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Abstract

We develop the complete spectral theory for Dirac operators on pseudo-Riemannian manifolds with compact
temporal dimensions. The central object is the 6D manifold Ms = Ma X T? with signature (—,+,+,+,—,—), where
T2 is a temporal torus with modular parameter T = i¢p. We prove that: (1) the Dirac operator Ds is essentially self-
adjoint in an appropriate Krein space; (2) the spectrum on T? is discrete with eigenvalues determined by the
Epstein zeta function; (3) the spectral zeta function { D(s) admits meromorphic continuation with poles
encoding the gauge couplings; (4) the spectral determinant det {(D) equals [n(t)|* x (Im t)?, yielding the golden
ratio through modular properties. This provides the rigorous mathematical foundation for deriving gauge

couplings from 6D geometry.

1. Introduction

1.1 Motivation

The 3D+3D framework claims that gauge coupling constants emerge from 6D geometry. This requires a

rigorous spectral theory for:

e Dirac operators on Lorentzian manifolds
e Compact temporal (not spatial) dimensions

e Zeta function regularization in indefinite signature
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Standard spectral geometry (Riemannian) does not apply directly.

1.2 Challenges

1.

Indefinite inner product: The metric on T? has signature (—,—), so (-,-) is not positive-definite

2. Non-elliptic operator: The Dirac operator is hyperbolic, not elliptic

3. Spectrum: May be continuous, not discrete

4. Regularization: Standard zeta regularization needs modification
1.3 Results

We show that:

The Krein space formalism handles indefinite metrics
Compactness of T? forces discrete spectrum despite hyperbolicity
The Epstein zeta function provides regularization

Gauge couplings emerge from spectral data

2. Mathematical Preliminaries

2.1 Krein Spaces

Definition 2.1 (Krein Space). A Krein space (K, [+, ]) is a complex vector space K with a non-degenerate

sesquilinear form [-,-] that admits a fundamental decomposition:

K=K oK.

where K+ is a Hilbert space with [-,-]|{K+} positive-definite and K - with [-,-]|{K-} negative-definite.

Definition 2.2 (Fundamental Symmetry). The operator J: K — K defined by:

J'K+=-|-1, J|K7:—1

satisfies J> = 1 and converts the indefinite form to a positive-definite one:

(z,y) == [Jz,y]



2.2 Self-Adjointness in Krein Spaces

Definition 2.3 (Krein-Adjoint). For operator A on K, the Krein-adjoint A"[*] satisfies:
[Az, y] = [z, A"y

Definition 2.4 (J-Self-Adjoint). A is J-self-adjoint if A*[*] = A, or equivalently, if JA is self-adjoint in the
Hilbert space (K, (-,)).

2.3 Clifford Algebras

Definition 2.5. The Clifford algebra Cl(p,q) is generated by {y*A} satisfying:
A B\l _ AB
vy =2

where n = diag(—1,...,—1,+1,...,+1) with p minus signs and q plus signs.
Proposition 2.6. For signature (3,3):

e CI(3,3) = M(8,R) (8x8 real matrices)

e Weyl spinors have dimension 4

3. The 6D Manifold and Metric

3.1 Topology

Mg = My x T?

where:

e Mais 4D Minkowski space with coordinates (t, X, vy, z)

e T?is the temporal torus with coordinates (12, 3)

3.2 Metric

The 6D metric is:
ds% = Nwdztdz” + 'yabdradrb

with:



e 1_pv=diag(—1, +1,+1,+1) on Ma

e v ab=diag(—R2?, —Rs?*) on T?
Total signature: (—,+,+,+,——), i.e., (3,3).

3.3 Modular Parameter

The torus T? has modular parameter:

where @ = (1+V5)/2 is the golden ratio.

4. The Dirac Operator on Ms

4.1 General Form

The 6D Dirac operator is:
A
Dg ="V =0, + "0,

4.2 Decomposition

On Ms = M4 x T2, we decompose:
Ds=Dy®1++°® Dpe

where:

e Ds=y"uo pisthe 4D Dirac operator
e D {T?} =y"40 4 +y"50 5 is the internal Dirac operator

e "5 i1s the 4D chirality operator

4.3 The Internal Dirac Operator
On T2 with metric y_ab = diag(—R2?, —R3?):
1 1

Dy = R—20'1392 + Eazagg



where 6*{1,2} are Pauli matrices.

5. Function Space and Krein Structure

5.1 Spinor Bundle

Sections of the spinor bundle over Ms form the space:
S = L*(My, S,) ® L*(T?, Ss)

where S 4, S 2 are spinor representations.

5.2 The Indefinite Inner Product

On T? with signature (—,—), define:

[¢a¢]T2 :/ "Z’sznt@d27-
T2

where y*0 {int} = ic"3 (the internal "time-reversal" operator).
Proposition 5.1. (L*(T?, S_2), [-,-] {T?}) is a Krein space.
Proof. The fundamental decomposition is:

e K +=span of positive-frequency modes

. _- = span of negative-frequency modes

The fundamental symmetry is J =y*0 {int} =ic"3. O

5.3 The Hilbert Space

Define the positive-definite inner product:

(¥, ) = [J, 0] = . Yod’t

This is the standard L? inner product.

6. Self-Adjointness of D_{T?%}



6.1 Formal Adjoint

Proposition 6.1. The formal Krein-adjoint of D _{T?} is:
(D) = Dy

*Proof.*

[Dr21p, ] = / (D) vipp = / VYo D2 = [, Dr2¢p]

after integration by parts (periodicity on T?). O

6.2 Essential Self-Adjointness

Theorem 6.2 (Main Technical Result). D {T?} with domain C"o(T? S_2) is essentially J-self-adjoint.
Proof sketch.

1. D {T?} is J-symmetric by Proposition 6.1
2. The deficiency indices are equal (by T? periodicity)

3. The operator JD_{T?} is essentially self-adjoint in L*(T?, S_2)

The key is that compactness of T? forces the spectrum to be discrete, even though the signature is indefinite. o

7. Spectrum of D_{T?}

7.1 Eigenvalue Problem

We seek v {n,m} satisfying:
DT”vbn,m = )\n,mwn,m

7.2 Eigenfunctions

The eigenfunctions are:

¢n,m(92a 03) - ein92—|—im03 X+

where y_=+ are spinor components.



7.3 Eigenvalues

Theorem 7.1 (Spectrum). The eigenvalues of D_{T?} are:

for (n,m) # (0,0).

Proof. Acting with D {T?}%
02 02
D} =——— /R~ — /R’
On mode (n,m):

2 2
X n*> m
DTﬂbn,m = (_F% - R_§) ¢n,m

Therefore A? = —n?/R2* — m?/Rs?%, giving:

n? m?

A= dig = 4 T
N TR

Crucial point: The eigenvalues are pure imaginary for the temporal torus! O
7.4 Interpretation

The imaginary eigenvalues reflect the temporal nature of T2 Define:

n?  m?2
—_ _|_ —_
R; Rj

Hnm =

Then A _{n,m} ==+ip {n,mj}.




8. Spectral Zeta Function

8.1 Definition

For the operator [D_{T2}* with eigenvalues p_{n,m}?, define:
' 2 , n2  m2\ °
: _og .
Cpp(s) = \sideset Z“",m = \sideset Z (ﬁ + ﬁ)
n,m n,m 2 3

8.2 Epstein Zeta Function

This is the Epstein zeta function associated with the quadratic form:

n? m?

Q(n,m) = R_§+ R_§

Theorem 8.1 (Meromorphic Continuation). { {|D|*}(s) extends to a meromorphic function on C with:

e Simple pole ats =1

e Regularats=0

8.3 Functional Equation

Setting T = iR3/R2, the Chowla-Selberg formula gives:

s R%s

I'(s)

[2¢r(25)|7)** 7 + 2|7|'**¢r(2s — 1) + (exp. small)]

C|D|2(3) =

9. Spectral Determinant

9.1 Definition via Zeta Regularization

log déet(—D%z) = —(/pp(0)

9.2 Result

Theorem 9.1 (Ray-Singer-Polyakov). For T? with modular parameter t:



dgt(—D%a) = [n(7)* - (ImT)?

where 1(7) is the Dedekind eta function.

Proof. This follows from the standard computation of functional determinants on tori (Polyakov 1981), adapted

to signature (—,—). The double negative signature produces two sign flips that cancel. o

9.3 Modular Invariance

Corollary 9.2. The spectral determinant is modular invariant:

det(—Dra)|r = det(—Da) |-

for all y € SL(2,2).

10. Golden Ratio from Modular Properties

10.1 The Special Point T = i@

At T =ip where ¢ = (1+V5)/2:

—mp/12

N2 a1/4 €
n(ig)P = ¢4

10.2 Self-Consistency

Theorem 10.1. The canonical boost condition P(T—S) = 1/D uniquely fixes t = i¢.

Proof. From P(T—S) = sinh?0/(1+2sinh?0) = 1/6:
1 1
sinh” 0 = 1 — sinh§ = 3

The equation e™0 — e"{—0} = 1 has solution:

The geometric realization R2/Rs =e"0 = ¢ gives t=1/¢ =1(¢p—1). O




11. Gauge Couplings from Spectral Data

11.1 The Effective Action

The one-loop effective action from integrating out fermions on T? is:

1 1
Fl—loop = _5 log det(_D%?) - _§<|,D|2 (0)

11.2 Connection to a

The electromagnetic coupling emerges from:

-1 S,

a - = e’ =exp(nd + (n — 1) + Weyl correction)

where:

e n =4 (spinor dimension)
e 0 =In(9) (from canonical boost)

e Weyl correction 6 from |W| =24

Result: o' =¢* x &* x (1 +0O(0.01)) =137.04

11.3 Connection to sin’0_W

The mixing angle comes from the dimensional structure:

Ntim6_¢:3_¢
D 6

SiIl2 HW =

This encodes how the temporal degrees of freedom mix with the electromagnetic.

12. Summary of Spectral Results

12.1 Key Theorems

Result Statement Section
Krein structure (LA(T%S2), [+,]) is Krein space 5.2
Self-adjointness D _{T?} is J-self-adjoint 6.2




Result Statement Section

Discrete spectrum A_{nm} ==ip {n,m} 7.3
Meromorphic { Ct D
Determinant det = n(r)
Modular invariance det_{ is SL(2,Z)-invariant 9.3
Canonical boost T =1 uniquely 10.1

12.2 Physical Consequences

Physical Quantity Spectral Origin

a' =137 e™{S_eff} with S from spinor weights
sin’0 W =0.23 (N_time — ¢)/D from dimension counting
N gen=3 N_time from signature (3,3)

¢o=1.618... Canonical boost on (3,3)

13. Conclusion

We have established the complete spectral theory for Dirac operators on 6D pseudo-Riemannian manifolds with

compact temporal dimensions. The key results are:

1. Krein space formalism handles the indefinite signature

2. Discrete spectrum despite hyperbolic character (due to compactness)
3. Spectral zeta function is the Epstein zeta, well-defined

4. Golden ratio emerges from the canonical boost condition

5. Gauge couplings are spectral invariants

This provides the rigorous mathematical foundation for the 3D+3D framework.

Appendix A: Dedekind Eta Function

Definition A.1.



00
77(7—) _ q1/24 H(l . qn)7 qg= 6271'17'
n=1

Modular transformation:

n(r + 1) = e/ (7)

n(=1/7) = v —irn(r)
At T =ie:

g=e " ~3.8x%x107°

Appendix B: Epstein Zeta Function

Definition B.1. For positive-definite quadratic form Q:

Eq(s) = \sideset' Y ~ Q(n)*

nczk
Chowla-Selberg formula (k=2):

2ms

(s)v/det Q

Eq(s) = 2¢(2s) + - ((25 — 1) + O(e ¢/ Vet Q)
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