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Abstract—In this paper, a novel control scheme is proposed
interconnecting a Dynamic Movement Primitives (DMP) system
with a modified low impedance controlled robot to achieve
compliance to unexpected contact events and high tracking
accuracy under the presence of model and task uncertain-
ties. The proposed control scheme is formulated in the joint
space and theoretically shown to accurately track the desired
trajectory under the presence of uncertainties. Simulations of
2-DOF manipulator model carrying an unknown load under
the proposed scheme demonstrate its high tracking accuracy
as compared to the low impedance controlled robot while
exhibiting highly compliant reactions to external contact forces.

I. INTRODUCTION

Collaborative robots (Cobots) constitute a class of com-
plex nonlinear dynamical systems that challenge traditional
control approaches. The increasing incorporation of Cobots
into dynamic and uncertain environments which require pre-
cision, adaptability and provable safety has established them
as a critical testbed for advancing modern control theory. In
dynamic and uncertain environments ensuring robotic safety
is a major issue especially in cases where physical contact
of the robot with a human or its environment in general
cannot be entirely avoided. To address this safety issue,
active compliance control approaches (impedance control,
admittance control) have been proposed in the literature
to realize a mass-spring-damper behavior between external
wrenches and the resulting tracking error. By selecting low
stiffness and damping the robot is able to modify its nominal
trajectory to comply with external contact forces possibly
arising in case of unexpected collisions with a human.
However, a highly compliant behavior increases the effect
of model and task uncertainties (i.e. addition of an extra
load on the robot end-effector), which act as disturbances on
the control system, compromising the tracking accuracy and
establishing the well-known trade-off between compliance
and accuracy in impedance control approaches [1].

Traditional control approaches such as Adaptive Control,
Robust control and Proportional Integral Derivative (PID)
control have demonstrated high tracking accuracy under
model and task uncertainties but at the expense of the
system’s compliance to external contact forces [2] which
makes them an unsuitable choice for collaborative robot
applications.
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Obstacle avoidance methods is a popular approach for
ensuring safety in robotic applications and they have been
widely used in the literature. In [3] a prescribed performance
like approach has been proposed which provides obstacle
avoidance guarantees while in [4] Control Barrier Functions
(CBF) are utilized to guarantee that the system remains inside
a safe predefined set at all times. However, determining a
safety set apriori in a dynamic and uncertain environment
is not always a viable option. In general, such approaches
assume an ideal perception system without errors or delays
which is not the case in real world applications implying
that even though the risk of an unexpected collision can be
reduced it cannot be completely eliminated.

Variable impedance control approaches have been pro-
posed in the literature to achieve high tracking accuracy
and safety at the same time [5]. They utilize a highly stiff
robot to achieve high tracking accuracy under model and
task uncertainties and a stiffness adaptation law to drop the
stiffness in case contact is detected. As these approaches
operate in an inherently unsafe mode of operation (high
stiffness) any delays in the perception of contact could
jeopardize safety for both the human and the robot. In most
cases these approaches require energy tanks to ensure the
system’s passivity during impedance regulation which fail if
the energy tank is depleted [6].

Our previously published works [7], [8] achieve accuracy
only in Cartesian position tracking in the presence of model
and task uncertainties as well as compliant reactions to
external forces given a linear and decoupled low Carte-
sian impedance for the robot control system. However, not
guaranteeing tracking accuracy in orientation, limits the
practicality of the approach in many applications. Moreover,
the implementation of a linear and decoupled low impedance
dynamics, requires external force measurements that intro-
duce additional sources of error and delays into the control
loop, which can affect the overall system performance.

In this work a novel interconnection of a DMP with a
modified low impedance controlled robot which does not
require inertia shaping is formulated in the joint space of the
robot. It achieves high tracking accuracy and compliant robot
reactions under the presence of model and task uncertainties
for both position and orientation trajectories as opposed to
our previous works [7], [8]. Eliminating the need for inertia
shaping also removes the reliance on external force mea-
surements, thereby reducing sensor requirements, eliminating
additional errors and delays and simplifying the control



architecture. The stability and robustness of the proposed
control scheme is proven with formal Lyapunov arguments.
The theoretical results are validated via simulations on a 2-
dof planar robot manipulator.

II. PRELIMINARIES
A. Dynamic Movement primitives

DMP have been proposed in the literature [9] for encod-
ing complex motion trajectories derived via demonstrations
while they are robust to target perturbations and enable
motion trajectory modifications based on sensory feedback.
In this work we utilize a DMP formulation proposed in
[10] which enables forward and backward execution of the
encoded motion trajectory. For simplicity and without loss of
generality we shall present the 1-dof case. The DMP system
is given by:

Gr = Gz — d(QT - qgc) - k(QT - Qw)

1 <1 1
R AT v
0, otherwise

where q,, ¢, G- € R are the reference joint position, velocity
and acceleration, k, d are positive scalars usually selected for
critically damped response, x is a phase variable representing
the time evolution of the desired joint trajectory ¢, with 7
being its total duration, which is given by:

G = ks(f(2) = f(20)) + g0

QI = ksfq (:E)

ks = (g5 — q0)/(f(x5) — f(0))

fa) =) w
where qp,q; € R are the initial and goal joint position of
the trajectory, k, is the spatial scaling term, f(x) encodes
the demonstrated joint trajectory through a weighed sum of
Gaussians where ¥(2)7 = [ (2), .., o (@) /SN ()
with 9;(z) = exp(—h;(z — ¢;)?) being a Gaussian kernel
with center ¢; and inverse variance h;, IV is the total number
of kernels and w = [wy,...,wy] is the weight vector.
The weights are learned using joint position data via Least
squares (LS) or Locally Weighed Regression (LWR) as in
[10] and f(z), f(x) are derived through analytical derivation

of f(x).
B. Impedance Control

Consider an n-dof robot manipulator with its dynamics
given by:

M(q)§+C(q,4)qd+ 9(q) = Te + Teont 3)

where q,q,§ € R™ are the robot’s joint positions, velocities
and accelerations, M (q), C(q,q) € R"*™ and g(q) € R
are the mass matrix, the centrifugal/Coriolis matrix and the
gravity vector respectively, 7. € R™ is the control input
and 7.+ € R” are external contact torques arising from
intentional or unintentional human-robot contact. Consider
a desired trajectory given in terms of q.,q.,qG, € R" and

an estimation of the robot’s dynamic model M (q), C(q, q).
g(q). Utilizing the following control input:

Te = M(q)§s + C(q,4)4x + G(q) — DaG — KaG  (4)

where § = q — q, is the tracking error and K4, Dg > 0
are the desired stiffness and damping matrices respectively,
yields the closed loop impedance dynamics:

M(q)g + (C(a,4) + Da)g + Ko = Taisr (5

where Tyist = Te + Teont € R™ is a disturbance input
consisting of external contact torques T..,+ and a disturbance
input which arises due to estimation errors on the robot
dynamic model 7.(q,q, g., ). This robot control system
is known as impedance control without inertia shaping [1],
realizing a non-linear mass-spring-damper behavior between
the input 74 and the resulting tracking error q. This type
of impedance control is computationally lighter and less
sensitive to modeling errors compared to the inertia shaping
approach since it does not require external torque measure-
ments [1]. By selecting low stiffness and damping gains
the system exhibits highly compliant reactions to external
contact torques T.o,+ at the expense of larger tracking errors
in the presence of model and task uncertainties 7, .

III. PROPOSED CONTROL SCHEME
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Fig. 1.

The proposed control scheme consists of a DMP system
which has encoded the desired joint trajectory coupled with
the robot control system and is shown in Fig.1. The DMP
system is based in (1) and expanded by a coupling term:

qr = qm - d(qr - qgc) - k(qr - qm) - kC(”(j”)q

q 6
o furan. e<t ©)
0, otherwise

where q., 4., g € R"™ is the desired motion trajectory given
by (2) for each dof, g = q — q, € R" is a virtual tracking
error with g being the actual robot joint positions and g,
being the reference joint positions generated by (6), k is the

same gain parameter as in eq. (1) and ¢ : R — [0,1] is a
sigmoid like function given by:
N lqll <e
(1) = ) .
exp(—s(]|G|| — €)?), otherwise

where ; is a positive scalar and € a predefined upper bound
of the virtual tracking error g. Notice that we refer to g =
q — g, as the virtual tracking error since it is defined with
respect to the reference trajectory g, and not with respect to
the desired trajectory q..



The total duration of the desired trajectory is adapted

according to:
Td

with 74 being the target duration of the desired trajectory.
The reference trajectory q., G, ¢, of (6) is fed to the
robot controller utilizing a novel impedance-like control law

which endows the closed-loop impedance dynamics with
exponential convergence properties and it is given by:

7. =M (q)d, + C(q,4)(dr — 1q) — (1M (q) + D4)G
— (uDg + Kq)q +9g(q)

®)

(€))

with p being some positive scalar. By applying input (9)
to the robot dynamics (3) we get the following closed loop
dynamics:

M(q)q + (1M (q) + C(q,q) + Dy)q
+ (uDgq + pC(q,q) + Kaq) § = Taist

Notice that by choosing 1 = 0 in equation (10) the closed
loop control system is identical to the classical impedance
control without inertia shaping of eq. (5).

Remark 1: In case ||G|| exceeds the predefined upper
bound é the function ¢(]|q||) exponentially decays to zero
implying that the coupling term kc(||g||)g in eq. (6) is
decaying to zero and that the total duration of the desired
trajectory 7(||g||) in eq. (8) increases abruptly pausing the
time evolution of the DMP. This implies that (g, ¢, §,) —
(q.,0,0) with g, constant.

(10)

IV. STABILITY ANALYSIS

The control system under consideration consists of eq.
(6), (10). We claim that this system achieves stable and
accurate tracking of the desired trajectory i.e. the actual
tracking error g — g, practically converges to zero under
the existence of a bounded disturbance input due to model
and task uncertainties (i.e. Ty;st = Te)-

Let us define the error q. = q,- — q,. between the reference
and the desired trajectory and write the DMP system (6) as
follows:

.

e = =

11
z=—dz —kq. — kq an

Further, define the composite error s = fj—i— ©g, and write
the closed loop robot dynamics of eq. (10) as M $+ (Dg +
C)s + K;q = 7. which in state-space is given by:

qg=s—ug
. —1 1y ~ 1 (12)
§=-M""(D;+C)s— M "K;g+ M 1.
Let us now define the state vector & = [¢7,¢11T with &,
& given by:
=r 1T T 17T 13
slz[q S] ) 52:[(16 Z] ( )

and express (12) and (11) as the following interconnected

system:
£— [ hi(t,&1) +u ]

h2(&2) + g2(&1) 1

where u = M 17, and

B s —pug
hi(t, &) = [Ml(Dd +C)s — Mleﬁ]

0 1 0 0
h = , = -
o= Lilen men=| gy o
15)
We can now proceed with the proof as follows. First we
prove that the unforced system (14) (7. = 0) converges

to the origin exponentially for arbitrary initial conditions.
Then we show that for a bounded disturbance input 7. the
system state & remains bounded, which implies that the
virtual tracking error g remains bounded. We then show that
the actual tracking error q — g, practically converges to zero
with appropriate control parameter selection.

Theorem 1: The interconnected system (14) exhibits the
following properties:

1) The origin & = 0 is an exponentially stable equilibrium

of the unforced system i.e. (u = 0).

2) The system is Input-to-state stable (ISS) for a bounded

input w(t).

Proof: 1) Following the reasoning of [11] we firstly
ignore the interconnection term g in (14) and we study
the stability properties of the isolated subsystems hi, ho.
Regarding subsystem h; consider the Lyapunov candidate
function:

Vilert) = 55" Ma)s + 1d" Kad
which satisfies the first condition of Theorem 4.10 (pp. 154
in [11]) for a = 2, k11 = min{Anin (M (q)), Amin(Ka) s
k12 = max{\naz(M(q)), Amaz(Kq)}. Taking the time
derivative of (16) yields:

Vi = —s"Das — nd" Kai
< —kasl[&1])?

where we have utilized the well-known property M —2C =
0, [1] . It is evident that (17) satisfies the second condition
of Theorem 4.10 (pp. 154 in [11]) for a = 2, ki3 =
min {A\pin(Da), tAmin(K4)} proving the exponential sta-
bility of £; = 0 for subsystem h;. Notice that the exponential
decay rate is given by:

)\éki: mln{Amzn(Dd)aM)\mzn(Kd)}
koa  2max{Amaz (M (q)), Mnaz(Ka)}

which is positive Vi > 0 regardless of the choice of the
stiffness and damping gains Ky, Dg.

Next we turn our attention to the isolated subsystem ho
which is a linear system. Therefore, a reasonable Lyapunov
candidate is:

(16)

A7)

(18)

Vo(&2) = &5 P&,

with P being a symmetric positive definite matrix. By
solving the Lyapunov equation for Q = Ig with I being
the identity matrix of dimension six we get:

P P
P =
Ps P. 2

19)

(20)



. 2 2
with Py = 442k, po = 115, P, = 5115, Clearly

Vs, ‘/2 fulfill the conditions of Theorem 4.10 (pp. 154 in
[11]) for a = 2, k21 = Amin(P), k22 = Apac(P), kag =1
demonstrating the exponential stability of subsystem hs. In
addition, V5 satisfies:

< Boll&a||

HW e

982

with B2 = 242 (P) > 0. Moreover, the interconnection
term go(&1) satisfies the following inequality as it can be
clearly deduced from (15):

lg2(&)1l < 21 ll&all

with 21 = k > 0 since ¢(||q]|) € [0, 1].
Let us now consider the composite Lyapunov function:

V(& t) = diVi(§r,t) + d2Va(2) (23)

with dy,ds > 0. Utilizing the properties (17), (21), (22), its
time derivative satisfies:

V < —diky||€1||* —dakas||€a|> +2d2Bayar || €]l €2l (24)

which can be written in quadratic form as:

(22)

V< 56" (DS +STD)o =
with:
- B k13 0
D = diag(d,,d2) S = {—262721 k’23} (26)

T
¢ = [ll&1], [1€211]
Notice that S is an M —matriz since all its leading principal
minors are positive and therefore invoking Lemma 9.7 (pp.
360 of [11]) there exists a positive diagonal matrix D such
that DS + ST D is positive definite. Moreover since:

. 1
V < =5 Amin(DS + ST D)|l€]*

system (14) fulfills the conditions of Theorem 4.10 (pp.
154 in [11]) for a = 2, kl = min{dlku,dgkm}, kQ =
max{dlklg,dgkgz}, k3 = %)\mzn(DS + STD) 1mp1y1ng
exponential convergence to the origin £ = 0.

2) Since the global exponential stability of the origin of
the unforced system (i.e. w = 0) is proven, input-to-state
stability (ISS) follows directly from Lemma 4.6 (pp. 176 of
[11]) which completes the proof. [ ]

Consider now a bounded disturbance input 7. due to
model and task uncertainties acting on the robot. ISS implies
that for a bounded disturbance 7. the state £ of the system
remains bounded, hence g remains bounded. Consider now
the impedance control system of eq. (10) with 7., g being
the input and the output of the system respectively. Since the
unforced system is proved to be exponentially stable, initial
conditions are exponentially forgotten, thus we can state that
the solution trajectory of the forced system with bounded
converges exponentially to a ball around the equilibrium of
radius R which satisfies the inequality:

R+ AR < a|T| 27

for some positive a and with A given by eq. (18). The above
inequality implies that frequencies larger than A are filtered
out. Hence, the impedance control system (10) acts as a low
pass filter on the input 7. with its bandwidth determined
by the stiffness and damping gains K4, D, which are
selected at low values for compliance, implying that higher
frequencies in T are filtered out.

Consider now the second order linear system eq. (11) with
q, q. being its input and output respectively. Its bandwidth is
given by w,, = d/2 which is a tunable parameter. If ||q|| < e,
¢(]|q]]) = 1 and if the bandwidth of (11) is selected via d to
be significantly larger than the bandwidth A of the impedance
control system (10) then the output accurately tracks the
input hence g. =~ —q as the input is not attenuated or shifted
significantly for any of its frequency content component.
Since q. = q- — q, and ¢ = q — q,, we can conclude that
q9—q: = 0.

V. SIMULATION

Fig. 2. Planar robot manipulator

Consider a 2-dof robot manipulator with two revolute
joints q1, g2 and link lengths [;, l5. The masses of the links
mq and mo are considered concentrated at the end of the
links and an additional external load of mass m; has been
added on the end effector. The dynamic model of the robot
is taken from [12]. Notice that the addition of the extra
weight m; which is considered as a task uncertainty alters
the dynamic model of the robot to:

M=M+M, C=C+C, g=§+gq (28)
with:
M — ml(l% + 2lyloco + l%) ml(lg + 111202)
! ml(l% + l1l202) mll%
—2mylilasage —mylilasago
C, = : 29
! [ mylilasaq 0 (29)

g = myliger + mylagers
mylageio

with ¢; = cos(g;), s; = sin(g;), ¢;; = cos(g; + ¢;) and g
being the gravity acceleration.

The robot control law is implemented utilizing eq. (9) with
the available dynamic model of the robot given in terms
of M R C’, g from eq. (28). The robot dynamics with the
addition of the uncertain load m; is given by (3),(28) and
the disturbance input due to the uncertain load is given by:

T. = ~Mig, — Cid, — gi + pMig + pCig  (30)



From eq. (18) we can see that the parameter ; determines a
lower bound on the exponential convergence rate we are able
to guarantee. Larger values of i enhance the convergence
rate but they also increase the apparent stiffness of the mod-
ified impedance dynamics as can be seen from eq. (10). For
simplicity we choose 1 < 1 so that the stiffness component
of the modified impedance dynamics is mainly reflected by
the gain K. For designing a damping matrix to achieve
an approximately critically damped response we follow the
procedure proposed in [1] for the classical impedance control
without inertia shaping. Specifically the damping matrix is
given by [1]:

D, = 2Q(g)" din(Ciy /ML) Q(a)

where (; is a damping factor and Q(q) is a non singular
matrix which satisfies simultaneously M (q) = Q(q)7 Q(q)
and K; = Q(q)Tdiag()\%i)Q(q) for each particular joint
position g with )\% ; being the i*" generalized eigenvalue
of K, with respect to M (q). By selecting (; > 1 we can
account for the effect of ;1 and achieve an approximately
critically damped response.

Parameter selection: The parameters of the dynamic
model of the robot are set to m; = 1 kg, my = 0.5 kg,
m;=0.2kg, l1 =l =1m and g = 0.98 m/s>.

For the modified impedance control we selected ;1 = 0.5
and K; = 1313 (set to low values for highly compliant robot
reactions) while Dy is set from (31) with (; = 1.1, 1= 1,2
for an approximately critically damped response.

The DMP system is implemented using eq. (6), (7),
(8) with d = 100 so that the bandwidth of the DMP is
significantly larger than the bandwidth of the impedance
dynamics which was estimated to be approximately A = 0.25
and k = d? /4 for critically damped response, with the target
duration of the desired movement set to 7, = 10 sec and for
the sigmoid like function parameters set to v, = 100 and
e = 0.25. The DMP is trained with synthetic data which
realize a 5th order polynomial trajectory from an initial
configuration go = [0, 0] rad towards a target configuration
qr =%, %] rad.

Simulation results: First we examine the proposed control
scheme performance under the presence of disturbances due
to model and task uncertainties. In Fig. 3 the response of the
disturbance input 7, for each joint is depicted while Figure 4
depicts the responses of the virtual tracking error ¢§ = g —gq.,
the DMP error q. = q, —q, and the actual tracking error q —
g, for each joint. Notice that the disturbance input 7. induces
a virtual tracking error g to the system which is compensated
by the DMP generated error g. leading the actual tracking
error q — q,. practically to zero. Figure 5 depicts the robot
joint trajectory g which almost coincide with the desired
joint trajectory q, as well as the reference joint trajectory gq,..
Notice how the reference joint trajectory g, is displaced with
respect to the desired trajectory g, thus compensating for the
errors due to model and task uncertainties. Fig. 6 depicts the
error norm responses of ||G||, ||g.|| and ||g — g, || confirming
that the norm of the virtual tracking error ||G|| matches that

€1y
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Fig. 3. Torque disturbance input response due to model and task
uncertainties for each joint.
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Fig. 4. Error response for each joint.

of the DMP generated error norm ||g.|| which is allowed
by the fact that||g|| does not exceed the predefined threshold
€, implying that ¢(||g||) = 1. This results in the successful
compensation of the virtual tracking error, driving the norm
of the actual tracking error ||g — q.|| practically to zero.

Next we demonstrate the behavior of the proposed control
system when an unexpected contact occurs during the robot
motion to showcase its highly compliant reactions. We sim-
ulate again eq. (6),(7),(8), (9), (28), (29),(31) and during the
motion we consider a torque to be applied to each robot joint
emulating an unexpected collision scenario with a human.
The contact torque is given by:

Tcont = _[5’ 5]TX[t1’t2](t)

with X, +,](f) denoting a unit pulse in the interval [ty, 5] =
[2, 6] sec. The contact unit pulse torque and the disturbance
inputs 7. due to model and task uncertainties during the
arm’s motion is depicted in Fig. 7. Notice the variation on
T, with respect to the previous simulation when the contact
torque T.op¢ 1S applied because the system is compliant and
T. depends on the robot joint position and velocity. In fact,
notice in Figure 8 the increase in the resulting error norm
response (Lower plot) when the contact torque is applied
with its norm depicted in the upper plot. In particular, the
application of the contact torque T..,: leads ||g|| to exceed
the predefined value € implying that ¢(||g||) — 0, q.. pauses,
g, tends to g, (see Remark 1) hence leading ||g.|| to zero,
which in turn means that any error compensation due to T

(32)
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Fig. 6. Error norm response
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Fig. 8. (Upper) Norm of contact torque response, (Lower) Norm of errors
response.

is paused. In this way the robot is able to deviate from the
desired trajectory complying with the contact torque as can
be seen from the norm of actual tracking error ||q — g, in
Fig. 8 and from the robot joint position response q in Fig.
9.

Figure 10 shows the response of the torque control input
fed to the robot for both contact and no-contact cases. Notice
that the application of a contact torque results in a variation
of the control input however it does not exhibit excessive
values which could exceed the operation limits of the robot.

Finally a comparison between the proposed approach and
the classical impedance control of Section II-B is performed.
The stiffness gain of the classical impedance is set to
K = 2015 to correspond to the compliance of the proposed
approach while Dy is set according to (31) with (; = 1
for critically damped response. In Fig. 11 the norm of the
tracking error ||g — q.|| is depicted (Left) for the contact
case and (Right) for the no contact case. Notice that the two
approaches exhibit similar compliance to external contact
torques however the classical impedance is not able to
accurately track the desired trajectory under the presence
of model and task uncertainties as opposed to the proposed

Joint 2
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5 10 15
time(sec) time(sec)
Fig. 9. Joint position response for each joint.
Joint 1 Joint 2
40
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Fig. 10. Robot control input 7 for each joint with and without contact.

contact no contact
0.6 0.6
-
=) =) proposed
© 04 A © 04 -classical. imp.
Na) A, Nab
= Mo, =
S o2t oo, 2 02
= ", =
) K S, o .
ok ok
0 5 10 15 0 5 10 15
time(sec) time(sec)
Fig. 11.  Comparison of the norm of tracking error ||g — gz|| response

between the proposed control and the classical impedance control (Left)
with contact (Right) without contact.

control scheme.

VI. CONCLUSION

This work presented a novel interconnection of a DMP
with a modified low impedance controlled robot for ac-
curate tracking and compliant reaction on external forces.
The proposed control scheme is analysed theoretically with
Lyapunov stability arguments. Simulation results a 2-DOF
manipulator demonstrate high tracking accuracy under the
presence of model and task uncertainties and highly compli-
ant reactions to external forces arising in unexpected contact
events as compared to conventional control approaches.
Future work will focus on the experimental validation of the
proposed approach in practical scenarios and its formulation
on the operational space.
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