3.2] }

Proof:

Step 1 — Total rigidity W _total from Ingredient I.



Consider the coherent mode Q = Q 2 =Q_3 (equal-amplitude excitation of both moduli). Substituting into Eq.
(L.1):

L kin"Q| (Q 2=Q 3=Q)= (M _PI1"2/2) * [3 +2 + 2] * (partial Q)"2
=(M_PI*2/2) * W_total * (partial Q)2

with:

[ W _total =beta 2 + beta 3 +beta 3 =beta 2 +2*beta 3=3+2*2=7 [Eq. 3.3] }

W _total is the total kinetic rigidity of the coherent mode — the coefficient of (partial Q)*2 when Q 2 and Q 3

oscillate in unison.
Step 2 — Enhancement E from Lagrangian structure.

The reference rigidity is the coefficient of the Q 2 channel alone, which is beta 2 = 3. The enhancement of the

coherent mode relative to the base channel is:

[ E =W total /beta 2=7/3 [Eq.3.4] }

Step 3 — Projection factor from KK tower (Ingredient ).

The effective gravitational Bohr radius is modified by the ratio of the first-mode Compton length to the ground-

state Compton length:

[ (L4/L 2y2=(1/2y"2=1/4 [Eq.3.5] }

This factor enters because the dominant screening of the Q-field at galactic scales is set by the first KK mode
(L_4=L 2/2), not the zero mode (L _2).

Step 4 — Combining.

{ eta_geom=E * (L 4/L 2)"2=(7/3)* (1/4)=7/12 [Eq.3.6] }

QED.

4. Derivation of lambda_2

Inserting Eq. (3.6) into the gravitational Bohr radius formula (Paper GravBohr v1 0, Eq. 3.1-3.3):



a_0"grav =hbar*2 / (G M_crit m_KK"2)
=c™2 L 272 /(G M _crit) [algebraic identity, Lemma 3.1 of GravBohr]

lambda 2 =eta_geom * a_0"grav
=(7/12) *c"2 L 272 /(G M crit) [Eq.4.1]

. J

This coincides with the Connection Lemma and with the observational calibration lambda 2 =4.30 kpc
(SPARC).

Numerical verification:

e a 0Mgrav=c"2*(9.51y)"2/(G *2.43e10 M_sun) = 7.294 kpc
o (7/12) * 7.294 =4.255 kpc
e lambda 2 (SPARC)=4.30 kpc

e Error =1.05% [zero free parameters]

5. Physical Meaning in One Sentence

eta_geom = 7/12 = [total coherent rigidity W=7] / [base channel beta 2=3]/ [KK projection (L_4/L 2)"{-2} = 4] }

In words: the galactic coherence scale is suppressed relative to the bare gravitational Bohr radius by the ratio of
the base-channel stiffness (beta 2 = 3) to the total coherent-mode stiffness (W = 7), projected onto the first KK
mode scale (factor 1/4). The two suppressions multiply to give 7/12.

6. Logical Status

What this derivation establishes:

1. eta geom = 7/12 follows from two ingredients (kinetic Lagrangian coefficients, KK tower structure) that

are derived in the corpus independently of the Connection Lemma.

2. The Connection Lemma (lambda 2 = (7/12) * ¢"2 L 2”2 /(G M_crit)) is now a corollary of: [6D axiom]
-> [KK reduction] -> [Lagrangian coefficients + KK tower] -> [Lemma above] -> [GravBohr identity] ->
[Connection Lemma].

3. The interpretation "lambda 2 = gravitational Bohr radius with geometric modification" is physically

grounded: the factor 7/12 is not ad hoc but arises from the kinetic structure of the moduli sector.

What this derivation does not establish (remaining honest gap):

The derivation above is internal to the geometric/Lagrangian structure of the corpus. It does not constitute an
independent QFT calculation (e.g., Gilkey-Seeley-DeWitt heat kernel expansion on M_4 x T*2) that would

produce eta_geom = 7/12 as output of an operator-theoretic computation without referring to the kinetic



coefficients beta 2, beta 3. Such a calculation remains open as a future mathematical exercise. However, it is
no longer needed to understand or justify eta_geom = 7/12 within the framework — the present Lemma

provides that justification internally.

7. Red Team Vega Certification

V1 — Lagrangian coefficients in corpus: PASS. The form L _kin = (M_PI1*2/2)[3(dQ 2)"2 +2(dQ 3)"2 +
2(dQ _2)(dQ _3)] appears in Papers XVI, LXV §4.2, Lagrangian 4D Complete.

V2 — Algebraic check W_total = 7: PASS. Setting Q 2=Q 3=Q: (3+2+2)(d0)"2 = 7(dQ)"2. Direct

substitution verified.

V3 —L_4=L_2/2 independent of Connection Lemma: PASS with clarification. L 4 =L 2/2 is defined as
the Compton length of the first KK excited mode (n=1, m_KK"{n=1} = hbar/((L_2/2)c) = 2*m_KK), which is

intrinsic to the KK tower of Paper VII — not a consequence of the Connection Lemma.

V4 — Non-circularity: PASS. Chain: [6D axiom] -> [Lagrangian, beta 2=3, beta 3=2] -> [W=7] is
independent of the Connection Lemma. [KK tower: L 4=L 2/2] is derived in Paper VII prior to the Connection

Lemma. No circular dependence.

V5 — Numerical verification: PASS. eta geom = (7/3)*(1/4) = 7/12 = 0.58333. lambda_2(pred) = 4.255 kpc.
Error 1.05%.

V6 — Honesty of remaining gap: PASS. Section 6 correctly states that the fully independent QFT (Gilkey-

DeWitt) derivation remains open. The Lemma closes the internal gap, not the external one.

VEGA VERDICT: CERTIFIED. Flag V7 of Paper_GravBohr_v1 0 is closed.

8. Master Chain — Complete Derivation Tree (Post-Lemma)

g ™~
AXIOM: D=6 spacetime, signature (-,+,*,+,-,-)

v
KK REDUCTION on T*2 (Papers VII, XVI, LXV):

|
---> Q-field masses: m_KK2 = hbar/(L2*c), m_KK3 = hbar/(L3*c)

|
|
|---> Kinetic Lagrangian:

| L _kin=M_PI"2/2)[3(dQ2)"2 + 2(dQ3)"2 + 2(dQ2)(dQ3)]
|

|

|

|

coefficients: beta 2=3, beta 3=2

---> KK tower first mode: L 4 =1 2/2

\
LEMMA (this paper):




W _total = beta_2 + 2*beta 3 =7 [from Lagrangian]
E =W _total/beta 2 ="7/3 [enhancement]
(L_4/L 2)"2=1/4 [from KK tower]

eta geom=E * (L _4/L 2)"2=7/12  [derived]

|

v

GRAVITATIONAL BOHR RADIUS (Paper GravBohr vl 0, Lemma 3.1):
a_0"grav = hbar"2/(G*M_crit¥*m_KK#2) = c"2*L_2"2/(G*M_ crit)
|
\%

GALACTIC COHERENCE SCALE [1.05% accuracy, zero free parameters]:
lambda 2 =eta_geom * a_0”grav = (7/12) * ¢"2*L_2"2/(G*M__crit) = 4.255 kpc
|
v

phi-LADDER:
lambda n =lambda 2 * phi"(n-2) [phi = golden ratio, from tau=i/phi]
|
\

COSMIC WEB SCALE:
lambda 13 =lambda 2 * phi*11 =0.847 Mpc  [vs Wang+2021: 0.856 Mpc, 1.1%]

\.

The entire chain has zero free parameters. Every arrow is derived.

Appendix — Self-Contained Numerical Check

-
python




\.

import numpy as np

# Constants

¢ =2.998e8; G =6.674e-11; hbar = 1.055e-34

M sun = 1.989e30; kpc_ m=3.086e19; ly m=9.461el5
phi = (1 + np.sqrt(5)) / 2

# Canonical parameters

L2=95*]y m # compactification length tau 2

M crit=2.43¢10 * M_sun # critical galaxy mass (LITTLE THINGS)
lam2 obs =4.30 * kpc m # SPARC-calibrated coherence scale

# Ingredient [: Lagrangian coefficients
beta2, beta3 =3, 2

W _total = beta2 + 2 * beta3 #=7

E =W _total / beta2 #=1/3

# Ingredient II: first KK mode
L4=12/2 #=12/2 (Compton length of n=1 KK mode)
proj = (L4 / L2) ** 2 #=1/4

# Lemma: eta_geom
eta_geom = E * proj #="7/12

assert abs(eta_geom - 7/12) < le-12, "eta_geom mismatch"

# Gravitational Bohr radius

m_KK = hbar /(L2 * ¢)

a0_grav = hbar**2 / (G * M_crit * m_KK**2)

assert abs(a0_grav - ¢**2 * L2**2 /(G * M_crit)) /a0_grav < le-10

# lambda 2
lam2 pred = eta_geom * a0 grav
err = abs(lam2_pred - lam2_obs) / lam2_obs * 100

print(f"W_total = {W _total} [=beta2 + 2*beta3 = {beta2} + {2*beta3}]")
print(f'E = {E:.4f} [= W _total/beta2 = {W _total}/{beta2}]")
print(f"(L4/L2)"2 = {proj:.4f} [=(1/2)"2]")

print(f'eta_geom = {eta_geom:.6f} = 7/12 = {7/12:.6f}")

print(f'a_0"grav = {a0_grav/kpc_m:.4f} kpc")

print(f'lambda_2(pred) = {lam2_pred/kpc_m:.4f} kpc")
print(f'lambda_2(obs) = {lam2_obs/kpc_m:.4f} kpc")

print(f"Error = {err:.4f}%")

Output:




W _total =7 [=beta2 + 2*beta3 =3 + 4]
E =2.3333 [= W _total/beta2 = 7/3]
(L4/L2)"2 =0.2500 [=(1/2)"2]
eta_geom = 0.583333 =7/12 = 0.583333
a_0"grav =7.2939 kpc

lambda_2(pred) = 4.2548 kpc
lambda_2(obs) =4.3000 kpc

Error =1.0514%
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Addendum — The Spectral Structure of K and the Deep Connection between ¢ and 7
Added after Vega's analysis, March 10, 2026.

A.1 The Kinetic Matrix K

The kinetic Lagrangian (Eq. I.1) defines a symmetric 2x2 matrix on the moduli space (Q 2, Q_3):

K=1[3, 1],
[1,2]]

where the off-diagonal entry 1 comes from the cross-term coefficient: 2*(dQ_2)(dQ_3) =2 * (symmetric form)
— off-diagonal = 1.

Properties of K: det(K)=32-/1=5tu(K)=3+2=35

A.2 The Spectrum of K Contains ¢

The characteristic equation:

[ det(K - A) =A"2-5L+5=0

gives eigenvalues:

[M(Si\/S)/z

Using @ = (1+V5)/2 — V5 = 2¢—1:
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M=(5+V5)2=2+¢=3.6180...
A-=(5-V5)2=3-¢=13819..

¢ emerges directly from the spectrum of the Kinetic matrix — not assumed by hand.

A.3 The Ratio of Eigenvalues is ¢*

M- = (5HV5)/(5-V5) = (3+V5)/2 = ¢? }

The hierarchy between the two normal modes is governed by ¢?. This is the same ¢ that appears in t = i/ (torus
geometry), confirming that a single constant governs both the compactification geometry and the dynamical

stability of the moduli sector.

Numerical verification:
M/h-=3.6180.../1.3819... = 2.6180... = ¢* v (residual: 0.00e+00)

A.4 The Eigenvectors are Golden

For A+ =2+¢: v+« (1, 1/p)
For A- =3-¢: v- (1, -0)

Numerical verification: K*v+ = A+*v+ to residual 4.44e-16 v

A.5 The Coherent Mode u=(1,1) and W=7

The galactic coherent mode Q 2=Q 3=Q corresponds to:

[u(l,l) }

Its rigidity along this direction:

[ W=u"TKu=(1,1)[[3,1],[1,2]] (1,D)"T=(1,1)-(43)=7 }

W =7 is the rigidity of the galactic coherent mode — not a random number but the quadratic form of K
evaluated on u.

A.6 Why the Coherent Mode Dominates

The coherent mode u=(1,1) is not an exact eigenmode of K, but it is strongly aligned with the dominant

eigenvector v+ = (1, 1/9):

angle(u, v+) = arccos(0.9732) = 13.28°

94.7% of the power of u lies in v+

This near-alignment explains why the galactic scale is dominated by the coherent Q 2+Q 3 excitation: it is the

direction closest to the most stable normal mode of the kinetic matrix.



A.7 Complete Hierarchy from a Single Constant ¢

~
Level 1 — Torus geometry: t=1/¢

Level 2 — Spectral structure: A+ = {2+, 3-¢}, At/A-= @2
Level 3 — Eigenvectors: vt (1, +1/9) or (1, -0)
Level 4 — Coherent mode: u=(1,1) > W=u"TKu=7
Level 5— KK projection: (L _4/L 2)"2=1/4

Level 6 — Geometric factor: m_geom = (7/3)-(1/4) =7/12

-

In one sentence: @ fixes the orientation and hierarchy of the normal modes; 7 fixes the rigidity of the

galactic coherent mode; 7/12 is the observable projection of that rigidity onto the galactic scale.

Numerical verification of all identities: confirmed at machine precision. Red Team Vega. March 10, 2026.



