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ABSTRACT. The generic third-order recurrence of Mao—Tian for the
Maclaurin coefficients of 2 F1 (a, b; ¢; z)3 drops to order 2 at the CM point
(a,b,¢) = (1/3,1/3,1) via an explicit in-text Ore factorization (Theo-
rem A). The resulting sequence A, = 27"[2"]2F1(1/3,1/3;1; 2)* is iden-
tified, after a sign twist, with the modular form 7(7)? /n(37)® expanded
in the Hauptmodul 1(37)'2/n(7)'? of Xo(3) (Theorem C). We then re-
duce the supercongruence A(mp) = A(m) (mod p*) (p > 5, m > 1) to
a single p-adic input (Conjecture via an elementary four-step argu-
ment. The conjecture is verified computationally for all primes p < 47
with mp < 499; in this tested range the valuation v,(A(mp) — A(m))
attains 4.

1. INTRODUCTION

Let

F(z):=oF <?1), é; 1; z) , Ay = 2T [2"F(2)3.

Equivalently, 3, o An2" = F(27z)%. The sequence begins
1,9, 135, 2439, 48519, 1023759, 22478121, 507897945, .. ..

A recent theorem of Mao and Tian gives, for general parameters a, b, ¢, a
third-order linear recurrence for the Maclaurin coefficients of o F (a, b; ¢; 2)3
[5]. Our starting point is that at the CM point (a,b,c) = (%,%,1) this
generic order-3 recurrence drops to order 2 after the natural rescaling by
27™. This is the first structural input of the paper.

The second input is modular. If we set B, := (—1)"A,, then the gener-
ating series ) -, Bnt" is the eta-quotient

9 3 12
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n(37)? ()"
This identifies the associated logarithmic derivative with a weight-5 Eisen-

stein series and transfers the problem to the g-side.
We then prove that the supercongruence

A(mp) = A(m) (mod p*)  (p>5, m>1)
1
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follows from a single p-adic congruence (Conjecture4.1)) of Dwork type. This
conjecture is supported by extensive computation.
The paper is organized around three results.

Theorem A. The rescaled coefficients A,, satisfy an explicit order-2 recur-

rence. Moreover, the specialization of the generic Mao—Tian order-3 opera-

tor at (3, 3,1) factors in the Ore algebra as Lg = (S — 27) L.

Theorem C. After alternating signs, the generating series of A,, becomes
the modular form Y, <, (—1)"4, t(7)" = n(7)?/n(37)3, and the correspond-
ing differential is the Eisenstein series 3FE5 y ;-

Theorem B (conditional). Assuming Conjecture the sequence A,, sat-
isfies the supercongruence A(mp) = A(m) (mod p*) for all p > 5 and m > 1.
The reduction to Conjecture is proved unconditionally; the conjecture
itself is verified for p < 47 and mp < 499.

Section 2 proves Theorem A. Section 3 gives the modular identification
of Theorem C. Section 4 proves the reduction and states the conjecture.
Section 5 records the computational evidence, and Section 6 collects brief
remarks.

2. THEOREM A: ORDER DROP AT THE CM POINT

We work in the Ore algebra Q[n](S), Sf(n) = f(n+1), Sp(n) = p(n+1) S

for p € Q[n].
Set

R(n) := 18n* 4 108n® + 25002 + 264n + 107
and
Lo :=729(n + 1)* = 3R(n) S + (n + 2)*S% € Q[n](S).

Theorem 2.1. Let A, = 27"[z"]2F} (%,%;1;2)3. Then A, satisfies the
second-order recurrence

(1)

(n+2)* Apo—3(18n* +108n +250n% +264n+107) Apy1 +729(n+1)* 4, = 0

for all n > 0, with initial values Ag =1, A1 = 9.
Moreover, the specialization at (a,b,c) = (%, %, 1) of the rescaled Mao—
Tian order-3 operator is

) L3 = —19683(n + 1)* 4 81(27n* + 180n® 4 466n> + 552n + 251) 5
— 3(27n* + 252n® + 898n? + 1448n + 891)S? + (n + 3)*S°,

and it factors in the Ore algebra as

(3) L3 = (S — 27)Lo.

In particular, the generic order-3 recurrence drops to order 2 at this CM
point.
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Proof. Let v, := [z”]gFl(%,%;l;z)3, so that A, = 27"v,. By [0, Theo-
rem 3.1], the sequence v,, satisfies a third-order recurrence

Unt1 = Bo(n)vn + B1(n)vn-1 + f2(n)vn—2  (n=1).
Specializing the explicit coefficients of [5, Theorem 3.1] at (a,b,c) = (3, 3,1)
gives

27n* + 36n3 4+ 34n2 + 16n + 3
BO(n) = 4 5
9(n+1)

27n* — 36n3 + 34n? — 16n + 3 (n —1)*
9(n+1)* ’ (n+1)%
Substituting v,, = 277" A,,, shifting n — n + 2, and clearing denominators
yields

Bi(n) =

Ba(n) =

(n+3)*Ayy3 — 3(27n* + 2520 + 898n? + 1448n + 891) A,

+81(27n* +180n3+466n>+552n+251) A, 41 —19683(n+1)*4,, = 0,

which is exactly the recurrence L3A = 0 with L3 as in .
To factor L3, compute in the Ore algebra:

(S —27)Ly = S(729(n + 1)*) — 3S(R(n))S + S((n +2)*)S?
—27-729(n + 1)* + 81R(n)S — 27(n + 2)*52
= —19683(n + 1)* + (729(n + 2)* + 81R(n)) S
— (BR(n+1)+27(n+2)") 8%+ (n + 3)"5°
Now
729(n + 2)* + 81R(n) = 81(27n* + 180n® + 466n> + 552n + 251)
and
3R(n+1) +27(n + 2)* = 3(27n* + 252n® + 898n? + 1448n + 891),

so indeed (S — 27)Ly = L.

Now set w := Lo A. Since L3A = 0, the factorization (3)) yields (S—27)w =
0, i.e., wpt1 = 27w, for all n > 0. Therefore it is enough to check that
wo = 0. From the definition of A,, one finds A9 = 1, 41 = 9, Ay = 135.
Hence

wo = 729A0 — 3R(0)A; + 22 Ay = 729 — 2889 + 2160 = 0.
It follows that w, = 0 for all n > 0, so Ls A = 0, which is exactly . U

Remark 2.2. Once the factorization is known, the passage from order 3 to
order 2 is immediate: the residual sequence w = Lo A satisfies wy, 11 = 27wy,
and one initial check kills it.
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3. THEOREM C: MODULAR IDENTIFICATION
Let ¢ = €™ t(7) := n(37)12/n(7)'2, B, := (—1)"A,,. Then

11 3
Bpt" =oF1| =, =;1; =27t | .
Z 2 1(3 3 7)

n>0

Define C(q) := (ano But™) - (q/t) - (dt/dq).
Theorem 3.1. With the notation above,

n_ (1)’
Consequently,
(5) C(q) = 3E5 x0,x3(7),
where x3(-) = (3). If C(q) =1+ Y n>16nq"; then
(6) n =304y, (n), oy, (n) = x3(d)d".
dn
Proof. Let
a . m2+mn+n2 . 77(7_)3 c L 77(37—)3
() = m%zq M= ele) =37

The cubic theory of Borwein—Borwein—Garvan gives

0@ =@l +e(@® and  oF (; 21 CW’) — a(g)

[1, Theorem 2.3 and Corollary 2.4]. Since

c 3
—27t(7) = — bggg,

Pfaff’s transformation

oF1(a,byc;2) = (1 — 2) %1 (a, c—bc Zi)

witha =b= 3%, c=1, and z = —27t(7) yields

11 12 z
Fi(=, 25127t =(1—2)"Y3F (2,51 .
2 1<3737 ) (7—)> ( Z) 241 3737 ’Z—l

Now

and
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Therefore
11 blg) (12 ca’\ _ b n(r)?
Fi = =1-21t(r) ) = ~Lom (=, 251 = 2L (q) = .
2 1<373a ; (T)> a(q)2 1(3 3 a(q)B a(q>
Cubing gives .
For the differential statement, [6, Example 5.2] gives
n(r)’ q dt _
n(3r)3 t dg = 3E5,x0,xs(T),

which is exactly . The nonconstant Fourier coefficients of Es ,, v, are, by
the standard definition, 3, x3(d)d*; hence () follows. O

4. REDUCTION TO A DWORK-TYPE CONJECTURE

Let
G(t) =Y  Bnt™

By Theorem [3.1] and the standard Lagrange-Biirmann inversion formula,

0 B l"G(0) (t(qq)> — ™ Cla) Hig)™

where

Ola) =1+ 3ouy(ma”.  H@=s=][1-d"

n>1 t(q) n>1

Define

=

Up(q) :=log iggi)

Write t(q) = qT'(¢q) with T(q) € 1+ qZ[[q]]. Then T'(q)? = T(¢?) (mod p),
so t(q)?/t(q”) € 1 + pqZyl[q]] and therefore
(8) Up(a) € p-a- Zyyld]]-

Let Ap: Y ang™ — > anpq™ be the p-extraction operator, extended coeffi-
cientwise to Laurent series.

Conjecture 4.1. For every prime p > 5 and every integer m > 1,
C(q) > C(a) 4

9 A = mod p*).

©) p<t(q)pm t(q)™ ( )

Equivalently, A,(C(q) e ™»(@) = C(q) (mod p*).

Indeed, t(q)P™ = V(t(q)*m)e*mUP(q), where V(f)(q) :=
ing A, and the projection identity A,(V(h)-g) = h-Ay(g) in

C(Q) _ -m efmUp(q)
M (8) =ty ™ Ay Clare ),

and t(q)~™ is invertible in Z,((q))-

f(g”). Apply-
Z,((q)) gives
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Theorem 4.2. Conjecture implies A(mp) = A(m) (mod p*) for all
primes p > 5 and integers m > 1.

The proof proceeds in four elementary steps.
Step 1: decomposition. From , Bpp = [¢™P]C(q) H(q)™. Write
H(q)™ = H(qP)™-e ™9, Define the main term M,y , := [¢"P] C(q) H(¢")™
and the remainder Ry, p := Bpp — My, p. Thus
(10) Ry = [g™] Clq) H(g")™ (e —1).
It suffices to show
(11) My, p = By, (mod p*) and Ryp=0 (mod p?).

Step 2: the main term. Let V: f(q) — f(¢”) be the Verschiebung. Since
[q™P]f = [¢™]Ap(f), the projection identity A,(V'(h)-g) = h- Ap(g) gives

(12) M p = [q"] H(q)™ - Ap(C).
Lemma 4.3. For every prime p > 5, A,(C)(¢) = C(g) (mod p?).

Proof. Tt suffices to show 04, (np) = 044,(n) (mod p?) for all n > 1. Write
n = p®m with ged(m,p) = 1 and a > 0. By multiplicativity,

Taoa (1) = 010 () = Ty () (01,00 (P7) = 71,0 () ).

The Euler factor at p satisfies

a+1) a+1, 4(a+1)

Taxs(P"7) = 0axs (0%) = x3(p)* "
Since 4(a + 1) > 4, the right-hand side is divisible by p*. O

Combining and Lemmad.3| M, , = [¢"] H(q)™-C(q) = B (mod p?).

Step 3: high layers of the remainder. Expand e ™Ur—1 = Dors1 (_@T U’.
By ®), Uj € p" - q" - Zyllgl]. For 1 <r <4, vy(r!) = 0 when p > 5 (since
4! = 24 is coprime to p), so the r-th summand lies in p" - ¢" - Z)[[q]]. For
r > 5, Legendre’s formula gives v,(r!) < r/4, hence
UT’
Up <p> > —wp(r!) > 3.

r!

Therefore each layer with r > 4 lies in p*Z,)[[¢]]. Since C(q) and H(¢")™
have coefficients in Z,), these layers contribute 0 (mod p1) to Ry via (10)).

Step 4: reduction to the conjecture. It remains to show that the
combined contribution of the layers r = 1,2,3 vanishes modulo p*. All
congruences below are in Z,((¢)). Using (L0), the identity H(¢?)™ =
V(H(q)™), and the projection formula, we obtain
(13) Ry = [a"] H(@)" Ay (Ca) (e @ —1)).
If Conjecture holds, then by the equivalence above we have

A, (Ce_mUp) =C (mod pt).
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Since A,(C) = C (mod p*) by Lemma subtracting yields
AP(C’(e*mUP —1)) =0 (mod ph).

By Step 3, the sum of the layers r > 4 in this series is already 0 (mod p?),
so the combined contribution of r = 1,2,3 is also 0 (mod p*). Equation
therefore gives Ry, =0 (mod p?).

Finally, since (—1)"? = (—1)" for odd p, the congruence B, = B,
yields A(mp) = A(m) (mod p?). O

Remark 4.4 (On the conjecture). Conjecture asserts a Dwork-type con-
gruence for the t-expansion coefficients of the weight-5 Eisenstein series C(q)
on Xo(3). The standard iterative Dwork congruence (as in [2, Theorem 5.7]
or [0, Theorem 1.6]) gives A,(C/tP™) = C/t™ (mod p), which is weaker by a
factor of p®. The conjectured strengthening to p* = pF~! reflects the weight
k = 5 of the Eisenstein differential. We are not aware of a published result
that implies Conjecture [4.1] in the stated generality.

5. COMPUTATIONAL EVIDENCE

All computations use exact integer arithmetic based on the recurrence
with initial values Ag = 1, A1 = 9. An independent verification from the
defining triple convolution agrees through n = 19.

Supercongruence. We verified A(mp) = A(m) (mod p?) for all primes
5 < p <47 and all m > 1 with mp < 499. The minimum p-adic valuation
vp(A(mp) — A(m)) equals 4 in every tested case, attained at m = 1.

Conjecture We verified @D at all g-coefficients [¢"] for —m <n <10
and (p,m) € {(5,1),(5,2),(7,1),(7,2),(11,1), (11,2)}.

Diagonal valuation. For the tested primes p < 19, one observes v,(A(p?)—
A(p)) = 8. We record this as a computational observation and make no
general conjecture here.

The audit script is available as supplementary material.

6. REMARKS

(a) Two further CM points. For (a,b,c) = (1/6,1/6,1) with A = 432
and (a,b,c) = (1/6,1/3,1) with A = 108, the same specialization
procedure empirically produces order-2 recurrences, and the corre-
sponding supercongruences hold in the tested ranges. We record this
only as a computational observation.

(b) Weight and expected strength. In the present Sym?® example
the modular differential in Theorem has weight 5, which is com-
patible with the conjectured exponent p* in Remark

(c) General criterion for order drop. It would be interesting to
determine, for general parameters (a,b,c), when the generic Sym?
recurrence degenerates to order 2. In the examples treated in this
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note, including part (a), the relevant parameters are CM points of
the underlying elliptic family.

(d) Diagonal valuation. The observed v,(A(p?)—A(p)) = 8 = 2(k—1)
for p < 19 suggests a possible Dwork-type iteration phenomenon
along p-power indices. We make no conjecture here.
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