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since the system includes an infinity of such pairs of corresponding
points. The left-hand side of this equation is the first emanant of
the contravariant m (£3+i7* + £3)—3&/£, which may be expressed in
Salmon'R notation as 4SQ—ZTP, after multiplication by (l + 8m8)2.

Elementary Proof of a Theorem for Functions of several Variables,

By H. F. BAKER. Received and read February 13th, 1902.

We are in the habit of assuming that, if an ordinary power series
in any number of variables does not vanish for zero values of the
variables, the inverse of the Beries can be expanded in a converging
series.

In the following note it is proved that the new series has at least
the same range of convergence as the original, provided no zero of
the original is contained in this range. A trivial particular case
is the convergence of the expansion for (l+aj)"n when |aj| < 1,
n being a positive integer.

Incidentally a volume, of ellipsoidal shape, is found about a point,
at which a function of several variables does not vanish, within
which no zero of the function exists.

It is pointed out in conclusion that the theorem that every equa-
tion has a root is a corollary from the general results.

1. Suppose that the ordinary power, series

/(as, y) = S a M a : y
A-0, * .O *

converges for | x \ < R, \ y \ < 8; let r < R, s < 8, and suppose that
for | x | = r, | y \ = « the derived series

all converge uniformly for | X—z\ = D, | Y—y\ = E; let the values
of all | / , {X, Y) | for ev "?y set of values

\x\ = r, \y\=s, X
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be < II ; then for every | x | = r, | y \ — s, by a known theorem,

ml nl
y) n

and herein we may take for \f"x>") (m, y) \ the upper limit of the
absolutely greatest values arising for every | % | = r, | y | = s.

Now = 2 2 ah<k
hi k\

(fc-m)f (k-n)l

converges uniformly for every | x | = r, | y \ = s; thus we can infer,
by a known theorem,

I • hlkl ^ TLml n\
1 %-*

"We have, however, if D,<D,EX<E, rx<r, S^KS,

I *, I *?(!+?•)'(1+4)'

- m ) ! n!! ( A -
D:E';

! r'"s"

of which the right side, in consequence of a previously proved in-
equality, is

n (Ti \h (h\k I
V r ! \ s I (1-Dt/D)(l-EJE)

rf.J2 | ahk |rf.J ( l + ^*.o \ r
Hence

This shows that the series

si

f(xty) = 2 2
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converges for . \x\ = rt ( l + - * ) , | y | =

quantities of which the upper limits are r+D and s+E.
Thus, if f(x, y) be an ordinary power series with a given bicircular

region of convergence | z | < R, \y\ < 8, and if lower limits, Dt E,
other than zero, can be assigned for the radii of convergence of
derived series fx (X, Y) about every interior point, then the given
series / (a, y) converges in fact within a bicircular region | x \ < R+D,
| y | < S + jfc', of which the radii are greater respectively by D, E
than those originally known.

This is merely an extension of the proof and theorem* given for one
variable by Harkness and Morley, Theory of Analytic Functions, 1898,
p. 178; it is now clear that the theorem holds for any number of
variables. The proof we have given assumes not only that the
derived series \fi (X, Y) | has a finite upper limit fT1 for all

for every assigned x, y for which | x | = r, | y | = », but that these
quantities FT, arising for all | x | = r, | y \ = 8 have a finite upper
limit II.

2. Now let / (a, y) = 1 I a,,, * «*y*
h>0 Jt-0

converge for | x \ *< r, \ y \ ^ s; and suppose aM gt 0. Put

aft,*=-aoo^H» « = ^» y — su,

and so obtain / (r, y) = a^ (tt ti),

where * (*, u) = 1 - 1 1 &A(JlJV
ft-H-l

converges for 11 \ <" 1, | « | "< 1.

Then the expansion, which we desire to examine,

• For one variable, Pincherle, " Saggio di una introduzione alia teoria dell
funzioni analitiche eecondo i principii del Prof. C. WeieratrasB," BaUafflinV
Giornah, Vol. xvm., 1880, p. 352.
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requires

• " 1 0 = =

(i 0

— 2 2' ,„&»_„,, * . „ ,

where the summation 22', in the last line written, excludes the com-
bination ni = h, n = /c

Suppose we can find real positive quantities /9A,t such that

(1) j 3 M > I M ;

(2) the series 1 - 2 2 fih kthth

h.i k-\

converges for an assignable region 11 \ < some definite quantity,
|« | < some definite quantity ;
(3) we have an equality

.*<''«*)*1=1+ 2 2 Hhkt
huHhkt

huk

holding for an assignable region 11 \ < some definite quantity,
| u | < some definite quantity.

Then we have equations corresponding to those before written,
namely,

•*»in = PiO) -"01 = = Poi i

0 U

/.,.* == 2 2 HmtUPh-m,k-m
m mil II a t

which show that the coefficients £rAit are necessarily real and
positive, and

flio = ' p \ 0 "> | &io | "> | -Bw | , -Hoi = /^oi >• | &oi | ~> | Box | ,

H20 = ffio/3,o+&o = | B,o6io I + I bw | ^ | B201,

and so on ; thus in general
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of which we give a formal proof by induction; namely, in consequence
of , , | = = / ?

I "ft-MI, k-n I < Ph-iUfk-m

and assuming | Bm „ | <. Hmi „

for every in from 0 to h, and every n from 0 to k, except only the one
combination m = h, n = A;, it follows from

I-BMI ==
A

2
m-0

< 2
w i - 0

llv A

m-0

*

2'» - 0

2'
ii-0

*

2'
n-0

B

\B.

B-m,

16-

A - MI, A - nthat I

which establishes \BmtU\^ Hm>n for the exceptional case in = h,
n = lt\ and therefore the general truth of the specified inequality.

It follows therefore from the assumed existence of quantities / 3 M

. satisfying the three conditions (1), (2), (3) that the series

1 + J5,o t+Bol u + 2 2 Bu, u t''uk

converges within the limits of convergence of the series

1 + El01 + Ho, u + 22 Hht k <V.

Such a set /3A(t can, however, be found as follows. Let Mbe a posi-
tive real quantity greater than (or equal to) the modulus of <f> (t, n)
for 111 = 1, | u | = 1 ; and take

1 - 2 2

namely, every fih<t = M. Then it follows from a known theorem that

\bKk\<M<l3hik.

And [1—
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now, when | £ | = p < 1, | w | = er < 1, the sum of the moduli of the
terms of the expansion of (1—t)"x (1 — u)'x is convergent, being equal
to (1—p)'x (1— <r)~x; and the sum of the moduli of the terms of the
series just written down is

1

Mprovided (1 - p ) ( 1 -<r) > -

Under this condition, with 11 | = p < 1, j tt | =P <r < 1, it is therefore
legitimate to arrange the expansion of

a power series in t and u. Thus we can conclude that for

we have

=
f(x,y) a
where Jlf is not less than.the modulus of / ( » , y ) / ^ for |aj | = r,

Let K > modulus of / (x, y) for | x \ S. r, \ y \ <. s; we may then
take M = K/\ aM | , nnd have therefore the expansion which we shall
write 1 i . ,

for , . , < , , | , | <s,

The conditions

(1)

require 1— p > —— -, and therefore p < ——=, and therefore also
3/+1 il-M

< 5 p Q t t i n g

-p)\J-M~

or f> = J —AU
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we have

< X < V V < / 1 < V F

Conversely, if Xo, j* 0 be any two real positive quantities satisfying (3),
the conditions (1) are satisfied in the most general way by values p, a

given by (2); which involve in particular p < — - , <r <• --̂ —--.

And the series above given holds for

3. It is an incidental consequence that for. | x \ <. rp, | y | <. s<r,
where p, o- are determined" by (1), or by (2) and (3), there is no
pair of values x, y for which / (x, y) is zero; a result which may be
proved directly. Assume now that for all | x | <. r, | y \ <. .y, the
modulus of / (», y) remains greater than a definite real positive
quantity P ; we proceed to show that then the region of convergence
of the series ••

i -+S2G f t .*ay (A)
aoo

extends, in fact, to within unassignable neai'ness of | a: | = r, | y \ = .-,•.

Take xlt y^ so that | x1 \ = r, < r, | yx \ = sx < s are circles not
lying without the circles of convergence of the last written series (A) ;
then for | x—xx \ < r—r,, | y—yx | < s—sx we can write

/ («, v) = / («,, y, l i ^ f l ^

Applying to this the result previously obtained, it follows, f(xxt </,)
not being zero, that for

| a—a.1, | < r—rv | y—yx \ < s—s,,

and ( l—L^—Edjh_J^—VA.
\ r-rx I \ s-sx

we have 7 7 ^ - = 77-^-T + 2 I DAf* (a— «»,)* (y-y,)*. (B)
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This will therefore, a fortiori, be true for

| a>-as, | <r—rv | y-y, | < s—«„

_ , ,

for the quantity on the right of the last inequality is greater than
K/[K+\f (xlt y}) | ] , and therefore, as remarked above, true for

where A, /«, are quantities which we may take fixed satisfying only
the inequalities

The series (B), being equal to the series (A) previously obtained
for all points a;, y lying within the region of convergence of (li) for
which | a; | < >*i, | y \ < su is necessarily the derived series of (A).

It follows therefore from an extension theorem proved here (§1)
that the region of convergence of the series (A) extends beyond the
limits | x | < r,, \y\ < su and is at least as great as given by

Denoting these by | x \ < r.2, \y\ < s,, and putting

we may similarly prove that the region of convergence is at least an
great as given by

| x | < r2 + (r—r2) c,, '\y\ < s, + («-*,) e,,

and so on. And as at each step we extend the radius of convergence
associated with x by the same fraction, e,, of its deficiency fi"om r, and
the radius of convergence associated Avith y by the same fraction, e.,,
of its deficiency from s, it follows that the radii can be extended to
be within any assignable nearness respectively of r and a.
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We have thus the theorem : If

/ (x, y) = aoo 4- 22akkx
hyk

be convergent for | x j <" r, \ y | <" s, and for this range be in absolute
value everywhere < the real positive K, and if Xo, fi0 be any real
positive quantities such that, when

K ^ ^ [k+A

then the function / (a*, y) does not vanish for any values a;, y within
the range

;iml for this range we have a convergent expansion of the form

f 0«< y) «oo ''-1 *•»

If further r, i1 be such that for all values | a? | < r, | y \ ^ « the
function | / ( a , ?/) | is assignedly greater than zero, this expansion is
convergent and valid for | a*) < /•, | //1 < s.

When we apply the same reasoning to the function of n variables

iissunied to converge for l a i j ^ r , , ..., |ic,,J^««, and such that for
these values |/(a>u ...,a:,,)| < ^ w e c a u prove directly froni the
theorem , , _ r , . , .

1%, h n \ < K f r i x > • • • > r n ,

or verify indirectly as in the preceding, that there is no set of values
.»;„ .... .<„ for which/ (a:,, ..., a?,,) vanishes lying within the range

where 4̂ = | a
0 0

Let ( p — - 1 be denoted by w, und put
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then from 1— L*J < l follows that A. < «-» and from 1—liiJ > w«
ri rx

follows \, > wH'\ and so for the others ; while clearly Aj... A,, > 1.
Conversely, if A,, ..., A,, be any real quantities such that, for

«" = K/(K+A),

a*"-1 < A, < o*"1, ..., w""' < A,,< w"1, A,A, . . .XM>1,

any sot of values such that

is such that

and there is no set of values in this range for which f(xu ...,xn)
vanishes. And if R1 be the least possible value of £[+ ... + £,! subject
to 0 ^ ^ < 1, ..., 0^f£, < 1, and ( l - £ ) , ..., (1—£,) = w", which has
a different form according to the magnitude of w, there is no point
for which/(a,1,, ..., a.1,,) vanishes in the region given by

Vav instance, when n = 2, if M = £2+ »/2 and o- = £+»?,

or « = 1 — 2w2 + (l— <r)2.

Thus, if upon (1 —£)(1 —f?) = w3 there be points for which £+17 = 1,
namely, if the equation

have the real roots £ = \ =t \ (1—4w')4,

that is, if w^ ^, then ?t.= ^2 + >/2 has 1 —2w2 for its least value.
If, however, w > ^ , then (1 — <r)J is least when £ = #; = 1 —w, and

then £2 + >j2 has 2 (1—w)2 for its least value.
Thns there are no points for w h i c h / (a,, x2) vanishes within

' l ' 3

where U1 = 1—2w2 when w ̂ ^ and J r = 2 (1—«.<)3 when

von. xxxiv.—NO. 783.
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As w2 = K/(K+J?), and K is any real positive quantity > \f(x, y) \
for | x | S. r, | y | <"«» we can choose w as nearly unity as we please,
and so always take i22 = 2 (1—w)8; but this gives a less extended
region than JB9 = 1—2w8 when the latter exists. For the greatest
value of 2 (1—cu)1 when u> > ^ is < -|, while the least value of 1—2<i*8

when to ^ \ is \.

4. A very simple example of what precedes is a proof, which may
be remarked though it is not new, that the equation

F(x) = ao.+ a1a;+ ... +alix
n = 0

is Katisfied by a finite value of x. It is supposed that aa^ 0.

For, if F(x) f̂c 0 for | x \ <"?•, we can put

for \x\ < r. And then for | x | = 1\ < r, if H >" | if/ (x) | for | x \ = r,,

Let, then, e be an assigned real positive quantity, and let r be the
greatest value of |a:| for which | F (x) \ ^ c for every | a : | ^ r ; so
that, for | a; | ^ r,

i . / . /«, \ i 1 = 1 .

"

wherein i\ is arbitrarily little less than r.
This shows that, with the given fixed e, r cannot be indefinitely

great, since otherwise all the coefficients Gv Co, ... would be inde-
finitely small, that is, zeî o, and F (x) would be a constant.




