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Abstract—The creation of cryptographic systems based on lattice theory is a promising line in the
field of post-quantum cryptography. The aim of this work was to obtain new properties of lattices
through related objects: dense packings of equal spheres. We propose a way of constructing lattice
packings of equal spheres corresponding to the packing density of the Lambda series in dimensions
1—24, using a series of coefficients to the height of the fundamental parallelepiped of dimension
(n—1):1/2,1/3,1/2,0,1/2,1/3,1/2,v/—1,1/2,1/3,1/2,0,1/2,1/3,1/2,/—1,1/2,1/3,1/2,0,
1/2,1/3,1/2. The construction of lattice packings of equal spheres using this procedure was used
up to dimension 11 inclusive.
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1. INTRODUCTION

One line of post-quantum cryptography is lattice cryptography [1]. The main problem from lattice
theory used to construct cryptographic systems is that of finding the shortest vector
in a lattice [1, 2]. A related problem is that of constructing dense lattice packings of equal spheres [3].
Dense packings of spheres are also widely used in information encoding algorithms [4]. In [5], a proof is
presented that no packing of unit spheres in Euclidean space R® has a density greater than the density
of Korkin—Zolotarev lattice packing Eg. In [6], symmetric-group regularities are established in the
distribution of the values of the minima of positive quadratic forms (PQFs) reduced according to Korkin—
Zolotarev, and their correspondence to the values of the minimum heights of fundamental parallelepipeds
of lattice packings of equal spheres is established. In[7], critical lattices up to dimension 8 are presented,
and some of their metric properties are considered. In[8], a connection is established between algorithms
for finding the shortest lattice vector and the Hermite constant. In [9], possible values of the Hermite
constant are given in dimensions 9-23. This work presents a way of constructing lattice packings of
equal spheres corresponding to the packing density of the Lambda series [3]in dimensions 1—24. Lattice
packings of equal spheres are constructed using this procedure up to dimension 11 inclusive.

2. DENOTATIONS AND BASIC INFORMATION

In n-dimensional Euclidean space E™, an orthonormal coordinate system is fixed and an n-
dimensional basis is defined: ¢ = {é3,¢é3,...,e,}, i.e. a system of n arbitrary independent vectors
€i,...,€, with a common origin coinciding with the origin. Let &5,&25,...,&n; be the column of
coordinates of vector € of basis ¢ in this coordinate system. So basis € is given coordinate matrix
= = (&), and | det =] is equal to volume V' of a parallelepiped constructed on the vectors of basis .
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A WAY OF CONSTRUCTING LATTICE PACKINGS 119

Any aspect of the geometry of positive quadratic forms can be considered, depending on the
convenience of its study:

or as a geometric fact of space E™ with the lattice given in it;
or as some property on the set of PQFs;
or as a geometric fact in space E™V [10].

Let an n-dimensional lattice I' € E™ and a set of n-dimensional balls of the same radius with
centers at the lattice points be given, and these balls form a packing, i.e., pairwise have no common
interior points. We will call the maximum radius of balls of such a packing the radius of the packing
corresponding to lattice I" and denote it by r(T'):

r(I) = ;minf, (1)
where min I is the length of the minimum lattice vector. The density of the lattice packing, i.e. the
packing of spheres of radius r(I") with centers at lattice points T, is called quantity
r(I)

v(r)’

where V(T") is the volume of the fundamental parallelepiped of lattice T", and €2, is the volume of the
n-dimensional unit ball.

Central density of lattice packing § = 1/V (I).
The problem of densest lattice packings in space E™ consists in finding value

dp = supd(') (3)

d(T) = Q, (2)

on the set of n-dimensional lattices and those lattices on which they are achieved. Since density d(I")
does not change under similarity transformations of space E™, then when solving the problem of the
densest lattice packings, the investigated set of lattices can be normalized by requiring, for example,
VI)=1lorr() =1

Let {f} be the equivalence class of PQFs corresponding to lattice I, and f € {f} be some
representative of this class. We then have

a(r) = " fmin  /(det )] (1)

The problem of the densest lattice packing in space E™ is equivalent to the problem of finding the
upper bound of the ratio min f/(det f)/™ on the set of PQFs of n variables:

Y = sup[min f/(det £)"/"] = sup[(min T ;)*/(V(T;))*/"]. (5)

Quantity ~, is called the Hermite constant. Constant ~y,, and the density of the closest lattice packing
are related by the formula

d,=2"" Qn’y”/2. (6)

When finding the Hermite constant, we can consider not the entire set of PQFs from n variables, but
take one representative from each equivalence class and normalize it by setting min f = 1 ordet f = 1.

The theory of reducing the PQFs of an arbitrary number of variables was presented in the work of
Korkin and Zolotarev and was used there as a way of obtaining values and estimates of the Hermite
constant, and thus of solving the problem of the densest packings [11].

Let us consider the Lagrange expansion for an arbitrary PQF*:

f=A(x1 - Zalkl'k + Ao $2—Za2kﬂck + o+ Ay — Z )’ (7)
k=2 k=3 k=l+1

+ . +A (T — ozn_l,nxn)z + Anxi
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120 LYALIN, FOMIN

A positive quadratic form is called reduced according to Korkin—Zolotarev if in its expansion for
l=1,2,..,n—1land k =1+ 1,1+ 2,...,n coefficients A; are, respectively, values of minima of forms

o1 = f(z1,22, .., Tn), G101 (Tig1, Tig2, oo Tn) = Gu(@0, Tig, ooy Tn) — Ay — Z )’
k=l+1
and coefficients oy 44, g, satisly inequalities 0 < ag 4 < 1/2,-1/2 < oy, < 1/2. The following
equality holds for each Korkin—Zolotarev decomposition:
detf = A1A2...An, (8)

the first Korkin—Zolotarev inequality, Agi1 > (3/4)Ay, where k=1,2,...,n — 1, and the second
Korkin—Zolotarev inequality A;11 > (2/3)A;, where i = 1,2, ....n — 2.

According to the definition of Hermite constant ~,, and equahty (7), representing each PQF equiva-
lence class according to the Korkin—Zolotarev expansion, we have
An = sup A1 (A1 Ag... A,) "™ (9)
An estimate of the Hermite constant was obtained in [12]:

Yo < (4/3)D/2, (10)

Let us define the minimum vector of lattice minI" = 2. The values of the heights of the fundamental
parallelepiped h,, of the lattice I" then correspond to those of coefficients A,, of positive quadratic forms
reduced according to Korkin—Zolotarev and are related by equality [6]:

hn = 24/ A, (11)
A lattice for which equality
min T = V(I')Y/741/2; (12)

is satisfied is called extremal or limit. A limit lattice corresponds to a limit class of the PQFs. There are
a finite number of them for each n. The problem of the densest lattice packing is solved after finding all
limit forms. It is sufficient to choose from the limit forms the one for which, with the same value of the
determinant for all forms, that of the minimum is the greatest [10].

The exact values of the Hermite constant are known for dimensions 1-8 and 24 [8], for which the
corresponding extremal (limit) lattices have been obtained.

In general, inequality
min T < V/([)Y/7}/2 (13)

holds.

The exact value of the Hermite constant in each dimension thus allows us to reduce the upper limit of
the value of minI", which can be used as a criterion for verification in algorithms for finding the shortest
vector in arbitrary lattices. For example, it is known that v94 = 4, so for lattices of dimension n > 24,

min < V()Y « 2, (14)
which is much better than using Hermite constant estimate (9) when

minT < V()Y « (4/3)%/* &~ V()™ « 5.22875. (15)

This work has considered a way of constructing lattice packings of equal spheres in dimensions up to
n = 24, corresponding to the packing density of the Lambda series [3], by applying a series of coefficients
to the height of the fundamental parallelepiped, i.e., essentially allowing for (8) and (10) as ways of
obtaining the values of the Hermite constant.

[t is worth noting that in dimensions 11—13 the Lambda series packings are not the densest. In these
dimensions the Kappa series packings are the densest. Both sequences are different ways of describing
sections of highly symmetric Leech lattice Ag4 in dimension 24 [3].
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Fig. 1.

3. MAIN RESULTS

Proposition 1. The height of the fundamental parallelepiped of the densest lattice packing
of equal spheres in dimension n = 2 depends only on the choice of the radius of the packing and
the base point of the height of the fundamental parallelepiped of dimension n =2 by applying
coefficient 1/2 to the height of the fundamental parallelepiped of dimension n = 1.

Let us consider a case where n = 1 (Fig. 1). We set the radius of packing, (I'1) = 1, and the length
of the minimal lattice vector minI'y = 2. Let us define point A as the origin and place the center of
the one-dimensional unit ball in it. Let us place the center of the second one-dimensional unit ball at
point B and distance minI'; = 2 from point A. We obtain a packing element of two one-dimensional
unit balls with centers at points A and B. Tangency point M ¢ 'y, AM = M B = r(I'y) = 1. Vector

a= /@ = (0, 2) is the basis vector of lattice I';, which corresponds to coordinate matrix =; = (3) The

square of the volume of the fundamental parallelepiped of lattice V/(T'1)? = | det Z1|? = 22 = 4. Contact
number K = 2. The central density of lattice packing is §; = 1/2 and corresponds to the density of the
closest lattice packinginn =1, Ay [13].

Let us consider a case where n = 2 (Fig. 2). To obtain the densest packing, we apply coefficient 1/2 to
the height of the fundamental parallelepiped from previous dimension h; = AB = 2, and find ourselves
at point M, from which we draw a line perpendicular to point C on the circle formed by height hy = AB

MOSCOW UNIVERSITY COMPUTATIONAL MATHEMATICS AND CYBERNETICS Vol.49 No.2 2025



122 LYALIN, FOMIN

Fig. 3.

with its center at point A. The height of the fundamental parallelepiped in n = 2 can now be obtained
using the Pythagorean theorem: hy = CM = /AC2 — AM?2, where AC = AB = h; = minT; = 2
and AM = hy/2 = r(I'1) = 1. We obtain hy = \/h3 — (h1/2)2 = /22 — (2/2)2 = /4 — 1 = /3. The
coordinate matrix of the lattice in n = 2, =9 = (g \}3) The square of the volume of the fundamental
parallelepiped of the lattice V(I'9)? = | det Z5|> = (2% v/3)? = 12. Contact number Ky = 6. The
central density of lattice packing is §o = 1/(2v/3) and corresponds to the density of the closest lattice
packinginn = 2, Ay [13].

Proposition 2. The height of the fundamental parallelepiped of the densest lattice packing
of equal spheres in dimension n = 3 depends only on the choice of the radius of packing and
the base point of the height of the fundamental parallel piped of dimension n =3 by applying
coefficient 1/3 to the height of the fundamental parallelepiped of dimension n = 2.

Let us consider a case where n = 3 (Fig. 3). To obtain the densest packing, we apply coefficient 1/3

to the height of the fundamental parallelepiped from previous dimension hy = MC = /3. We obtain
point D', from which we draw a perpendicular line to point D on the circle formed by height he = C M
with the center at point M. The height of the fundamental parallelepiped in n = 3 can now be obtained

using the Pythagorean theorem: hs = DD’ = +/MD? — M D", where MD = MC = hy = /3 and
MD' = MC/3 = hy/3 = v/3/3. We obtain hy = \/h3 — (ha/3)2 = \/\/32 —(V3/3)2=4/3-1/3 =

\V/8/3.

The coordinate matrix of the lattice inn = 3 is

2 1 1
E3=10 3 /1/3
0 0 /8/3

The square of the volume of the fundamental parallelepiped of lattice V' (I'3)? = | det Z3]% = (2 % V/3 *

\/8/3)% = 32. Contact number K = 12. The central density of lattice packing is d3 = 1/(4v/2) and
corresponds to the density of the closest lattice packinginn = 3, A3 [13].

MOSCOW UNIVERSITY COMPUTATIONAL MATHEMATICS AND CYBERNETICS Vol.49 No.2 2025



A WAY OF CONSTRUCTING LATTICE PACKINGS 123

Proposition 3. The fundamental parallelepiped of the densest lattice packing of equal spheres
in dimension n = 4 depends only on the choice of the radius of the packing and the base point
of the height of the fundamental parallelepiped of dimension n = 4 by applying coefficient 1/2 to
the height of the fundamental parallelepiped of dimension n = 3.

Let us consider a case where n = 4. To obtain the densest packing, we apply coefficient 1/2 to

the height of the fundamental parallelepiped from previous dimension hg = DD’ = \/8/3 We draw
a perpendicular line from the resulting point to a point on the circle formed by height hs with the
center at point D’. The height of the fundamental parallelepiped in n = 4 can now be obtained using

the Pythagorean theorem: hy = \/h3 — (h3/2)% = \/\/8/3 — (v/8/12)2 = \/8/3 — 2/3 = v/2. The
coordinate matrix of the lattice in n = 4:

2 1 1 1
0 V3 \/1/3 —/1/3
0 0 /8/3 /2/3
00 0 V2

The square of the volume of the fundamental parallelepiped of lattice V(I'4)? = |det 4|2 = (2 % v/3 *

\/8/3 % 4/2)? = 64. Contact number K = 24. The central density of lattice packing is 6, = 1/8 and
corresponds to the density of the closest lattice packing in n = 4, A4 [13].

Proposition 4. The height of the fundamental parallelepiped of the densest lattice packing
of equal spheres in dimension n =5 depends only on the choice of the radius of packing and
the base point of the height of the fundamental parallelepiped of dimension n =5 by applying
coefficient 0 to the height of the fundamental parallelepiped of dimension n = 4.

Let us consider a case when n = 5. To obtain the densest packing, we apply coefficient 0 to the

height of the fundamental parallelepiped from previous dimension hy = v/2. We draw a perpendicular
line from the resulting point to a point on the circle formed by height hy. The height of the fundamental

parallelepiped in » = 5 can now be obtained using the Pythagorean theorem: hs = \/h4 (hy*0)2 =
\/ V2 =02 = V2.

The coordinate matrix of the latticeinn =5 is

2 1 1 1 1

0 V3 /1/3 —/1/3 —/1/3
0 0 +/8/3 /2/3 /2/3

(1]
|

00 0 V2 0
00 0 0 V2
The square of the volume of the fundamental parallelepiped of lattice V(I's)? = |det Z5|% = (2 *

V3% 1/8/3 % v/2%1/2)? = 128. Contact number Ky = 40. The central density of lattice packing is
85 = 1/(8v/2) and corresponds to the density of the closest lattice packing in n = 5, A5 [13].
Proposition 5. The value of the height of the fundamental parallelepiped of the densest
lattice packing of equal spheres in dimension n = 6 depends only on the choice of the radius of
packing and the base point of the height of the fundamental parallelepiped of dimension n = 6
by applying coefficient 1/2 to the height of the fundamental parallelepiped of dimensionn = 5.
Let us consider a case where n = 6. To obtain the densest packing, we apply coefficient 1/2 to the

height of the fundamental parallelepiped from previous dimension hs = v/2. We draw a perpendicular
line from the resulting point to a point on the circle formed by height k5. The height of the fundamental
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124 LYALIN, FOMIN

parallelepiped in n = 6 can now be obtained using the Pythagorean theorem: hg = \/h2 — (hs/2)? =
V2 = (V222 = 32

The coordinate matrix of the lattice in n = 6:

2 1 1 1 1 1

0 V3 +\/1/3 —/1/3 —\/1/3 /1/3
0 V8/3 V/2/3  \/2/3 \/1/6
00 0 V2 0 —1/2
00 0 0 V2 /12
00 O 0 0 V3/2
The square of the volume of the fundamental parallelepiped of lattice V (I'g)? = | det Zg|? = (2 * v/3 *

V/8/3 % V2% \/2x/3/2)2 = 192. Contact number Kyr =. The central density of lattice packing is
86 = 1/(8v/3) and corresponds to the density of the closest lattice packing in n = 6, Ag [13].

Proposition 6. The height of the fundamental parallelepiped of the densest lattice packing
of equal spheres in dimension n =T depends only on the choice of the radius of packing and
the base point of the height of the fundamental parallelepiped of dimension n =7 by applying
coefficient 1/3 to the height of the fundamental parallelepiped of dimension n = 6.

)

(1]
|

Let us consider a case where n = 7. To obtain the densest packing, we apply coefficient 1/3 to the

height of the fundamental parallelepiped from previous dimension hg = /3/2. We draw a perpendicular
line from the resulting point to a point on the circle formed by height hg. The height of the fundamental

parallelepiped in n =7 can now be found using the Pythagorean theorem: hy = \/h2 — (hg/3)? =

V312 = (32037 = /43,

The coordinate matrix of the latticeinn = 7:

2 1 1 1 1 1 1
0 V3 1/3 —\/1/3 —\/1/3 /1/3 /1/3
0 0 +/8/3 /2/3 +/2/3 /1/6 /1/6
E7=10 0 0 V2 0 —/1/2 /1/2
00 O 0 V2 V12 —\/1)2
00 0 0 0 V3/2 —\/1/6
00 0 0 0 0 \V/4/3

The square of the volume of the fundamental parallelepiped of lattice V(I'7)? = | det Z7|2 = (2 % V/3 *
V/8/3 % V2% \/2 % \/3/2 % \/4/3)? = 256. Contact number Ky = 126. The central density of lattice
packing §7 = 1/16 and corresponds to the density of the closest lattice packinginn = 7, A7 [13].

Proposition 7. The height of the fundamental parallelepiped of the densest lattice packing
of equal spheres in dimension n = 8 depends only on the choice of the radius of packing and
the base point of the height of the fundamental parallelepiped of dimension n = 8 by applying
coefficient 1/2 to the height of the fundamental parallelepiped of dimensionn = 7.

Let us consider a case where n = 8. To obtain the densest packing, we apply the coefficient 1/2 to the

height of the fundamental parallelepiped from previous dimension hy = \/4/3. We draw a perpendicular
line from the resulting point to a point on the circle formed by height h7. The height of the fundamental
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parallelepiped in n = 8 can now be obtained using the Pythagorean theorem: hg = \/h2 — (h7/2)? =

\/\/4/32 — (/4/3/2)2 = 1.

The coordinate matrix of the lattice in n = 8 is

2 1 1 1 1 1 1 1
0 v3 /1/3 —\/1/3 —\/1/3 /1/3 /1/3 /1/3
0 0 /8/3 /2/3 /2/3 /1/6 /1/6 +/1/6

- oo o V2 0 —V1/2 /1/2 /1)2
oo o 0 V2 172 —\/1/2 \/1)2
00 0 0 0 V3/2 —/1/6 \/1/6
00 0 0 0 0 V4/3 \/1/3
00 0 0 0 0 0 1

The square of the volume of the fundamental parallelepiped of lattice V(I's)? = | det Zg|> = (2 % V/3 *
V/8/3% V2% V/2%/3/2%/4/3 %1)? = 256. Contact number Ky = 240. The central density of lattice
packing dg = 1/16 and corresponds to the density of the closest lattice packing of n = 8, Ag [13].

Proposition 8. The height of the fundamental parallelepiped of the densest lattice packing

of equal spheres in dimension n =9 depends only on the choice of the radius of packing and
the base point of the height of the fundamental parallelepiped of dimension n =9 by applying
coefficient /—1 to the height of the fjundamental parallelepiped of dimension n = 8.

Let us consider a case where n = 9. To obtain the densest packing, we apply coefficient v/—1 = i
to the height of the fundamental parallelepiped from previous dimension hg = 1. Since the real part
of number i is zero, to obtain the base point for height hg in Euclidean space E™, applying this
coefficient is equivalent to multiplying by zero (see the case for n = 5). From the resulting point, we
draw a perpendicular to a point on the circle formed by height hg. The height of the fundamental

parallelepiped in n = 9 can now be obtained using the Pythagorean theorem: hg = \/hg — (hg *1)? =

\/12 — (1 xv/—1)2 = V2.

The coordinate matrix of the latticeinn = 9:

2 1 1 1 1 1 1 1 0
0 V3 1/3 —/1/3 —/1/3 /1/3 /1/3 /1/3 /1/3
0 0 /8/3 2/3 /2/3 +/1/6 /1/6 +/1/6 +/1/6
00 O V2 0 —1/2 1/2 J1/2 /1/2

S9o=[0 0 0 0 V2 V12 —/1/2 /1/2 —\/1/2
00 O 0 0 V3/2 —\/1/6 \/1/6 /1/6
00 0 0 0 0 V4/3 /13 \/1/3
00 O 0 0 0 0 1 0
00 0 0 0 0 0 0 V2

The square of the volume of the fundamental parallelepiped of lattice V' (I'g)? = | det Zg|? = (2 * v/3 *
V8/3 V2% V/2 % \/3/2%\/4/3 % 1x/2)? = 512. Contact number K} = 2. The central density of

lattice packing is dg = 1/(16+/2) and corresponds to the density of the densest lattice packing in n = 9,
Ag [13].
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Proposition 9. The height of the fundamental parallelepiped of the densest lattice packing
of equal spheres in dimension n = 10 depends only on the choice of the radius of packing and
the base point of the height of the fundamental parallelepiped of dimension n = 10 by applying
coefficient 1/2 to the height of the fundamental parallelepiped of dimension n = 9.

Let us consider a case where n = 10. To obtain the densest packing, we apply coefficient 1/2

to the height of the fundamental parallelepiped from previous dimension hg = v/2. We draw a per-
pendicular line from the resulting point to a point on the circle formed by height hg. The height
of the fundamental parallelepiped in n = 10 can now be obtained using the Pythagorean theorem:

hio = \/hE — (hg % 1/2)2 = \/(\/2)2 — (V2%1/2)2 = \/3/2. The coordinate matrix of the lattice in
n = 10:

11 1 1 1 1 1 0 0
V3 V1/3 —/1/3 —\/1/3 \/1/3  /1/3 /1/3 /1/3 /1/3
0 /8/3 /2/3 /2/3 J1/6 J/1/6 /1/6 +/1/6 /1/6
0 0 V2 0 —/1/2 1/2 1/2 /1/2 /1/2
V2 V12 —y/1/2 \/1/2 —\/1/2 /12
V3/2 —\/1/6 \/1/6 +/1/6 /1/6
0 V43 /13 \J1/3 \/1/3
0 0 1 0 0
0 0 0 V2 /1)2
0 0 0 0 +/3/2

[1]
S
I

o O O O O O o o O N
o o o o o o
o o o o o o
o o o o o o

The square of the volume of the fundamental parallelepiped of lattice V (T'19)? = | det Z10/? = (2 *
V3% \/8/3% v/ 2% /2% 1/3/2%\/4/3x1%/2%/3/2)? = 768. Contact number Ky = 36. The central

density of lattice packing is d19 = 1/(16+/3) and corresponds to the density of the closest lattice packing
inn =10, Ao [13].

Proposition 10. The height of the fundamental parallelepiped of the second densest lattice
packing of equal spheres in dimension n = 11 depends only on the choice of the radius of packing
and the base point of the height of the fundamental parallelepiped of dimension n =11 by
applying coefficient 1/3 to the height of the fundamental parallelepiped of dimension n = 10.

Let us consider a case where n = 11. To obtain second-density packing, we apply coefficient 1/3

to the height of the fundamental parallelepiped from previous dimension hjg = \/3/2. We draw a
perpendicular line from the resulting point to a point on the circle formed by height h1g. The height
of the fundamental parallelepiped in n = 11 can now be obtained using the Pythagorean theorem:

bt = /Ry — (o + 1/3)2 = \/(v/3/2)2 — (\/3/2 1/3)% = /4/3.
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A WAY OF CONSTRUCTING LATTICE PACKINGS 127
The coordinate matrix of the lattice in n = 11:

2 1 1 1 1 1 1 1 0 0 0

0 V3 1/3 —\/1/3 —/1/3 /1/3 /1/3 /1/3 /1/3 /1/3 /1/3
0 0 +/8/3 /2/3 /2/3 /1/6 /1/6 +/1/6 /1/6 /1/6 /1/6
00 0 V2 0 —\1/2 1/2 172 J/1/2 /1/2 \/1/2
00 0 0 V2 V12 =12 /172 —\/1/2 \/1/2 /1/2
En=100 0 0 0 V3/2 —/1/6 \/1/6 /1/6 \/1/6 /1/6
00 0 0 0 0 V43 /13 \J1/3 \/1/3 \/1/3
00 0 0 0 0 0 1 0 0 0
00 0 0 0 0 0 0 V2 12 \/1)2
00 0 0 0 0 0 0 0 /3/2 —\/1/6
00 O 0 0 0 0 0 0 0 \/4/3

The square of the volume of the fundamental parallelepiped of lattice V (T'11)? = | det Z11|* = (2 *
V35 \/8/3 % V2% V2% /3/2% \/4/3 % 1% /2% /3/2% \/4/3)? = 1024. Contact number K = 438.
The central density of lattice packing d11 = 1/32 and corresponds to the density of the second densest
lattice packing in n = 11, AT [14].

Proposition 11. The heights of the fundamental parallelepipeds of second-density lattice
packings of equal spheres in dimensions n = 12,13 depend only on the choice of the radius of
packing and the base points of the heights of the fundamental parallelepipeds of dimensions
n = 12,13 by applying coefficients 1/2 and 0 to the heights of the fundamental parallelepipeds of
dimensions n = 11 and n = 12, respectively.

Proposition 12. The heights of the fundamental parallelepipeds of the densest lattice pack-
ings of equal spheres in dimensions of n = 14 to n = 24 depend only on the choice of the radius
of packing and the base points of the heights of the fundamental parallelepipeds in dimensions
from n =14 to n = 24 by applying coefficients 1/2,1/3,1/2,/—1,1/2,1/3,1/2,0,1/2,1/3,1/2 to
the heights of the fundamental parallelepipeds in dimensions fromn = 13 ton = 23, respectively.

4. CONCLUSIONS

We obtained new properties of lattices and related objects and proposed a way of constructing lattice
packings of equal spheres corresponding to the packing density of the Lambda series in dimensions 1—
24, using a series of coefficients to the height of the fundamental parallelepiped of dimension (n — 1):
1/2,1/3,1/2,0,1/2,1/3,1/2, v/—1,1/2,1/3,1/2,0,1/2,1/3,1/2, \/—1,1/2,1/3,1/2,0,1/2, 1/3,
1/2.

We constructed lattice packings of equal spheres in this way up to dimension 11 inclusive. The use of
the obtained properties of lattice packings of equal spheres in dimensions 1—24 is a promising direction
for studying the following groups of dimensions with the aim of extending the obtained patterns to the
case of higher dimensions.
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