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Abstract

We present the complete geometric derivation of the fundamental parameters of the 3D+3D framework: the
spacetime dimension D = 6, the metric signature (3,3), and the torus modular parameter T = i/¢. All derivations
proceed from purely geometric and number-theoretic principles, without reference to biological or
phenomenological inputs. The central result is the Discriminant Theorem: requiring the compactification torus
T2 to have Complex Multiplication with discriminant A= D — 1 uniquely selects the quadratic field Q(\'5),
whose fundamental unit is the golden ratio ¢ = (1+V5)/2. Combined with signature symmetry and real solution
conditions, this uniquely determines D = 6 and 1 = i/¢. The derivation chain is mathematically closed and

contains no free parameters.

Keywords: Extra dimensions, modular parameter, discriminant theorem, golden ratio, signature symmetry,

Complex Multiplication

1. Introduction

1.1 Purpose

This paper establishes the pure geometric core of the 3D+3D framework. We derive the fundamental structural

parameters:


mailto:simone.calzighetti@3dplus3d.it

Parameter Value Status
Dimension D 6 DERIVED
Signature (3,3) DERIVED
Modular parameter t /o DERIVED
Quadratic field Q(5) THEOREM
Fundamental unit ¢ =(1+V5)12 DERIVED

1.2 What This Paper Does NOT Include

This paper deliberately excludes:

e Biological considerations (amino acid counting)

e Phenomenological fits to particle data

e Speculative extensions

These topics are addressed in separate papers with appropriate epistemic classification.

1.3 Logical Structure

The derivation proceeds as:

P
Four Physical Principles
!
Real Solution Condition: D > 5
!
Signature Symmetry: D even
!
D = 6 (unique minimal solution)
!
Discriminant Theorem: A=D—-1=35
!
Unique Quadratic Field: Q(\/S)
!

Fundamental Unit: ¢

!

Modular Parameter: T = i/¢

2. The Four Physical Principles

We begin with four physical principles that constrain the spacetime structure.




2.1 Principle 1: Causality

Statement: Physics requires at least one temporal dimension for causal ordering of events.

Consequence: The metric signature must include at least one negative eigenvalue.

2.2 Principle 2: Stable Compactification

Statement: A stable compact manifold for dimensional reduction requires at least two compactifiable

dimensions forming a torus T2

Consequence: D >4 (at minimum: 2 observable + 2 compact).

2.3 Principle 3: Signature Symmetry

Statement: The number of spatial and temporal dimensions are equal: N_space = N_time.
Consequence: D = 2n for some integer n, giving signature (n, n).
Motivation: This principle ensures:

e Balance between spacelike and timelike sectors
e Natural emergence of hyperbolic mixing (SO(n,n) symmetry)

e Consistent Wick rotation properties

2.4 Principle 4: Modularity

Statement: The compactification torus T?> must admit Complex Multiplication (CM) for the partition function

to be automatically modular.

Consequence: The modular parameter T must lie in a quadratic imaginary field, with discriminant related to the

spacetime dimension.

3. Derivation of D =6

3.1 The Modular Equation

For a torus T? with modular parameter t = iy (purely imaginary), the CM condition requires y to satisfy:

1
y+-=vA

Y

where A is the discriminant of the associated quadratic field.

3.2 The Discriminant Principle

We propose that the discriminant equals the number of "internal" dimensions:



A=D-1

Physical interpretation:

e D =total dimensions
e | = observable time dimension

e D — 1 = internal dimensions (spatial + compact temporal)

3.3 Real Solution Condition

The equation y + 1/y = VA has real positive solutions if and only if:

VA > 2

A>14
D-12>4
D>5
3.4 Combined with Signature Symmetry
From Principle 3, D must be even.
The minimal even integer > 5 is:
D=6

3.5 Uniqueness
Theorem 3.1 (Dimensional Uniqueness): The minimal spacetime dimension satisfying all four principles is D
= 6 with signature (3,3).

Proof:

1. Principle 4 + Discriminant Principle — D > 5
2. Principle 3 — D even

3. Minimal solution: D =6

4. Signature from Principle 3: (3,3)



4. The Discriminant Theorem

4.1 Statement

Theorem 4.1 (Discriminant Theorem): For D = 6, the quadratic field Q(\Nd) with discriminant A=D — 1 =5 is
unique: Q(\5).

4.2 Proof

The discriminant of a quadratic field Q(Nd) with d squarefree is:

d ifd=1 (mod 4)
4d ifd=2,3 (mod 4)

For A=5:
Case 1: d=1 (mod 4) Then A=d =5. Check: 5 =1 (mod 4) v Solution: d=5
Case 2: d =2, 3 (mod 4) Then A=4d = 5. This gives d = 5/4, which is not an integer. No solution.

Verification of small discriminants:

d d mod 4 A

2 2 8

3 3 12
5 1 5v
6 2 24
7 3 28
13 1 13

Conclusion: Q(\5) is the unique quadratic field with discriminant A = 5.

4.3 The Fundamental Unit
The fundamental unit of Q(\/5) is:

5
o= HT\[ _ 1.6180339887...




This is the golden ratio, satisfying:

e ¢*=o¢+tl
e llp=0—1
o« ¢+ 1/p=n5

5. Derivation of T =i/@

5.1 The Modular Equation Solution

From Section 3.1, with A= 5:

This is equivalent to:

Solutions:

The two solutions are:

e y:=(5+1)2=9=1618
e y=(\5-1)2=1/9=0.618

5.2 Physical Selection

For purely imaginary t = iy, we need to select betweeny = ¢ and y = 1/¢.

Physical criterion: In signature (3,3), the temporal dimensions 1. and 13 are both timelike. A proper temporal

hierarchy (observable time > compact times) requires:
Im(r) <1

This selects:

~ 0.618

Nl



5.3 The Modular Parameter

Theorem 5.1: The modular parameter of the compactification torus is:

(/
T=—
¥
5.4 Verification
Check that t = i/ satisfies the modular equation:
1 1
T+ —=—++¢
T P
Using ¢ + 1/¢ =5:
$$=\sqrt{5} = \sqrt{D-1}$$ v
6. Torus Geometry
6.1 The Compactification Torus
With t = i/¢, the torus T? has:
e Modular parameter: t=1/¢
e Aspect ratio: |t| = 1/
e Area (normalized): Im(t) = 1/¢
6.2 Radii Ratio
The ratio of compactification radii is:
Ly
L; 7

This introduces the golden ratio directly into the geometry.

6.3 Metric on T?

The metric on the torus takes the form:
ds?, = R? |d#? + —1 d6?
St2 2 02 3

where 02, 0; € [0, 27) are angular coordinates.



7. Connection to the Golden Ratio Attractor

7.1 Alternative Derivation via Informational Isotropization

In the companion paper "Golden-Ratio Attractor from SO(3,3) Geometry," we prove that ¢ emerges

independently from an informational principle:
sinh? 0* = ——
For D = 6:

1 .
sinh®0* = = = ¥ = ¢

7.2 Consistency

Both derivations yield the same result:

o Discriminant Theorem: A=5 — Q(\5) — ¢

e Informational Attractor: D =6 — sinh?0 = 1/4 — ¢

This mutual consistency strengthens the framework.

8. Summary of Derived Quantities

8.1 Complete Derivation Chain

I

DERIVATION CHAIN |

PRINCIPLE 4: Complex Multiplication |

l |
DISCRIMINANT PRINCIPLE: A=D — 1 |
l I
REAL SOLUTIONS: y+ 1/y=VA—A>4 —>D>5 |
! |
PRINCIPLE 3: Signature symmetry — D even |
! |
MINIMAL SOLUTION: D = 6 |
l I
DISCRIMINANT THEOREM: A= 5 — Q(V/5) unique




|l |
| FUNDAMENTAL UNIT: ¢ = (1+5)/2
| |
| PHYSICAL SELECTION: Im(t) < 1
|l |
| MODULAR PARAMETER: 1 = i/¢

8.2 Results Table
Quantity Value Derivation
D 6 Principles 3 + 4
Signature (3,3) Principle 3
A 5 A=D-1
Quadratic field QM 5) Discriminant Theorem
0] (1+V5)2 Fundamental unit
T /¢ Modular equation + selection
L./Ls (0] Torus geometry
9. What Can Be Attacked

9.1 Attackable Assumptions

A referee may question:

1. Principle 3 (Signature Symmetry): Why N _space = N_time?

2. Principle 4 (Modularity): Why require Complex Multiplication?

3. Discriminant Principle: Why A=D — 1 specifically?

4. Physical Selection: Why Im(t) < 1?

9.2 What Cannot Be Attacked

Given the four principles and the discriminant principle:

1. The mathematical derivation is rigorous

2. D =6 is the unique minimal solution




3. Q(V5) is the unique field with A=5
4. ¢ is the unique fundamental unit

5. t=1/p follows from the selection criterion

10. Conclusion

We have established the pure geometric foundation of the 3D+3D framework:

D =6, signature(3,3), 7=

)
4

Key results:

1. D =6 from real solution condition + signature symmetry
2. Q(V5) from Discriminant Theorem (A = 5 unique)
3. ¢ as fundamental unit of Q(\/5)

4. 1=1i/@ from modular equation + temporal hierarchy

No biological or phenomenological inputs were used.

The framework provides a mathematically closed derivation of the fundamental geometric parameters, from

which all Standard Model parameters can subsequently be derived (see Paper L for the complete theory).

Appendix A: Mathematical Background

A.1 Quadratic Fields

A quadratic field Q(Vd) consists of numbers a + b\d where a, b € Q and d is squarefree.

A.2 Discriminants
The discriminant A of Q(\d) determines its arithmetic properties:

e Ring of integers: Z[(1+Vd)/2] if d = 1 (mod 4), else Z[\d]

e Class number, units, ramification

A.3 Complex Multiplication

A torus T? = C/A has CM if End(T?) is larger than Z, i.e., there exist non-trivial endomorphisms. This occurs
when t generates a quadratic imaginary field.

A.4 The Golden Ratio

The golden ratio ¢ = (1+V5)/2 appears throughout mathematics:



e Fibonacci sequence limit
e Pentagon diagonal ratio
e Continued fraction [1; 1,1, 1, ...]

o Fundamental unit of Q(\/5)

Appendix B: Numerical Verification

Ve

python

import numpy as np

# Golden ratio
phi= (1 +np.sqrt(5)) /2

# Veritfy modular equation

y=1/phi

lhs=y+ l/y

rhs = np.sqrt(5)

print(f'y + 1/y = {lhs:.10f}")
print(f"V5 = {rhs:.10f}")
print(f"Match: {np.isclose(lhs, rhs)}")

# Verify D = 6 condition

D=6

Delta=D -1

print(f"\nD = {D}")

print(f"A=D - 1 = {Delta}")

print(f"VA = {np.sqrt(Delta):.10f}")

print(f"¢ + 1/¢ = {phi + 1/phi:.10f}")

print(f'Match: {np.isclose(np.sqrt(Delta), phi + 1/phi)}")

# Output:

#y+ 1y =22360679775
#5=2.2360679775

# Match: True

#

#D=6

#A=D-1=5

# VA =2.2360679775
#o+ 1/ =2.2360679775
# Match: True
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