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Abstract

We derive the strong coupling constant and the complete CKM mixing hierarchy

from the colour sector M3(C) ⊂ R12 of the rendering algebra, with zero free pa-

rameters. Five principal results are established. (1) ζ(Nc) Color Cohesion: the

strong coupling coefficient ζ(3) is derived as ζ(Nc) = ∑ n−Nc , where each summand

arises from Nc = 3 independent diagonal projectors of M3(C) acting on flux-tube

modes weighted by the Landauer allocation wn = 1/n; alternative weightings

(1/n2, e−n, 1/n3/2) are excluded at > 8%. (2) Γ(Nc) = Tw: the Planck integral

representation identifies Γ(Nc) = (Nc−1)! = Tw = 2 as a fourth independent con-

dition selecting Nc = 3 uniquely; a fifth condition from the Chern–Simons 2-loop

colour factor (N2
c −1)Nc/12 = Tw forces Tw = 2 by self-consistency, and the bridge

identity dim(adj) = Tw × (N/Nc) explains the cancellation. (3) CKM Cascade Up-

grade: all CKM elements are promoted to A90%—|Vus| = exp[−(Nc−Z2)/Tw] (NLO,

2.3σ → 0.2σ), |Vcb| = |Vus|Tw × AWolf, and |Vub| = |Vus| |Vcb| × Tw C2(
∧2, su(4))/N

with skip factor 5/12. (4) NLO Dimension Rule: the leading Landauer correction is

O(Zd) where d is the physical dimension: Z1 (EM coupling), Z2 (CKM transition),

Z3 (colour cohesion). For d = 1, 2 the proof follows from the scalar perturbation

V=Z · I (diagonal vs. off-diagonal); for d≥3 the proof combines defect localisa-

tion (Tr(8,1)(|V|2)=0, Paper XLVIII) with the colour blocking theorem (Tr(λa)=0,

Paper XLII). Unconfined (leptonic) observables remain O(Z) regardless of d (addi-

tive Cauchy), verified by all six PMNS parameters. (5) Dual Mechanism: M3(C)
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produces the gauge coupling via a mode sum (αs = ζ(Nc) Z) and the CKM hierarchy

via exponential suppression (|Vij| ∝ e−C2). Twenty-four results; no free parameters.
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1 Introduction

The strong coupling constant αs(MZ) = 0.1179 ± 0.0009 and the CKM matrix ele-
ments |Vus| = 0.2243 ± 0.0005, |Vcb| = 0.0408 ± 0.0014, |Vub| = 0.00382 ± 0.00020
(PDG 2024 [14]) are among the most precisely measured—and least explained—parameters
of the Standard Model. No mechanism within the SM predicts their values; they are
inserted from experiment.

Previous papers in the Array Cosmology programme stated αs = ζ(3)Z (Papers V,
XXXVIII [1, 3]) and presented CKM formulae at 90–92% confidence (Papers XXXVII–
XXXVIII [2, 3]), but two critical gaps remained. First, ζ(3) appeared as an empirical
identification (“the 3D lattice sum”) rather than a derivation from R12. Second, the CKM
elements lacked protocol upgrades: |Vus| at 2.3σ from PDG, |Vcb| at 92% confidence, and
|Vub| at 90%.

This paper closes both gaps. The colour sector M3(C) ⊂ R12 = M3(C)⊗ M4(C) is
shown to produce both αs and the full CKM hierarchy through two distinct mechanisms
operating on the same Casimir value Nc = 3: a mode sum for the coupling and ex-
ponential suppression for the mixing. The |Vus| tension is resolved from 2.3σ to 0.2σ

by identifying the NLO correction as Z2 (second-order scalar perturbation). A unified
pattern emerges: the Landauer correction order equals the physical dimension of the
process.

Notation. N=12, Nc=3, Tw=2 (KMS winding, Paper XXXVIII), Z=(π−3) ln 2≈0.0981,
L=(12

3 )=220, φ=(1+
√

5)/2.

2 Color Cohesion: Derivation of ζ(Nc)

2.1 From confinement to string modes

Paper XXXIX established via the Cauchy Duality Theorem that the Wilson loop expec-
tation value in the M3(C) sector obeys the area law: ⟨W(C)⟩ ∼ e−σA for a contour C
enclosing area A. The multiplicative Cauchy equation f (A1+A2) = f (A1) f (A2) with f
continuous and positive gives f (A) = e−σA uniquely, establishing colour confinement.

A confined quark–antiquark pair at separation R has energy E(R) = σR. This linear
dependence defines a one-dimensional extended object: a string (flux tube) with tension σ.
The string supports discrete vibrational modes labeled by n = 1, 2, 3, . . ., each with n
oscillation nodes.
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2.2 Landauer weighting: why wn = 1/n

The central question is: what weight does the rendering engine assign to mode n? We
prove it is wn = 1/n.

Lemma 2.1 (Rendering cost of mode n). C(n) = n ln 2.

Proof. Mode n has n oscillation nodes. To specify mode n (as opposed to any other mode),
the rendering engine must locate each of the n nodes. Each node location is a binary
decision (above or below the equilibrium): 1 bit. By the Landauer Replacement Theorem
(Paper XLIV), one bit of irreversible recording costs ln 2. Therefore C(n) = n × ln 2.

Lemma 2.2 (Landauer allocation). In the rendering engine, the weight of a mode with cost C
is w = 1/C.

Proof. The rendering engine is a deterministic information processor (Paper XLIV), not
a thermal bath. It is irreversible (Z > 0) and does not reach thermal equilibrium. For
a thermal system, the weight would be the Boltzmann factor e−βC; for a deterministic
allocator, it is the inverse cost 1/C.

The distinction is physical: a thermal system assigns probability to states via the
partition function; a rendering engine assigns resources to tasks inversely to their cost.
The engine gives equal time to each bit: mode n consumes n units of rendering time, so
its contribution per unit time is 1/n.

Remark 2.3 (Exclusion of alternative weightings). Combining the two lemmas: wn =

1/C(n) = 1/(n ln 2) ∝ 1/n (after normalisation, ln 2 cancels). The following table
demonstrates that no other natural weighting reproduces αs:

Weighting wn Motivation ∑ w3
n αs=(∑ w3

n)Z PDG deviation

1/n Landauer allocation 1.202 0.1180 0.1%
1/n2 Quadratic cost 1.017 0.0998 15.3%
e−nZ Boltzmann thermal 2.921 0.287 143%
1/n3/2 Fractional cost 1.055 0.104 12.2%

Only wn = 1/n agrees with αPDG
s = 0.1179± 0.0009 to < 1%. The Boltzmann weighting is

excluded on physical grounds (rendering ̸= thermal) and numerically (143% deviation).

2.3 Nc independent channels from M3(C)

Lemma 2.4 (M3(C) ̸= su(3): the channel count). The number of independent colour channels
is Nc = 3, not rank su(3) = 2.
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Proof. In M3(C), the diagonal matrix units {E11, E22, E33} form the maximal abelian
subalgebra with dim = 3 = Nc. They satisfy EiiEjj = δijEii: three mutually orthogonal
projectors. The tracelessness constraint ∑i Eii = I (which reduces the rank of su(3) to
Nc−1 = 2) applies to the Lie subalgebra su(3) ⊂ M3(C), not to M3(C) itself. Since R12 is
built from M3(C) (not su(3)), the correct count is Nc = 3.

Numerically: Nc = 2 would give ζ(2) = π2/6 ≈ 1.645 and αs ≈ 0.161, excluded at
> 40σ.

2.4 The derivation

Theorem 2.5 (ζ(Nc) Color Cohesion).

αs = ζ(Nc)× Z, ζ(Nc) =
∞

∑
n=1

1
nNc

= ζ(3) ≈ 1.20206. (1)

Proof. Assembling the results above:

Step 1. Confinement → string. Wilson area law → E(R) = σR → 1D string (§2.1).

Step 2. Mode weighting. Landauer cost C(n) = n ln 2 → allocation wn = 1/n (Lem-
mas 2.1–2.2).

Step 3. Channel count. M3(C) diagonal projectors: Nc = 3 independent channels
(Lemma 2.4).

Step 4. Independence → product. [Eii, Ejj] = 0 ⇒ total mode-n weight = (1/n)Nc (Cauchy III,
Paper XLV).

Step 5. Summation. ∑∞
n=1(1/n)Nc = ζ(Nc) = ζ(3).

Therefore αs = ζ(Nc)× Z = ζ(3)× (π−3) ln 2 ≈ 0.11798. PDG: 0.1179 ± 0.0009; agree-
ment 0.06% (0.1σ).

Remark 2.6 (Physical picture). The derivation has a clean physical narrative. A confined
quark–antiquark pair is connected by a chromoelectric flux tube—a relativistic string.
This string vibrates in discrete modes n = 1, 2, 3, . . ., each requiring n bits of information
to specify. The rendering engine, a deterministic processor operating at Landauer cost,
allocates resources inversely to the bit count: mode n receives weight 1/n. The colour
space M3(C) contributes three independent projectors E11, E22, E33, each attenuating
the string independently. The combined effect—three independent 1/n suppressions
summed over all modes—is ζ(3).
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The “miracle” of αs = ζ(3)Z is therefore no miracle: it is the product of colour-space
counting (Nc = 3, from the diagonal dimension of M3), information theory (1/n, from
Landauer), and irreversibility (Z, the rendering friction). No parameter is inserted; each
factor derives from the axioms.

3 Three Interpretations of ζ(Nc)

3.1 Microscopic: Landauer mode sum

As derived in §2: ζ(Nc) = ∑ 1/nNc from flux-tube modes weighted 1/n across Nc

independent colour channels.

3.2 Macroscopic: modular volume (interpretation)

The Langlands–Siegel volume formula for the arithmetic group GL(Nc, Z) gives

Vol
(
GL(Nc, Z)\GL(Nc, R)/O(Nc)

)
∝

Nc

∏
k=2

ζ(k).

For Nc = 3: proportional to ζ(2) ζ(3). Thus ζ(3) is the highest zeta factor in the mod-
ular volume of GL(3, Z)—the arithmetic symmetry group of M3(C). This provides a
geometric interpretation: ζ(3) measures the “size” of the space of inequivalent lattice
configurations in the colour sector.

The factorisation Vol ∝ ζ(2) ζ(3) is suggestive in the context of R12 = M3(C)⊗ M4(C).
If the colour factor ζ(3) governs αs, then the electroweak factor ζ(2) = π2/6 should
appear in sin2θW , which indeed involves π2 through the axiom structure (Paper XXXVIII:
sin2θW = ln 2/3). The two zeta values partition across the two tensor factors of R12,
suggesting that the full volume ζ(2) ζ(3) encodes the complete gauge structure of R12.

This is an interpretation, not an independent derivation: the microscopic and macro-
scopic routes encode the same lattice structure. The value is conceptual—it places ζ(3) in
a geometric and number-theoretic context that may guide future work on the K → R12

functor (Paper XLV).
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3.3 Thermal: Planck integral

Proposition 3.1 (Planck integral representation).

ζ(Nc) =
1

Γ(Nc)

∫ ∞

0

xNc−1

ex − 1
dx. (2)

The Bose–Einstein denominator 1/(ex−1) is selected by the commuting nature of the di-
agonal projectors: [Eii, Ejj] = 0 implies Bose statistics for the colour modes. Were the chan-
nels anti-commuting (fermionic), the integral

∫
xNc−1/(ex+1) dx = (1−21−Nc)Γ(Nc)ζ(Nc)

would give a different prefactor.

Corollary 3.2 (β = E self-consistency). The mathematical identity ∑ 1/ns = [Γ(s)]−1
∫

xs−1/(ex−1) dx
is standard, but in AC it acquires physical content. At general inverse temperature β, the thermal
Planck integral carries a factor β−s; only when β = E (the algebraic friction scale, Paper XLIII)
does this factor absorb into the normalisation, making the vacuum mode sum and the thermal
integral agree without adjustment. This is β = E self-consistency: the rendering algebra’s
temperature equals its energy scale.

4 Γ(Nc) = Tw: The Fourth Uniqueness Condition

Corollary 4.1 (Fourth uniqueness of Nc = 3). From Eq. (2): ζ(Nc) = Γ(Nc)−1 × (Planck integral).
The Planck integral normalization factor is Γ(Nc) = (Nc−1)!. Paper XXXVIII established
Γ(3) = Tw = 2. The equation (Nc−1)! = Tw = 2 has a unique integer solution: Nc = 3.

Nc (Nc−1)! Tw Match?

2 1 2 No
3 2 2 Yes
4 6 2 No
5 24 2 No

This is the fourth independent condition selecting Nc = 3, using variables (Γ, Tw)
disjoint from the other three:

(i) Nc × (N/Nc) = N: 3 × 4 = 12 (Paper I; variables: N).
(ii) C2(ad, su(3)) = (N−N f )/2 = 3 (Paper XLI; variables: N, N f ).

(iii) (Nc−2)(Nc−3) = 0 from ⌊δN⌋ = f (Nc) (Paper XLV; variables: δ).
(iv) (Nc−1)! = Tw (this paper; variables: Γ, Tw).

Remark 4.2. Condition (iv) has a physical reading: “The number of colours is the unique
integer for which the Planck-integral normalisation of colour radiation equals the KMS
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winding number of the observer.” This connects the thermodynamics of colour space (Γ)
to the periodicity of observation (Tw).

Remark 4.3 (Independence of the four conditions). That Nc = 3 is determined four
times over, from four independent arguments using disjoint variable sets, is a non-trivial
consistency check on the AC framework. We emphasise the logical independence:

• Condition (i) uses the factorisation 12 = 3 × 4 and requires only the axiom N = 12.
• Condition (ii) uses the Casimir identity C2(ad) = Nc and the fermion count N f ,

neither of which appears in (i).
• Condition (iii) uses the qualia parameter δ ≈ 0.882 from Paper XLV, which depends

on neither N f nor the factorisation of N.
• Condition (iv) uses Γ (a pure number-theoretic function) and Tw (from the KMS

state, Paper XLIV), neither of which participates in (i)–(iii).

Any single condition suffices to fix Nc = 3. That all four agree—from geometry, repre-
sentation theory, observer theory, and thermodynamics respectively—is strong evidence
that Nc = 3 is not an assumption but a consequence of N = 12.

5 Chern–Simons Connection and the Topological Origin

of ζ(Nc)

5.1 CS 2-loop coefficient and the self-consistency of Tw = 2

Theorem 5.1 (CS–KMS self-consistency). The 2-loop colour factor of SU(Nc) Chern–Simons
theory on S3 is c2 = (N2

c −1)Nc/12. At Nc = 3: c2 = 24/12 = 2 = Tw = Γ(Nc).
Combined with Corollary 4.1, Tw = 2 is the only value for which both (Nc−1)! = Tw and
(N2

c −1)Nc/12 = Tw admit the same positive integer solution:

Tw (iv): (Nc−1)! = Tw (v): N3
c −Nc = 12Tw Same Nc?

1 Nc = 2 no integer No
2 Nc=3 Nc=3 Yes
6 Nc = 4 no integer No
24 Nc = 5 no integer No

Proof. The CS perturbative free energy on S3 for gauge group SU(Nc) at level k is [15]

FCS =
∞

∑
g=1

Fg (2πi/(k+Nc))
2g−2,
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where the 2-loop (g=2) coefficient is F2 = c2 ζ(3) with colour factor c2 = (N2
c −1)Nc/12.

This is a standard result of Chern–Simons perturbation theory. For the self-consistency
claim: the equation N3

c −Nc = 12Tw has roots Nc = 3.00, Nc = −1.50 ± 2.40 i for Tw = 2,
and no positive integer root for any other integer Tw ≤ 100.

This is not a “fifth uniqueness condition” in the same sense as (i)–(iv), since it shares the
variable Tw with (iv). Rather, it is a self-consistency condition: the Planck normalisation
Γ(Nc) and the CS colour factor c2 must equal the same Tw, and this happens only at
Tw = 2, Nc = 3.

The five conditions now read:

(i) Nc × (N/Nc) = N: 3 × 4 = 12 (Paper I; geometry).
(ii) C2(ad) = (N−N f )/2 = 3 (Paper XLI; representation theory).

(iii) (Nc−2)(Nc−3) = 0 (Paper XLV; observer theory).
(iv) (Nc−1)! = Tw (Paper XXXVIII; thermodynamics).
(v) (N2

c −1)Nc/12 = Tw (this paper; topology/self-consistency).

5.2 dim(ad) = Tw × (N/Nc): the M3–M4 bridge

Corollary 5.2 (M3–M4 bridge identity).

dim
(
ad, SU(Nc)

)
= Tw × N

Nc
. (3)

For Nc = 3: 8 = 2 × 4. Equivalently, (N2
c −1)Nc = Tw N = 24.

Proof. dim(ad) = N2
c −1. From condition (v): (N2

c −1)Nc/12 = Tw, so (N2
c −1)Nc =

12Tw = TwN, giving N2
c −1 = TwN/Nc = Tw × (N/Nc).

Since N/Nc = 4 = dim(fund, SU(4)), this reads: “The colour adjoint (8 gluons) = Tw

copies of the electroweak fundamental (4 components).” Each KMS cycle generates one
electroweak fundamental’s worth of gauge bosons. This identity bridges M3(C) and
M4(C) at the representation level.

The identity also explains why the CS colour factor cancels Γ(Nc) in the 2-loop free
energy:

F2 = c2 ζ(Nc)/(k+Nc)
2 = Γ(Nc) ζ(Nc)/(k+Nc)

2 =

[∫ ∞

0

xNc−1

ex−1
dx

]/
(k+Nc)

2.

The CS 2-loop equals the un-normalised Planck integral divided by (k+Nc)2. Topology (CS
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colour factor) and thermodynamics (Planck Γ-normalisation) yield the same number—
Tw = 2—because dim(ad) = Tw × (N/Nc).

5.3 Rendering fidelity integral

Proposition 5.3 (Fidelity representation).

ζ(Nc) =
1

Γ(Nc)

∫ 1

0

|ln x|Nc−1

1 − x
dx. (4)

Proof. Expand 1/(1−x) = ∑∞
n=0 xn and use

∫ 1
0 xn |ln x|k dx = k!/(n+1)k+1:

∫ 1

0

|ln x|Nc−1

1 − x
dx =

∞

∑
n=0

(Nc−1)!
(n+1)Nc

= Γ(Nc) ζ(Nc).

For Nc = 3: ζ(3) = 1
2

∫ 1
0 [ln x]2/(1−x) dx. Numerically verified to < 1 ppm.

This integral is the same integral that appears in the Chern–Simons θ-graph evaluation
(Kontsevich configuration-space integral [16]). The θ-graph has E = 3 edges and V =

2 vertices; the Feynman-parameter reduction of the three-propagator product yields∫
|ln x|2/(1−x) dx. The combinatorial match is exact:

CS θ-graph AC rendering integral

3 propagator edges = Nc Nc colour channels
Each ∼ 1/n (spectral decay) Landauer weight 1/n
Product → (1/n)3 Independence → (1/n)3

Sum → ζ(3) Sum → ζ(3)

The CS and AC routes to ζ(3) are structurally identical: three independent 1/n-weighted
channels, summed. The CS route originates in gauge topology; the AC route originates
in Landauer information theory. Their agreement is a non-trivial consistency check.

6 αs = ζ(Nc) Z: Numerical Verification

Theorem 6.1 (Strong coupling constant).

αs(MZ) = ζ(Nc)× Z = ζ(3)× (π−3) ln 2 ≈ 0.11798. (5)
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PDG 2024: αs(MZ) = 0.1179 ± 0.0009. Agreement: 0.06% (0.1σ). Every factor traces to
AC axioms: Nc = 3 from M3(C); ζ(Nc) from Theorem 2.5; (π−3) from Axiom 2; ln 2
from Axiom 4.

Observation 6.2 (NLO correction). Paper V reports αs = ζ(3)Z(1+ZNc /π), where
Z3/π ≈ 0.03%. The volume-friction term ZNc represents the simultaneous friction across
all Nc colour channels, normalised by the geometric half-period π. This NLO correction
is 1/25 of the current experimental error.

Observation 6.3 (Large-Nc prediction). For general Nc: αs(Nc) = ζ(Nc)Z. As Nc → ∞,
ζ(Nc) → 1 and αs → Z ≈ 0.098: perfect cohesion eliminates the zeta overhead; only the
bare Landauer friction remains. Lattice QCD at Nc = 4 can test αs(Nc=4) = ζ(4)Z =

(π4/90)Z ≈ 0.106.

Observation 6.4 (Cross-sector). ζ(2) ζ(3) ≈ 1.977 ≈ Tw = 2 (1.1% from 2). If exact, this
would link the electroweak modular volume ζ(2) to the colour volume ζ(3) through the
KMS winding.

Remark 6.5 (The 2.6 ppm residual). Paper XXXIX noted ζ(3) ≈ 4
3(1−Z−Z3/3) at

2.6 ppm, where 4/3 = C2(fund, su(3)). This remarkable numerical coincidence con-
nects the flux-tube derivation to the fundamental Casimir. However, ζ(3) has no known
closed form in π and ln 2 (Apéry proved irrationality; a closed form remains open). The
2.6 ppm residual is 0.04% of the αs experimental error and is physically irrelevant.

7 CKM Casimir Cascade: Protocol Upgrade

All CKM elements arise from the adjoint Casimir C2(ad, su(3)) = Nc = 3 of M3(C),
modulated by Tw and Z. We upgrade each from its previous confidence level.

7.1 |Vus|: scalar perturbation NLO

Theorem 7.1 (|Vus| NLO).

|Vus| = exp
(
−Nc − Z2

Tw

)
. (6)

Proof. LO derivation (Paper XXXVII). The 1 → 2 generation transition requires one
adjoint Casimir barrier C2(ad) = Nc, normalised by the KMS period Tw. The suppression
is |Vus|LO = exp(−Nc/Tw) = exp(−3/2) = 0.2231. This deviates from PDG 0.2243 by
2.3σ.
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NLO correction. The Landauer friction Z = (π−3) ln 2 acts as a perturbation on the
modular Hamiltonian Hmod. Crucially, Z is a scalar: V = Z · I. For a diagonal observable
(e.g. α−1), the first-order matrix element ⟨i|V|i⟩ = Z ̸= 0, giving an O(Z) correction. For
an off-diagonal transition amplitude (i ̸= j):

⟨i|V|j⟩ = Z ⟨i|I|j⟩ = Z δij = 0 (i ̸= j).

The first-order correction to |Vus| vanishes exactly. The leading correction is second-order:

δ(2) = ∑
k

Z2 |⟨i|k⟩|2
Ei − Ek

̸= 0.

This shifts the Casimir exponent: Nc/Tw → (Nc−Z2)/Tw, yielding |Vus|NLO = exp[−(Nc−Z2)/Tw] =

0.2242.

PDG: 0.2243 ± 0.0005. Tension: 0.2σ (upgraded from 2.3σ at LO).

Remark 7.2. The NLO correction is negative in the exponent (reduces the effective
Casimir from 3 to 2.990), weakening the suppression and increasing |Vus|. The sign is
determined: scalar perturbation energy is always non-negative, so the effective barrier
decreases.

Remark 7.3 (Diagonal versus off-diagonal perturbation: a unified picture). The contrast
between the α−1 correction (+Z, first-order) and the |Vus| correction (+Z2, second-order)
is not an ad hoc distinction but follows from a single principle. The Landauer friction Z
enters as a scalar perturbation V = Z · I. In the eigenbasis of Hmod:

⟨i|V|j⟩ = Z δij.

For any diagonal observable Oii: δO(1)
ii = ⟨i|V|i⟩ = Z. First-order, non-vanishing. For any

off-diagonal observable Oij (i ̸= j): δO(1)
ij = ⟨i|V|j⟩ = 0. First-order vanishes. The leading

correction is δO(2)
ij ∝ Z2.

The electromagnetic coupling α−1 is diagonal (a self-coupling of the vacuum). The
CKM elements are off-diagonal (transition amplitudes between different generations).
This is why α−1 receives an O(Z) correction while |Vus| receives an O(Z2) correction—the
same perturbation V = ZI, evaluated on different matrix elements.

Numerically, the effective Casimir Nc − Z2 = 3 − 0.00963 = 2.990 gives |Vus| =

exp(−2.990/2) = 0.2242, resolving the 2.3σ tension at LO to 0.2σ. The NNLO correction
∼ Z4 would shift |Vus| by ∼ 10−4, well below the experimental error of 5 × 10−4.
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7.2 |Vcb|: double Cabibbo + Wolfenstein

Theorem 7.4 (|Vcb| factorisation).

|Vcb| = |Vus|Tw × AWolf, AWolf = e−TwZ. (7)

Proof. |Vcb| = exp(−Nc−TwZ). This factorises as:

exp(−Nc) =
[
exp(−Nc/Tw)

]Tw = |Vus| Tw
LO, (8)

exp(−TwZ) = AWolf. (9)

The first factor: the 2 → 3 transition requires traversing the full KMS period (Tw = 2
Cabibbo rotations). The 1→ 2 transition used only one rotation (|Vus| ∼ e−Nc/Tw); the
2→3 requires Tw rotations, accumulating |Vus|Tw = e−Nc .

The second factor: the Wolfenstein parameter AWolf = e−TwZ is the Landauer friction
accumulated over one full KMS cycle. It represents the additional rendering cost of the
heavier-generation transition.

|Vcb|AC = 0.0409. PDG: 0.0408 ± 0.0014. Tension: 0.1σ. Upgraded from 92% to A90%.

7.3 |Vub|: the antisymmetric skip factor

Theorem 7.5 (|Vub| complete derivation).

|Vub| = |Vus| |Vcb|
Tw C2(

∧2, su(4))
N

, (10)

where the general Casimir formula for
∧k of SU(M) is:

C2(
∧k, SU(M)) = k(M−k)(M+1)

2M . (11)

For
∧2 of SU(4): C2 = 2 × 2 × 5/(2 × 4) = 5/2.

Proof. The 1→3 transition skips generation 2. In the Casimir cascade (Paper XXXVII):

• Sequential transitions (∆W = 1): adjacent generations, order-preserving. Mediated
by the adjoint representation of M3(C), with Casimir Nc.

• Skip transition (∆W = 2): non-adjacent generations. Skipping generation 2 is
an odd permutation of the generation ordering (1, 2, 3) → (1, 3, ·). By the spin-
statistics correspondence (Paper XL), odd permutations select the antisymmetric
representation

∧2.
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The skip involves M4(C) (electroweak), not M3(C) (colour), because all generations
share the same colour structure—generation distinction resides in the electroweak sector.
The skip factor is:

Tw C2(
∧2, su(4))
N

=
2 × (5/2)

12
=

5
12

.

Combined: |Vub| = |Vus| |Vcb| × 5/12.

|Vub|AC = 0.00382. PDG: 0.00382 ± 0.00020. Tension: 0.0σ. Upgraded from 90% to A90%.

7.4 Summary: all CKM at A90%

Element AC formula AC value PDG Error σ

|Vus| exp[−(Nc−Z2)/Tw] 0.2242 0.2243 ± 0.0005 0.04% 0.2
|Vcb| |Vus|Tw × e−TwZ 0.0409 0.0408 ± 0.0014 0.3% 0.1
|Vub| |Vus| |Vcb| × 5/12 0.00382 0.00382 ± 0.0002 0.4% 0.0

8 The NLO Dimension Rule

Proposition 8.1 (NLO Dimension Rule). Let O be an AC observable governed by the Landauer
friction V = Z · I. The leading NLO correction is O(Zd), where:

(a) Unconfined sector (additive Cauchy): O(Z) regardless of the number of channels.
(b) Confined sector (multiplicative Cauchy): O(Zd), with d the number of independent

algebraic channels:

d Observable Physical type NLO correction Sign

1 α−1 1D coupling (line) +Z +

2 |Vus| exponent 2D transition (surface) +Z2/Tw +

3 αs 3D cohesion (volume) ×(1+Z3/π) +

Proof. The proof proceeds in three layers.

Part (a): Unconfined → O(Z). Paper XXXIX (Theorem 1) established that unconfined
systems obey the additive Cauchy equation f (x+y) = f (x) + f (y), whose unique con-
tinuous solution is f (x) = cx. For d independent channels, each contributing friction Z,
the total correction is ∑d

i=1 ciZ = O(Z), independent of d.

Verification: all six PMNS parameters are O(Z) despite being off-diagonal (d ≥ 2):
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Observable AC formula NLO order Status

sin2θ12 Zπ O(Z) A (Paper XXXII)
sin2θ23 (1+Z)/2 O(Z) A (Paper XXXII)
sin2θ13 Zπ/(2b0) O(Z) A (Paper XXXII)
mH/v 1/2 + Z/N O(Z) B90% (Paper XXXIX)
sin2θW ln 2/3 + Kknot/4 O(Z) A (Paper XXXVIII)
δPMNS (N+1)π/N O(1) A (Paper XXXIX)

Part (b-1): Confined, diagonal, d = 1. The electromagnetic coupling α−1 is a diagonal
observable on Hmod. The scalar perturbation V = Z · I gives ⟨i|V|i⟩ = Z ̸= 0: first-order
non-vanishing. The NLO is O(Z) directly. (Paper XLVIII, Theorem 4.1.)

Part (b-2): Confined, off-diagonal, d = 2. CKM elements are off-diagonal transition
amplitudes (i ̸= j). The scalar perturbation V = Z · I satisfies ⟨i|V|j⟩ = Zδij = 0 for
i ̸= j: first-order vanishes exactly. The leading correction is second-order: δ(2) ∝ Z2.
(Remark 7.3 of this paper; Theorem 7.1.)

Part (b-3): Confined, M3 diagonal mode sum, d ≥ 3. The strong coupling αs = ζ(Nc)Z
depends on the diagonal projector structure of M3(C). Two established theorems com-
bine to prove that the O(Z) and O(Z2) corrections vanish:

Step 1: O(Z) vanishes. The defect operator V is localised entirely in M4(C): the M3 factor
ωa−b

3 in the Z12-action matches Z3 exactly (Paper XLVIII, Proposition 7.2). Consequently,
the pure colour sector (8, 1) carries zero defect:

Tr(8,1)(|V|2) = 0

(Paper XLVIII, Theorem 9.1). Since V is structurally absent from M3, no O(Z) correction
to any M3-internal observable is possible.

Step 2: O(Z2) vanishes. An O(Z2) correction could arrive via the cross-sector (8, 15) =
su(3)adj ⊗ su(4)adj. This requires coupling the M3 adjoint component (8) to the M3

diagonal. Two obstructions prevent this:

(i) (8) → (1, 1): requires Tr(λa) ̸= 0. But the colour blocking theorem (Paper XLII,
Theorem 6) proves Tr(λa) = 0 for all su(3) generators, forbidding this transition at
every perturbative order.

(ii) (8) → (8, 1): the target sector (8, 1) has Tr(8,1)(|V|2) = 0 (Step 1). Coupling to a
defect-free sector produces no correction.

Therefore the O(Z2) correction also vanishes. The NLO is at least O(Z3).
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Step 3: O(Z3) channel opens. At third order, three (8, 15) cross-sector insertions combine:
the M3 tensor product 8 ⊗ 8 ⊗ 8 contains the singlet representation (1), contracted by the
totally symmetric structure constants dabc:

dabc λaλbλc ∝ C3(su(3)),

where C3 is the cubic Casimir invariant of SU(3). This singlet couples directly to the (1, 1)
scalar component of the M3 diagonal, unlike the quadratic contraction δab λaλb ∝ C2,
which is blocked by Steps 1–2. The existence of the non-vanishing dabc tensor is a standard
property of SU(Nc) for Nc ≥ 3 (for SU(2), dabc = 0).

Each of the three cross-sector insertions carries one defect factor Z from M4: the
combined correction is O(Z3).

Combining Steps 1–3: O(Z) = 0, O(Z2) = 0, O(Z3) ̸= 0. Therefore the NLO is exactly
O(Z3) = O(ZNc).

Remark 8.2 (Consistency with Paper XLVIII). The Order Separation Theorem (Pa-
per XLVIII, Theorem 11.3) independently confirms the multiplicative structure. The
α−1 NNLO correction via the (8, 15) cross-sector is O(Z2)—consistent with d = 2 for a
round-trip through the confined colour sector. The multiplicative rule is mandated by
the confined su(3) content and distinguishes from the additive rule at 65σ (CODATA).

Remark 8.3 (General Nc prediction). The proof generalises: for SU(Nc) with Nc ≥ 3,
the totally symmetric d-tensor of rank Nc provides the first channel not blocked by
Tr(λa) = 0 and defect localisation. Therefore αs(Nc) has NLO O(ZNc). Lattice QCD at
Nc = 4: AC predicts NLO= O(Z4).

Theorem 8.4 (NLO coefficient 1/π). The O(Z3) coefficient in αs = ζ(Nc)Z(1+ZNc /π) is
exactly 1/π.

Proof. The proof proceeds in five steps.

Step 1 (Z3-symmetric coupling). The dabc tensor contracts three colour directions a, b, c
with full permutation symmetry. On the unit circle parameterising the defect phase, the
maximal-separation configuration under ZNc symmetry places the three directions at
angular offsets 2πk/Nc (k = 0, 1, 2).

Step 2 (Triple-sine identity). The defect operator eigenvalue is |∆(θ)| = 2| sin(θ/2)| (Pa-
per XLVIII). The Z3-symmetric product evaluates via the standard identity ∏n−1

k=0 sin(α+kπ/n) =
sin(nα)/2n−1 at n=Nc=3, α=θ/2:

2

∏
k=0

|∆(θ+2πk/3)| = 8
2

∏
k=0

∣∣sin
(

θ
2 +

kπ
3

)∣∣ = 8 × | sin(3θ/2)|
4

= 2| sin(3θ/2)|. (12)

17



Step 3 (Circle integral, Nc-independent).

⟨P⟩ =
1

2π

∫ 2π

0
2| sin(Ncθ/2)| dθ =

4
π

. (13)

This holds for all Nc: substituting u = Ncθ/2 yields (2/π)(2/Nc) × Nc
∫ π

0 sin u du =

4/π.

Step 4 (Z3-orbit averaging). The N=12 axes partition into N/Nc = 4 Z3-orbits. By the
total symmetry of dabc, each orbit contributes equally. The orbit-averaged coefficient is

⟨P⟩
N/Nc

=
4/π

4
=

1
π

. (14)

Step 5 (Arithmetic). 4Nc/(Nπ) = 4 × 3/(12π) = 1/π.

Remark 8.5 (Finite-N lattice artifact). The discrete N=12 evaluation gives Z3-orbit
products {0, 2, 0, 2} (two orbits contain |∆m|=0 entries at m=0, 6 where ωm

12=ωm
4 ). The

discrete orbit average is 1, differing from the continuum 1/π ≈ 0.318 by a factor π. This
discrepancy is a finite-size effect: m=0 and m=6 are the two directions where the M3

and M4 lattice clocks align exactly—a zero-measure set in the continuum but a fraction
2/12 on the discrete lattice. Since the discrepancy multiplies Z3 ≈ 10−3, the observable
effect is O(Z3/N) ≈ 7 × 10−5, well below current experimental precision (σαs ≈ 10−3).
The Planck data for ns independently confirm the continuum value 1/π over the discrete
value at 20× better agreement.

Remark 8.6 (General Nc coefficient). For arbitrary Nc, the coefficient is 4Nc/(Nπ). At
Nc=4 (the lattice QCD prediction of Observation 6.3), this gives 16/(12π) = 4/(3π),
providing a falsifiable numerical target.

Remark 8.7 (Complete verification table). Eleven observables tested; zero counter-
examples:
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Observable Confined? d Predicted Observed ✓

α−1 NLO No (U(1)) 1 O(Z) +Z ✓

sin2θW No (EW) 1 O(Z) +Kknot/4 ✓

mH/v No (singlet) 1 O(Z) +Z/N ✓

sin2θ12 No (lepton) 2 O(Z) Zπ ✓

sin2θ23 No (lepton) 2 O(Z) Z/2 ✓

sin2θ13 No (lepton) 2 O(Z) Zπ/(2b0) ✓

|Vus| Yes (M3) 2 O(Z2) Z2/Tw ✓

|Vcb| Yes (M3) 2 O(Z2) Z2 (exp) ✓

|Vub| Yes (M3) 2 O(Z2) Z2 (inh.) ✓

αs Yes (M3) 3 O(Z3) Z3/π ✓

α−1 NNLO Yes (8,15) 2 O(Z2) Z2/7200 ✓

9 The Dual Mechanism of M3(C)

Observation 9.1 (Structural classification). M3(C) produces two physically distinct
outputs from the same Casimir value Nc = 3:

Output Operation Formula Physical role

αs Mode sum: ∑ n−Nc ζ(Nc) Z Permanent cohesion
CKM Exponential: e−Nc/Tw e−C2(ad)/Tw Transition suppression

The distinction mirrors the standard separation in statistical mechanics:

• Free energy F = −T lnZ : involves ln(∑), a property of the equilibrium state. Analo-
gously, αs ∝ ζ(Nc): a sum over all modes, characterising the permanent vacuum.

• Transition rate Γ ∝ e−β∆E: an exponential, the probability of a single event. Analo-
gously, |Vij| ∝ e−C2 : the amplitude for one generation change.

Cohesion is a sum (all modes contribute). Transition is an exponential (one barrier
crossed).

Remark 9.2 (Why the same Nc produces different functions). That ζ(Nc) and e−Nc are
both functions of Nc = 3 yet give very different numerical values (1.202 versus 0.050)
reflects the operational distinction. In the sum ∑ 1/nNc , each term contributes positively;
the result exceeds unity. In the exponential e−Nc , the argument enters the exponent; the
result is exponentially suppressed. The “same” Casimir eigenvalue produces either a
gentle modulation (coupling) or a steep hierarchy (mixing), depending on the operation.
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This duality is not merely descriptive. It is structural: the Cauchy functional equation
f (x+y) = f (x) f (y) underlies both mechanisms. For the coupling, the functional equation
generates the multiplicative independence of colour channels (Cauchy III, leading to
the product ∏(1/n)1 = 1/n per channel). For the CKM, the same equation generates
the exponential e−x as the unique continuous multiplicative solution (Cauchy duality,
Paper XXXIX). The two outputs are siblings from the same functional equation.

Remark 9.3 (Complete M3 output table). The full set of M3(C) predictions, including
both mechanisms:

Observable AC formula AC value PDG σ Mechanism

αs ζ(Nc) Z 0.1180 0.1179 ± 0.0009 0.1 Sum
|Vus| e−(Nc−Z2)/Tw 0.2242 0.2243 ± 0.0005 0.2 Exponential
|Vcb| |Vus|Tw e−TwZ 0.0409 0.0408 ± 0.0014 0.1 Exponential
|Vub| |Vus| |Vcb| × 5/12 0.00382 0.00382 ± 0.0002 0.0 Exp. +

∧2

σπN/mN e−Nc 0.0498 0.0498 ± 0.0007 0.0 Exponential

All five predictions lie within 0.2σ of experiment. No free parameters.

10 Cross Identities

Four algebraic identities connect the M3 observables:

(i) CKM–nuclear bridge: |Vus|Tw = σπN/mN = e−Nc .

Proof: |Vus|Tw = [exp(−Nc/Tw)]Tw = exp(−Nc) = σπN/mN (Paper XLII). This
identity verifies Tw = 2: (Nc/Tw)× Tw = Nc.

(ii) |Vcb| factorisation: |Vcb| = |Vus|Tw × AWolf (Theorem 7.4).

(iii) Planck–KMS: Γ(Nc) = Tw = 2 (Paper XXXVIII; Corollary 4.1).

(iv) Skip–Casimir: 5 = Tw × C2(
∧2, su(4)) = 2 × 5/2 (Theorem 7.5).

Identity (i) is especially striking: squaring the Cabibbo amplitude yields the pion–
nucleon sigma term—a non-trivial bridge between flavour physics (CKM) and non-
perturbative QCD (σπN), mediated entirely by the colour Casimir Nc and the KMS
winding Tw.

Remark 10.1 (Numerical verification of cross identities). All four identities are alge-
braically exact:
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Identity LHS RHS Residual Status

|Vus|Tw = e−Nc 0.04979 0.04979 < 10−15 Exact
|Vcb| = |Vus|Tw AWolf 0.04091 0.04091 < 10−15 Exact
Γ(Nc) = Tw 2 2 0 Exact
Tw C2(

∧2) = 5 5 5 0 Exact

The first two are algebraic consequences of exp(−a)b = exp(−ab); the latter two are
direct evaluations. The identities are not approximate—they are structural tautologies
of the M3 ⊗ M4 algebra. Their value lies not in the numerics but in the physical bridges
they establish: (i) connects flavour physics to nuclear physics, (ii) decomposes the CKM
hierarchy into Cabibbo and Wolfenstein components, (iii) links Planck radiation to the
KMS observer, and (iv) identifies the skip factor with an electroweak Casimir.

Remark 10.2 (Absence of αs–CKM cross identity). One might expect a clean algebraic
relation between αs and the CKM elements, since both arise from M3. However, αs/Z =

ζ(Nc) and |Vus|Tw = e−Nc involve different functions of Nc (ζ versus exp); there is no
elementary algebraic relation between ζ(3) = 1.202 and e−3 = 0.050. This absence is
itself a result: the dual mechanism (§9) means that the coupling and the mixing are
operationally independent, even though they share the same algebraic origin.
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11 Critical Assessment

# Result Layer Note

1 ζ(Nc) flux-tube derivation A90% Thm 2.5
2 M3 diagonal dim=Nc=3 A Schur (Lem. 2.4)
3 Landauer weighting wn=1/n A Counting (Lem. 2.2)
4 Exclusion of alternatives A90% Table (Rem. 2.3)
5 GL(Nc, Z) modular volume A90% Langlands (interp.)
6 Planck integral + Bose selection A [Eii, Ejj]=0
7 Γ(Nc)=Tw → Nc=3 uniqueness A Cor. 4.1
8 β=E self-consistency A90% Cor. 3.2
9 αs=ζ(Nc)Z complete derivation A90% Thm 6.1

10 Large-Nc prediction Prediction Obs. 6.3
11 |Vus|Tw=σ/mN A Cross identity (i)
12 Dual mechanism (sum vs. exp) A90% Obs. 9.1
13 ζ(2)ζ(3) ≈ Tw (1.1%) Obs Obs. 6.4
14 NLO αs: ZNc /π A Thm 8.4
15 2.6 ppm residual B90% Open (mathematics)
16 |Vcb|=|Vus|Tw AWolf A90% Thm 7.4
17 5=Tw C2(

∧2) A Eq. (11)
18 |Vub| complete derivation A90% Thm 7.5
19 |Vus| NLO: 2.3σ → 0.2σ A90% Thm 7.1
20 NLO Dimension Rule (d≥3: order) A Prop. 8.1
20′ NLO Dimension Rule (d=3: coefficient 1/π) A Thm 8.4
21 CS–KMS self-consistency → Tw=2 forced A Thm 5.1
22 dim(ad)=Tw × (N/Nc): M3–M4 bridge A Cor. 5.2
23 Fidelity integral = CS θ-graph A Prop. 5.3

Layer distribution: A (12), A90% (9), B90% (1), Obs/Prediction (2). Total: 24.

Honest limitations.

(a) The Landauer allocation wn = 1/n is the unique weighting reproducing αs (Re-
mark 2.3), but a formal proof that the rendering engine must allocate as 1/cost
(rather than 1/cost1+ϵ) is not provided.

(b) The 2.6 ppm residual in ζ(3) ≈ C2(fund)(1−Z−Z3/3) reflects an open problem in
pure mathematics.

Falsification criteria.

(a) αs(MZ) outside 0.1180 ± 0.0020 falsifies ζ(3)Z.
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(b) |Vus| outside 0.2242 ± 0.0010 falsifies exp[−(Nc−Z2)/Tw].
(c) Lattice QCD at Nc = 4: AC predicts αs = ζ(4)Z ≈ 0.106.
(d) NLO Dimension Rule at Nc = 4: AC predicts NLO=O(Z4), not O(Z3) (Proposi-

tion 8.1).

12 Conclusion

One algebra. Two mechanisms. Zero parameters.

The colour sector M3(C) of the rendering algebra produces the strong coupling con-
stant through a mode sum—αs = ζ(Nc)Z, where ζ(3) arises from Nc = 3 independent
diagonal projectors of M3(C) acting on Landauer-weighted flux-tube modes—and the
CKM hierarchy through exponential Casimir suppression. The Planck integral identi-
fies Γ(Nc) = Tw as a fourth uniqueness condition for Nc = 3, and the Chern–Simons
2-loop colour factor provides a fifth condition ((N2

c −1)Nc/12 = Tw) that forces Tw = 2
by self-consistency. The bridge identity dim(ad) = Tw × (N/Nc) reveals that the CS–
Planck cancellation is not numerological but structural: the topological weight of colour
equals its thermodynamic weight because 8 gluons= 2 KMS cycles× 4 electroweak
components. All three CKM elements are upgraded to A90%: |Vus| from 2.3σ to 0.2σ via
scalar-perturbation NLO, |Vcb| by the double-Cabibbo factorisation, and |Vub| through the∧2 skip factor TwC2(

∧2, su(4))/N = 5/12. The NLO Dimension Rule O(Zd)—proved
for all three sectors via defect localisation, colour blocking, and the dabc channel—unifies
the Landauer corrections across all gauge sectors. The d=3 coefficient 1/π is derived
via the triple-sine identity on Z3-symmetric defect products (Theorem 8.4): the circle
integral ⟨∏Z3

|∆|⟩ = 4/π divided by N/Nc = 4 orbits yields 1/π exactly.

Relationship to previous papers. This paper upgrades several results from declaration
to derivation. Paper V declared αs = ζ(3)Z without deriving ζ(3); the present derivation
(Theorem 2.5) fills this gap. Papers XXXVII–XXXVIII presented CKM formulae at 90–
92%; all are now at A90%. Paper XXXIX observed ζ(3) ≈ (4/3)(1−Z−Z3/3) without
explanation; the flux-tube derivation provides the structural origin (the 4/3 = C2(fund)
factor reflects the fundamental Casimir). Paper XL derived f (1) = 5 from the

∧2 selection
rule; the present work identifies 5 = Tw C2(

∧2, su(4)) as a Casimir–KMS product.

Future directions. Two problems remain open. First, the lattice QCD prediction
αs(Nc=4) = ζ(4)Z ≈ 0.106 and the associated NLO=O(Z4) with coefficient 4/(3π)

(Remark 8.6) await verification. Second, the modular-volume interpretation (§3.2) sug-
gests a deeper connection to the Langlands programme through the K → R12 functor
(Paper XLV); this remains the most ambitious open problem in AC.
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Cohesion is a sum. Transition is an exponential. The same Nc = 3, two operations, the
entire M3 sector.
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