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When the elliptic integral of the third kind is expressible, as an
exceptional case, by a logarithm, or by an inverse circular function,
the integral is called a pseudo-elliptic integral ; the first investiga-
tion of pseudo-elliptic integrals is to be found in two memoirs by

Abel, " Sur l'integration de la formule I ^—^, B et p etant des fonc-

tions entieres," Crelle, t. i., 1826, (Euvres Completes, t. i., p. 164;
" Theorie des transcendantes elliptiques," (Euvres Completes, t. n.,
p. 139.

1. In his memoirs, Abel seeks the form of the elliptic integral

\^dx,

where X is a quartic function of a;, when it can be expressed in the
form

where P, Q are rational integral functions of x; and to effect this he
shows that it is requisite to expand </X in the form of a continued
fraction, having first reduced X to the form

and when this continued fraction is periodic, and — is the value of
its first period, so that ^

then k can be chosen so as to make
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or, changing the sign of x and X, when the integral is circular,

Abel shows further that we may put, without loss of generality,

Pi-QiX=l,

so that the circular integral can also be written

dx = 2 A tan"1 •% J(-X) = 2A cos*1 P
P

dx = 2 A tan %
v (•— X) P

and therefore the first logarithmic or hyperbolic integral, by the use
of the hyperbolic functions, direct and inverse, can be written, by
analogy,

[ £ ± | dx = 2 A tanh"1 -§ yx = 2A cosh"1 P = 2A sinh'» Q / X .
J s/X P

In the dynamical applications it is the circular form of the elliptic
integral of the third kind which always makes its appearance ; but,
following Abel, it is generally simpler to work with the logarithmic
or hyperbolic form, as imaginaries are thereby avoided; and we can
always change immediately from the hyperbolic to the circular form
by changing the signs of x and X.

Thus, denoting the integral by J, then, in the hyperbolic form,

and in the circular form,

The form of the quartic X, with the sign of x changed,

X = (a?—ax+6)*—px,

shows that the roots, x, of X = 0 are the squares, P, of the roots of a
nimpler quartic

T = <*-a<*— Jpt+b = 0.

1'urther, putting x = «,
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where Y = {y2 + (n—1) y+my+4nnyi

A 166s , , 4-aband m = ——, n == 1H .

The quantities employed by Abel, denoted by pm qm gmt c,,,, &c,
are now simple rational functions of m and n; and Mr. GK B.
Mathews points out that —m and — n are in fact the quantities
denoted by x and y in Halphen's Fonctions elliptiques, t. i., p. 103.

2. The degree of P and Q can be reduced to one half of that given
by Abel, when we know a factor, a:—a, of X; and then the substitution

M
x—a = —

8

reduces the elliptic integral to the form

where 8 is a cubic in 8.

We choose, as the canonical form of this elliptic integral of the
third kind, the form

where 3 = 4s (s—a;)8 + { (y +1) s—xy } *,

when the integral is hyperbolic; but, if the integral is circular, we
change.the sign of s and 8, and then put

8 = 4s

BO that the roots, s, of the cubic -8 = 0 are the squares, t*, of the
roots of the cubic

-a:y = 0.

We shall now find that our x and y are the quantities employed by
Halphen (F. E.t t. i., p. 103) ; and, introducing the Weierstrassian
notation, by putting

s—x = pn—pv,

8 = pu—pw,

in S = 4 s ( s -
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and making the coefficient of (p«)J vanish, by putting

12pv =

then pnu = # = 4s(s—aO*+{(y + l)«—ay}1,

p"« = 2 (s-aj)» + 4s (*-

and therefore p*v =x*, p"v = (y+l)«;

p* w = ay , p"w = 2a1—(y +1) ay-

Then p2u = -2pt ; +

so that w = 2v.

In the "Weierstrassian notation the integral J, distinguished as.
I(w), becomes

*J pu-pw

and Abel's conditions that this is a pseudo-elliptio integral are
equivalent to saying that to must be the aliquot part, one-/ith, of a
period of the elliptic integral

«= f —
The integral I(y) may equally well be chosen as the canonical

form, and

and J (r) has the advantage of starting at the beginning of the sei'ies
of parameters t\ 2v, 3«, ..., wv, ..., all relating to associated pseudo-
elliptic integrals, when v is an aliquot part of a period.

The determination of p is rather complicated, and is reserved for-
the present (§ 9).
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3. Writing sm—x = pmv—pv,

then sl—x = 0, 8t = x1;

or s2 = 0.

Thus, from the formulas below,

«•-* = - V, 8t = ( y - & - y s ) ' ;

- « - -
9 "

and so on; and we change the sign of s and 8 for the circular form.

By comparison with Abel's qm (CEuvres completes, t. n., p. 158),
calculated from the quartic

in which —m and —n are afterwards replaced by Halphen's z and y,
we shall find that sm—xia the same as Abel's f gm-i-

Abel's recurring equation for qm (CEtivres, t. IL, p. 157),

is thus merely equivalent to the elliptic function formula

$> (n+v) +p (u-v) = 2pv+ . p>%v . , -h P>>1; ,
(pM — p«)' pU-pV

with « = (m—1) t?,

and the continued fraction expansion employed by Abel is not
required in this method, at least not for the present.
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Knowing pt>, p'w, p"v, and p 2v in terms of x and y, as above, we
can now determine p3v,p4>v, ... pmv, by means of this formula;
while p'mv or </8m is determined by means of the formula

or p'mvp'v = {p (m—1) u—p (ra+1) u] (pmu-p«)*,

or </Sm ^/Si — (sm.i—sm+1)(sm—8iy.

4. But, introducing Halphen's function if/m (v), (F. E.t 1.1., p. 96),
defined by the relation

. / N cr

or pmv-pv = - *»-'

or, more generally, pmu—pnv = — ^"'-" ^»»>>t.
\b* iff*

then p'mv p'v = - ^

or, with p'« = — \

Again, Halphen's function ym is defined by the relation (F, E., t.
p l 0 2 ) v . = ^ ^ " - - ' i

BO that, with \fft = — p'i> = a;,

nr « —« — —

or 8,>-si = -

and, generally, s«—sn = — a;1 y m ~ a ^
' m » n

while
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According to Halphen (F. E.t 1.1., p. 103),

y l = l , ys = l, y5 = a3*, y4 = y, y8 = y - * ,

7t = ^ (y—x—y1),

y* = (y—»)«-»".

Ys = y {«(y-aj-y1) - (y-a;)1},

y8 =a;»{^(y-aj-y8)--(y--»)8},

Yio = (y-«) {y1 (xy-a?-y')—x (y-aj-y8)1},

&c.

Since pmv—pnv=(g>mv—-pv)--(pnv-Tpv),

tneretore -1—.„ '.„ -1—-i —..: ,

or y 2 y a

or ym_« y,)Mn = y«,. iym+iy» — y«.iy,,+iyro >

and therefore also

yJB = yn (y»+2 y»-i-y»-2yn+i) ,

recurring formulas by means of which Halphen calculated yn ; and
from which we deduce the values of «„, and </Sm •

5. The elliptic integral of the third kind is pseudo-elliptic, that is,
it can be expressed by a logarithm or an inverse circular or hyperbolic
function, when the parameter v is an aliquot part, one-/itb suppose,
of a period; and then

p (ft—m) v = pmv;

•expressed in the preceding notation by

^-i+a5 = 0, y,. = 0, or 2,-8 = 0 (Abel);

or, more generally, by

V»» = «mi &-m-i = <?»-i (Abel).
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This condition, expressed by Halphen's y function, is

y3 "" y3 '

or y»-m—i yM-m»i __ i y^-m \
ym+i y m - i V y m I'

so that we may put
yj-m_=X»-2mj o r Xm.
y™

6. Treating a; and y as the coordinates of a point on the curve

our first object is to determine x and y in terms of & parameter z, or
jp, or c; and this is easily effected for certain simple values of /*.

Thus, for instance,

= 4, y = 0;

= 5, y—x = 0, y — x\

= 6, y-x-y* = 0,

= 7, (y-a;) x-y* = 0,

— z~
1 Z

= 9, tf(y-*-i?)-(y-*)' = 0,

= 10, y' (xy-xs-ys)-a; (y-x-y*)1 = 0,

-c(l-f-c) - c ( l+c )
y ~ ( 2 + c ) ( l - c - c J ) '
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H = 11, (ay-rf-VXy-aV-asy (y-x-y*)*,

so that, if a; = y(l—z), y = s(l——J,

then 2z = 1 + -/P,

where P = l -

= - c

or

7. Putting s = p«—pu,

we notice that a = j»2v—pv,

y = |?3u-pu,

— = phv—pv,
P

p5v—pv pSv—p2v
p3v—pv p2v—p5v

Alao

In this method, originated by Abel, we determine the values of the
series of functions of v, 2v, 3v, 4t>, ..., aliquot parts of a period, in
terms of a single parameter, z, jp, t, or c; and thence the value of the
modulus can be inferred; this is a reversal of the ordinary procedure,
in which the modulus is supposed given ; and the degree of the equa-
tions requiring solution, of the nature of those given by Halphen
(F. E., t. m., Chaps. I. and II.), is thereby considerably reduced.



204 Mr. A. G. Greenhill on Pseudo-Elliptic Integrals [June 8,

8. By means of various transformations of the curve yM = 0, it is
possible to reduce the degree of the curve to a considerable extent;
and when the curve y,, = 0 is unicursal, it is possible to reduce the
degree in one of the coordinates to unity; and to degree two, when
the curve y,, = 0 has a deficiency {genre, Gesclilecht) of unity.

The transformations employed in the preceding cases were

y-x = yzt or x-=y(\-z).

—* = £, or y = *(l-iL

( ? ) , * | f , &c.

With these transformations, we find

y« —y,

78 - cp

_ ( p - l
y J 0 - - !f«

/
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9. Having determined x and y, and thence pv, p2v, ... as functions
of a single pai'ameter, c, suppose, where x and y are the coordinates of
a point on Halphen's curve

so that v is a /z01 aliquot part of a period, say

2rotl

_

we must now proceed to the determination of p in the elliptic integral

or, in the Weierstrassian form,

I(v) = | fPft"'-*"
J pu- pv

or I(v) = | f P (pu-pv)-ixp'u +fi (pu-p'v)I(v) = | f PJ pu—pv

^ ^
av ou

Then, adding /u—1 of these integrals to I(l—fi)vt which is the
same as I (u), we find

1*1 (v) —nu {{p— {n —I) Zv-Z(I-fi) v] — /ilog (pti—pv)^

} <r(v + uy-l<r(v-
* S (<rvY (au)

and <r(v+uy-l9(v

a rational integral function of pu and p'u, and therefore of the form

Sl^A + Bp'u,

where A and B are rational integral functions of pu.
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Thus !(») = {fr-fr-lXWfl-rt*
-and for this to be pseudo-elliptic, so that

we must have

1 (2 i r / \ 1 J/' i

Now, since

therefore, differentiating logarithmically,

"8

a (/*""!)pp'v— 2 (ix—r—l)r(prt;—

—pv) {p(r+l)v+p(r—l)v-

by means of the formulas of § 3.
Making use of Abel's notation of

^g,,,.! for sm-x or pmv-$>v,
then i( / i- l)pp'w= i2(M-r- l ) r5 r , i (g r

+ iS(M-r - l )g r . 1 ( 3 r

- i 0.-1)0—2)p"«

= £8 0*-*—l)

- i 0.-1)0.-2) p"«,

in which gM_2 = 2 [p (/*—!) v—pu] = 0.
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If we compare this expression for p with that given by Abel for the
corresponding quantity k in his treatment, we shall find that we
must put

and then

Since

p'v = \p, p"v

p =z fi (2k—a).

ifr-iffr = 2 (sr—x)(s,+x-x),

and ppv =

•or

r-a Sr — X

J
- y - 1 .

Sr—X

With the circular form of the integral,

sr+x

This expression for p is more convenient for purposes of calcula-
tion than the one derived by logarithmic differentiation from the
determinant form of yf/^ (u), namely,

fp v, p v,

(Schwarz, Formeln und Lehrsdtze, § 15; Halphen, Fonctions elliptiques,
t. f., p. 223).

10. Returning to the pseudo-elliptic integral

2 I
J pu~t

du
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we notice that a change of sign of u changes the sign of the integral,.
so that AT*, A •« /

A-Bp'u r ? _ 1 A+Bp'u
)* ^(pu)*

or A*—B%pf%u= (pu-pv)";

so that we may write

—-^-—• = sinh , ,. ,
(pu-pv)*" (pu-pv)*

or I(t;)=cosh-1 -A—

which may also be expressed as

11. Knowing the factors of /S, say

8 = 4 (A—eJCf-OC'-Oi

a change in the parameter v from the form — Ĵ to «,+ —^ is made
by putting ** ^

fi_e - ( e i - e 8 ) ( )

8 —e.

—e —

In this way we find that the result is given by

I w,+ * I = cosh ' v v° ^

in which the accents may afterwards be omitted; and, similarly, we
can put

=cosh- y<#Tj>=sinh->
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12. To obtain the pseado-elliptic integrals of the circular form,,
corresponding to the parameters

2rw, . 2r<i>. . 2ru>.
v = ? , o r w,H •*, o r w,H *,

/* /* h

change the signs of s and &, so that

8 = 4s (s+x)3-{(y+l)

and now, putting s+x = pu—pvy

, 2rw.
where u = 9,

~" 2 (*+*)" 2(«+«)l">

or 2 (s+x)** e"(tl) = A +iBi/S;

and the results corresponding to the parameters

are obtained by linear substitutions of the preceding form.

Now A*+B*S = 4 (s+*)",

so that, if ft is odd, A is of degree £ (/i—1), and JB is of degree
£ (/*—3) in s, $ being of the third degree.

A verification by differentiation shows that the coefficient P of the
leading term in A is p, and of the leading term in B is 1; so that

A-

and, P = p being determined, the remaining coefficients Q, R, ..., (?,...
are readily determined by a verification; and now

2

If /i is even, then A is of degree | / i , and 2? of degree {n—2; and
therefore ^

VOL. xxv.—NO. 488.



210 Mr. A. Gr. Greenhill on Pseudo-Elliptic Integrals [June 8,

13. We proceed now to illustrate the preceding theory by the re-
sults for the simplest numerical values of p; it will be notieed that,
when fi is even, the results include those for the case of |/u, and in
addition that the resolution of the cubic 8 is also effected; for

so that s—Sfr is a factor of S; and the other factors of S are inferred
by the solution of a quadratic. This resolution of the cubic 8
appears essential in the dynamical applications.

Passing over the cases of n = 1 and fi = 2, which have no signifi-
cation in the theory, we begin with

Here x = 0, and the integral /, as written above in § 2, assumes
an illusory form ; but, writing it

where

then

<j _

1 =

_

4s8 +

log^'8-s+x

— sinh '

or 2si e~' = </S+s—x,

In the circular form, corresponding to parameter v =

where 8 = 4s8— (s+*)*,

and I = cos ' - „- - = sin '

or

The integrals considered in Chap. xxvi. of Legendre's Fonctions
elliptiques, t. I., are pseudo-elliptic integrals of this clans p = 3.
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Putting
then
provided that

and then

S = pil—pV,

8 •=• p"*u = 4piu—gtpu—gt,

12pv - - 1,

1 2 ^ = 1 + 24.r,,

Thus the relation between this x and Klein's parameter r, employed
in his " Modular Equation of the Third Order" (Proc. Lond. Math.
8oc, ix., p. 123),

J: J-l : 1 = ( r - l ) ( 9 r - l ) s : (27r?-18r- l) 5 : -64r ,

is expressed by r = —7yT~~ > r — 1 = —- .

14. Here y = 0, and, working with the integral in the circular form,
we find

where

and I = cos

or 2 (s-

Now, putting s + x = pu—prt

and i

then

This rr is connected with Klein's parameter r, employed in his
u Modular Equation of the Fourth Order" (Math. Ann., .\iv., p. 143),

J: J-l : l = (rl + 14r + l ) s : ( r
a - :«r J -33r + l ) 8 : 1 0 8 r ( l - r ) \

by the relation r = 1 —16.r.
p 2
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In Gierster's "Modular Equation of the Fourth Order:" (Math.
Ann., xiv., p. 541),

J: J-\ : 1 = (4r»-8r + l ) s : ( r - l ) 8 ( 8 r ' - 1 6 r - l ) J : 27r(r-2),

me com

If we

and

then

so that,

lecwng re

put

dropping

lauon is

X-

168 =

=

the accents,

r :

a:

= — i (c+c')»
r-c-c')'-*'*

s'-(l+c)s.s'-c».s'

8\
we

suppose;

may write

= sin'1 — ^ ~ >- = cos

and 8 = (s—s.)(s~~ sn)(s~~ *»)•

where, arranged in descending order if c is positive,

The six roots of Gierater's " Modular Equation of the Fourth Order"
thus form the group

2c+2c4' 2c + 2cJ ' ± 8 ( H - c ) y ( l + 2c)' db8ii

The value 6- = c + e? is intermediate to sm and ̂ , and the parameter
coiresponding to /mus t be taken as Wj + fws, the value &•= —c—c?
cotresponding to the parameter \tat j and we find

Ttx..,\- i f ( l + 2c)(c4-C'+J,)-2(l-f2C)(f l-fc8)^,

- n i n - ' y { ( f ) } ~co3
— s i n •—, — • • • — c o s

and thus

(c

The signs are chosen so as to be suitable for the dynamical appli-
cations, in which « lies between 80 and «T, or between <? and 0.
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The factors of 8 being known, the preceding results can be readily
translated into the notation employed by Jacobi; thus

«c =
_ sm—s$ _ l + 2c

, „ , . _ -c-c9—9. __ -c-c2-( l+c)a _ l+2c
f̂t. i j — ^ • — ;en ^

* C •"• C

15. The relation to be satisfied is

y8 = 0,

or y = a:;

so that, working with the circular form of the integral,

8 = 4s (s+x)2- {(l + x) s+x2} ;

and the values s = — a and 0

may be taken to correspond to the parameters

%w3 and £w8.

To calculate p for the parameter

» = Tw».

we have p p'u = \5, g,—3 p"v,

where fp'v = — x, g, = g2 = 2* ;

so that p = a;-f3;

and thus

and the condition

^ives, by equating coefficients,
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If wo put s + z = t,

where T = 4 («-») *2- {(1+x) <-»

= 4*0-*) ' -{(1-*)*-*

and then fa w,- g±«> ' -
2

or 2ti eil = (3 + x) *»- (1 + 2a:)

Corresponding to the parameter £w,, we have

s = 0 or t-x = 0;

and the corresponding pseudo-elliptic integral is

— dt

_

This last integral can be deduced from the first integral with
respect to s, by putting

t
x*

and by writing — l/x in place of x.

16. Calculating the invariants of T in the usual manner, we find

or, as they may be written,

= (I +*)(Jr-!§ +74+18.+V).

A _ 1 „
— r = 11—.T.
X* X
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Comparing these results with Klein's " Modular Equation of the
Fifth Order " (Proc. Land. Math. 8oc, ix., p. 126; Math. Ann., xiv.,
p. 143),

J : J - l : 1 = (12ft)8: (216ft)1: 1728A

- (r«-10r + 5)8 : (r»-22r + 125)(r1-4r-l)1 : -1728r,

+ l l +we find r — + l l + x = r .
x x°

Also t = x*
is a root of Halphen's equation (9), p. 5, Fonctions elliptiques, t. HI.,

5*°-12& «8+10A*» + A» = 0,

Or < — 1 is a root of this equation, if ft and A are replaced by

ML and £ ,

and then a root of Halphen's equation (4), p. 3, is

6 \ x

Also 12p|a»8 = - — - 6 - x ,
x

Mr. W. Burnside points out that, if one root T of the equation

-1728r

. . . 125is given by 7-^= ,

where . r0 =
x

then the remaining five roots are given by

x

r = 0, 1, 2, 3, 4 ; e = e«ff<;

so that x* is the ikosahedron irrationality (Klein, Math. Ann.,
p. 156; and Lectures on the Ikosahedron).
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17. The relation

or

gives

and

or

7o=O,
y—x—y* = 0,

* = y—y* >

8»+x = y,

*8 — y i

and this value of #s is a root of 8 = 0, where

Calculating the invariants of 8, we find that y is connected with
r in the " Modular Equation of the Sixth Order " (Gierster, Math.
Ann., XIV., p. 541; Klein and Fricke, Modulfnnctionen, n., p. 61),

J : J-l : 1 = 4 (r + 3)8 (r»+9rJ + 21r + 3)8

: (r* + 6r+6)8 (2r4 + 24r8 + 96r» + 126r - 9)1

i n

by the relation r = o * .

According to Gierster, this r is connected with the r for ft z= 3,
distinguished as r,, by the relation

. . . 1 r+4
so that x =»^ 27(r8-l) 4(r+3)8 (l-3y)8*

This is easily inferred by a rearrangement of terms in 8, when

and putting s = —- ;

then m'5 = 4s"8— {(l-3y)W—i»V(1-y)} ' = fif', suppose,

and S' = 4sI-(»'+*,)«.

This is the same form as in the case of f* = 3, if we take



1893.] and their Dynamical Applications. 217

18. Taking out the linear factor «—y* of S, the discriminant of
the remaining quadratic factor is

and the roots of the quadratic are rational functions of c, if we put

and then

and
27 (c-c ' ) f

r - ! _ (
8 "27 (c-cs)« '

The three roots of S are now

(c-<?y()
(2-5C+2C1)" (2-5C+2C1)*' (2-5c+2cs)«'

—

We may drop the denominator (2—5c-f 2c8)8, and write the corre-
sponding pseudo-elliptic integral

where S = s—(1—cV.s—c'.s-Cc—c8)8,

so that, arranged in descending order, if c < | ,

* .= (l-<08, «, = c8, *Y=(c-c8)8 ,

also 8 = «»- {(1-c+c8) s-Cc-c8)8}8.

As 2c(l—c)1 now lies between s, and %, the corresponding
parameter

V =
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19. Taking the integral I(fw8) as derived from ft s= 3, and making
the requisite substitutions,

= eos-
fit

By the substitution

sy

afterwards replacing t by s, we deduce

= c o s - . (s

Again, by the subsl itution

„ o g« 8»'8m 8y
« * • — T »

where £ is afterwards replaced by s, we obtain

(3) !(»,+!*,) = | ] (2)^sW8 L

and finally, in a similar manner,

{2c(l-c)f-s}»

~ C ° a {2c(l-c)f-s}t
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so that we infer in the original integral

P = (2-c)(l-2c), Q = -3c ( l - c ) 1 (2 - c ) ( l - 2c ) .

These four integrals can be expressed concisely as follows

(1) s»e"<>"> = ( l - c + c») • - ( c - c ^ + t

(2) (s + 2c

(3) (2rs-2c8-

(4) {2c(l-c) l

20. With » = pM—p2v,

where 3p2r = — (1 —c + c1)1,

the preceding values show that

== - (l-c+c»)*~6c+6c*,

3p K + W = - ( l -

Then P^«j4-pfw8+pw, = - 1,

In the Jacobian notation

. _ 2c»-c« „ _ l~2c
- ( l - o ) » ( l + c ) ' ( l-c)«(l +

and then en (|K', K) = c, an (fK', K) = 1—c,

so that sn $K'+cn f K' = 1,

a well known relation.
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21. To find the values of « corresponding to the argument fw,,
we start with the equation

pu

and put p2u = pu;

then 3pu U
\pu

or, expressed in terms of s,

+ 4(l-c+c»)s {(l-c

or 3s8-4 ( l -c+c2)V + 12 ( l - c + ^ C c - ^ ) 1 * - ^ (c-c*)* = 0.

This equation may be written as the difference of two cubes

s -3 (c -c 1 ) '} ' -* (l + c)s (l-2c)J (2-c)*«8 = 0,

so that 3 ( c ~ c ' ) >
= l - c + c 2 - i y 2 ( l + c)l(l

s
giving the value of $ corresponding to f w,; the values of s in which
£t/2 is replaced by fo»y2 or £w*y2, where © denotes an imaginary
cube root of unity, correspond to the arguments

Mr. W. Burnside points out that these results are in agreement
with those given in the Math. Ann., xiv., p. 156, and in Klein and
Fricke's Modulfunctionen, i., p. 630, if the tetrahedral forms £, and $t

are given by
£, = - 2 3 , = 1-c+c1,

22. With given r8 in § 18, the three values of r8 form the group

(2-c)» ( l -2c) '
' 1-c ' c - ? '
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But, with given J, the four roots of the tetrahedral equation or
" Modular Equation of the Third Order " can be written (Math. Ann.,
xiv., p. 155)

and thence the remaining nine roots of the Grierster's "Modular
Equation of the Sixth Order " can be determined.

In the notation of the Modulfunctionen, i., pp. 684, 686,

(
c

= ( 2 - c ) ( l - 2 c )

The relation connecting r, with r —ra is (Gierster, Math. Ann.,.

xiv., P . 540) _ r ( r +4 )»
T%~ - 4 ( 2 r + 9 ) '

and (Math. Ann., xiv., p. 154)

1
.4K8 '

for a given J; we thus obtain another grouping of the twelve loots
of the " Modular Equation of the Sixth Order."

23. If we had worked with Abel's form of the integral

x + k

then Abel's condition gt = 0,

is equivalent to (e + 2a&) (e+4a6) = 868

(CEuvres completes, i., p. 143) ; or, putting

1668 , , 4a6
— j - = m, 1 + = n,

this becomes m = n (»+1) ;
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and then, if n = — p2,

- V (1-*>')* {*J-

where Xt = a 8 -

We now find by Abel's method that

so that, finally,

CGx-l-B?^

= 2cosh-

And, on comparing this with the former use of c in § 20, we find

l+p

24. The relation y7 = 0,

or (y—») ^~y8 = 0,

on putting y—a; = 2/2,

is satisfied by y = z(l— a), a; = «(l—z)s;

so that, taking the circular form of the integrals,

8=4« {*+« (i-2) i}»

Now, with the notation

where 12 pv = — 4aj—

then ^ = — as = — a (1—^)2,
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which we may sappose to correspond to the parameters

and thus 12pf«8 = - l-6z+ 9z%- 2z*—z\

-152* + 10s8 -a4,

$ - 3a1- 2z8-24;

so that 0, = pf

This expression is a root x of Halphen's equation (15), F. E.t
m.f p. 51,

^ - 2 1 ^ - 2 . 3 " . 708z8. . .- ^ y j = 0,

while y = -4x=-4Gl = - IB]

is a root of equation (10), p. 398, Modulfunctionen, n.

Also, in Halphen's notation, p. 52,

t = -(s,-s8)(«8-s,)(s,—s,) = a* (1-z)4,

and this is a root of his equation (59), p. 75,

7J8- 2«. 3»0,*7-2.5.7. A ^ - 3 2 . 7. A V - 2 . 7. A V - A4 = 0.

Calculating the invariants of the cubic 8, we shall find

12ft = ( l - a + z » ) ( l - l l s + 3 0 s 2 - l5z*-10z*+5z*+z<),

^ = l - 1 8 a + . . . ...+6«"+a»

A = z7 (1-z)7 ( l -

25. The parameter r employed in Klein's " Modular Equation of
the Seventh Order " (Proc. Lond. Math. Soc.t ix., p. 125 ; Math. Ann.,
xiy., p. 143),

J: J - l : 1

= (rs + 13r + 49)(ra + 5r + l ) 8
: (r

4+14r8 + 63r3 + 70r-7)J : 1728r,

is now readily seen to be connected with z by the relation

and then r*+13r + 49 =
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This relation is unaltered if z is replaced by -—, or by ^— , thus
1— z z

constituting a group for this cubic equation in z, corresponding to
the parameters f o>8, $wv f ws.

Referring to Klein's article in the Math. Ann., xiv., p. 425, " Ueber
Transformation siebenter Ordnung," and to the Modulfunctionen, t. r.,
Abschnitt III., Chaps, vi. and vn., we find that we can put

v = z4 =

thus satisfying the

or

Also

relation

XV+AV+v8X = 0,

= z\(z-l)\

so that, as a verification,

Now, if for given / , one root of the " Modular Equation of the
Seventh Order " is given by

49z(z-l)

49

l—
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the seven remaining roots are expressed by

1—z z

r = 0, 1, 2, 3, 4, 5, 6; e = e H

Thus the irrationality z' (z— 1)*

plays the same part here as the icosahedron irrationality a:* in § 16
above.

We can put z = — x ,
r x

and then r :

26. Taking the integral

and calculating p = P by the formula of § 9,

where 53, = iy4 = a; = z (1 — z)*,

then

and

or 2(s+x)i eilw = P^8 + Qs*+Rs + T+i (a* + Os

Knowing p or P, we can find Q> Ĵ i 21, (7, D, by comparing co-
efficients in the relation

- B i n . i
8 m

VOL. XXV.—NO. 4 8 9 .
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and also in the verification by differentiation; and thence

C = -3+4z-4zi+2z>,

D = (l-z)t(l-2z+zi-z3),

Q = 5 -

A similar procedme will serve for the pseudo-elliptic integrals,

and I(3

By putting s + x = £,

v) = i fJ

where T = 4/ ( < + z
s - ^ ) « - { ( l ~ 2 + s») t-z ( I -2 ) 1 } 1 ;

and patting

where V= 4c (v+ ?-?)<- {(1-32+2*) v-z3 (l-z)}9.

M = 8.

27. The relation y8 = 0,

or x (y-x-i/) — (y—xy = 0,

is found, on putting x = y (1—s),

z—2z%

to be Hatinfied by y = , x =. z-2z%.
x ~~ Z

XT . x(y — x) j
Now s.-t-x=z—u——'- = s—«,

2/

HO tli a t s4 = z2,

is a root of S = 4* («+*)9- {(y + 1) ^ + a;y}2 = 0;



1893.] and their Dynamical Applications.. 227

Calculating the invariants of this cubic S,

A (1-s)12 = z* (l-zy (l-2z)* ( l -8z+8z2) .

Gierster's " Modular Equation of the Eighth Order" is (Math.
Ann., xiv., p. 541)

J : J - l : 1 = 4 ( r 4 -

: (ra-4r-h2)a(2r4-16r8 + 4 0 r ! - 3 2 r - l ) s : 27r (r-4)(7--2) s ;

so that this r, distinguished as r8, is connected with our z by

8

This r8 is connected with r4, employed in Gierstei's " Modular
Equation of the Fourth Order," by the relation

so that the corresponding z, distinguished as .r4, is given by

8r4 4r8(r8-4)

28. Starting with the integral

and calculating p = P, then, with ^ = 8,

-pa: = i (g6g4+5«2»+

and 25 = 5 l = 2 (», + J

Q 2
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so that —px = 2i93 + 2a23—6p"v

= 4>xy + 4a: 2 6x
y

= 4 ( l * ) + 2 = i i £ ! = 2 i b ^ .
1—2 1—2

Replacing s by — , the pseudo-elliptic integral can be wi'itten

where

29. Denoting the roots of this equation 7 '=0, in descending
order, by

^ l l

Now we find that the integral

t + C

2{t+z(l-zy(l-2z)}
r
I = cos

— sin '—-—i — — A/H—22(1—2)

2{/ + ( l ) ^ ( l 2 ) } J l ^ J

where, as detennined by an algebraical verification,
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This integral I being I (u), where we may suppose v — |ws, then
I (2v) is of the form

but, as

it falls under the case of fx = 4, and the expression can be corre-
spondingly simplified, at the same time affording interesting com-
parisons and verifications.

Since I (3t>) = I (w8—|ws),

it can be derived from I (v) by the substitution

t'-k
24ri— zY

»nd we thus find, dropping the accent of £,

ra , _ , f (1-4*) {*-^a-»)(l-g«)}-

30. The roots of T = 0 can be expressed rationally in terms of a
parameter c, by putting

2 3

and then 1 -82+8s» =
(1—2c1)*

_1(l-2c)'(l-2c-
* * (l-2cs)4

_c*(l-c)' (1-20 + 2^)'
'" (l-2c1)*

.
(1-20*)*

and <->^,

. , , 1-4C + 2C1 2 ( l - c ) » - l . ...
provided —-——•-— = -A_—J—— JS positive.

1 —2cs 1—2c.
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To ensure that v = £(•>,, we must have

and z* (l-z)(l-2z)-z* (1-z)* = - z>(l-z),

both negative, and therefore

2 (1 — z) or c (1 - c) (1 — 2c) must be positive ;

otherwise we should have

and I(y) would be suitable for the construction of an algebraical
herpolhode.

According to Gierster (Math. Ann., xiv., p. 540) the parameter rt is
connected with T8 = T by the relation

4T, = - T ( T - 4 ) ( T - 2 ) 8 ;

so that, expressed in terms of c,

A _ ( 1 - 2 C 8 ) 3 ( 1 - 4 C + 2 C
8 ) 8 ( 1 - 2 C + 2 C 8 ) 8

1 16e 4 ( l -c) 4 ( l -2c) 4

and this T, is therefore given by

4K 8 '
since, expressed in terms of c,

, _ 4 c 4 ( l - c ) 4 .„ _ ( 1 - 2 O 8 ) ( 1 - 4 C + 2 C 8 ) ( 1 - 2 C + 2 C 8 ) 8

( I -2c) 4 ' ~~ ( l -2c) 4

31. It is convenient to drop the denominator (1 - 2c1)*, by putting

. s

and now

. f -4cd-cVa-2c)a -2c + 2c^fl-2cf)
ds

= sin-1

2{s+c(l-c)1(l-2c)(l-2c+2c1)}8

s_, (l~2c>)(3~4c+2c8)g~(l--c)>(l-2c+2c8)>

2
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4c + 6c1){s-c8(l-c)(l-2c)1(l-2c + 2c')}
-4c»(l-c)(l-2c)8 (1-2^+2^(1-2^

., s-c2(l-2c)s(l-4c8 + 4c«) ,t .
— sin > '-± - '- — </($—sa.$—Sg)

{i C1)}1{s-ci(l-c)(l-2cy (1-

{*_c
2(l-c)(l-2c)l(l-2c+2c2)}2

32. Working with Abel's form, involving the quartic X, we shall
find that, with p = 8, we can split up the quartic X into two quad-
ratics X, and Xj, of the form

X = { ^ - ( l - 2 c 1 ) x - c ( l - c ) ' ( l

X,,X8 = ^-( l-2cs) x+c (l-c)3±2 ( 1 -

and then 8k = - 1 - 4c+8cl,

and 1= fa.- l-4p+M( f a

J /

= f a . - l
J

is a pseudo-elliptic integral, and the result is

I = cosh"1 A (x8-Pas+ Qx-E)-/X,

where ^l3 = 4c8 (1-c)7 (l-2c)8 J{c-#),

= 2(3-2c~3c»),

Q+C = 2 (3-6c+2c8-2c8+4c4),

Q - 0 = 2 (1-c)(2-c-2c8)-/(c-

i2-D= 2 (l-c)'(l-c+cs--2cl)y(c-ct),

and the irrationality y(c—cJ) can be removed by putting

c - (l~«)g ! c -
2 + 2 J >
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33. The relation to be satisfied is

or

Put

then 'y"(«—y)-«* =

Again, put z—y z= —,
P

then z=p— p%
y

Forming the invariants of the cubic

8 -4s («+»)'- {(y+1) s+xy}\

then with s = pu—pv, 12pv = — (y-1-1)*—4a:,

216.9, = 86Vv-2160lpi;-216p'8«

and with the above values of x and y, we find

Quoting the " Modular Equation of the Ninth Order," given by
Gierster {Math. Ann., xiv., p. 541),

J: / - I : 1 = (r-l)8(9r»-27r»+27r-l)8

: (27r8-16.2r8+405T*^504rs+297rt-54r-l)'

: - 6 4 T (r«-3r+3),
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or by Kiepert (Math. Ann., XXXIL, p. 66),

J: J - l : 1 = (£+3)8 (£s+9f + 27£+3)8

: 1728f(?+9£+27);

and similar equations given by Joubert (Sur les Equations dans la
theorie de la transformation des fonctions elliptiques, Paris, 1876), we find
that the quantities p, r, and £ are connected by the relation

so that 9 (r«-3r + 3) = ?+9£+27 = (\
P

We can write £ = 4 —p ;
p 1-2)

and the substitutions of = and —2. for p leave £ unchanged;
1-p ?

and thus we have the group of substitutions for this cubic in p,
which may be taken to correspond to the parameters

If we put p = — or

- 3 ( T s - l )

34. We may suppose v = $(•>„

and then 12pt> = — (y + 1)*—4a

= _ 1+0+6p'-14ps+15p4-6p5-/,
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12p4v = - (y+l)8-4a;+12p (l-p)(l-.P+2>1)
= - 1 + 12p-30ps+3 4p8-21p4+&>»-/,

120, = 12 (pt;+p2v+f>3t;

In the pseudo-elliptic integral

so that

y y

P = 3«+3+4— -
y y

35. The result which is given in the Proc. Lond. Math. 8oc, xxiv.t
p. 10, is obtained by putting

p = | , and s + » = (l—c)*«;

/ (v) = jand now

where

and the result of the integration may be written

2(l-c) '«*ei J =
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where P = 7 - 18c+15c1 -5c8,

Q - - 14+53c-76c'+61c'-25c4+5c6,

B = (l-c+cJ)(7-33c+38c2-23c8+6c4-c5),

8 = - (1-c+c2)' (l-9c+6cJ-2c«),

F = - c ( l - c + c2)8,

C = -3(2-2c+c2) ,

J5 = - ( 1 - c + c 8 ) 2 ;

the work has been verified by Mr. T. I. Dewar.

These results were obtained originally by putting

3s = 94

in Abel's formulas (CEuvres completes, n., p. 162); and then it was
found that we could write

Z = {tc2—(1—n)

and n = — p* +p8, m = — p% (1— p) (1 —p +p%),

when X has the factor

also 9ft = - 2 - 3 p a + V »

and then the substitution

will lead to the preceding results.

/i = 10.

36. The relation y10 = 0,

or y2 {xy—x2—y8) —x (y—x-y1)* = 0,

becomes, on putting x = y (1—z),

_2

and this again, on putting z—y — —,
V

becomes (p—z)(l— p) — z (l—z) = 0 ;
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so that, putting z— (l + a)(l—p),

p

1—a—a8 1—a—a

y -7T-.

Then
inen

2

so that s6 = — —— — ,
(l-a)*(l—a—a)

and s—s* is a factor of

Put

C(l-a)(l-a-a8) (l-o)*(l-a-as)8) *

and (1 -a)0 (1 - a-a 1 ) 8 8 = T

We can also write

so that, on comparison with the case of ft — 5, the x there, distin-
guished as x6, is given in terms of a by

a8 (1—a)

Then r6 = - — +ll+a-8

a 8 ( l - a 8 )
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37. Forming the invariants of T, and comparing the values with
Gierster's "Modular Equation of the Tenth Order" {Math. Ann.,.
xiv., p. 542),

/ : J - l : (4r«-40r5 + 160r*-320r8+320r8-130r + 5)8

:27r(r-2)B(2r-5)1 ,
c j l+4a—a8

we find r10 = r = —

so that r_2=-^-\

(1+a3)8

4as

- o , i l
4a2

, a , K 1—6a+8aJ+6a8+a*r - b r + 5 = ^ ,

and T ( 2 T - 5 ) »ana r8 _ — - —

a8(l-a8)
as before.

It is convenient to put a = :
1—c
(1—c*)

and then y = V y ,
0(1 + 40—0*)

- - ( 1 + cXl -c ) '
c(l+4c~c8)8 '

Then, denoting the roots of T = 0 by <„ ^, *T, and putting-

i l = (l-a*)(l

'•"I 4 } - 4
 ( i_c) . '
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38. It is convenient to suppose tp the middle root of T = 0, so that
we may put

and therefore we must suppose

- 4a 4 - (1 +a)» ( l - a ) ( l + a+3a*-a 8 ) a2+as

= - 4 a 9 ( - + l - a )

to be negative; that is,

j I ±c g»
hi—a = —-, ;— must be positive,

a 1 — <r
which is the case if 0< c< 1; but as C must be positive, if

Putting t =
o

(1 -c ) 8 '

and denoting by «„ sit st, st the values of &• coi-responding to v,
3u, 4t>, then

6 1 = ( l - c ) 8 > 1 = ( l - c ) 8 ( l - - a ) s ( l - a - a 9 ) s . 9 1

and s, must be positive, and therefore c > l if positive, if s, is to lie
between s. and s0, in which case we can take

Similarly &, = 0,

so that, to ensure making &-8 positive and >>i negative, we had better
suppose c positive and > 1 .
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39. We now investigate the pseudo-elliptic integrals

(v) = ' ffi

8

WithWith

1(4*,) = [ P ( ^ O 2 0

where S = s—s,. s—Sp-s—

and s.

Then(59) a . ) o

4

but the denominator (c—I)8 of P, must be omitted when employed
in the last preceding form of the integral.

The values of P, and P4 can be inferred from the integrals dis-
cussed under (i = 5; thus

iP, = c(c+1)8 (1-3*) = c » _
)J (3+3)=3c8+7c2+c+l.
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The determination of P,, P,, ... may be simplified by noticing that
if the sum of two parameters is equal to a half-period, say

then, in the general case,

P+P -M^E5_£^E5.

this follows because the pseudo-elliptic integrals are transformed
into each other by the substitution

8 ft.
s—sa

Thus, as examples, P4—Pi = 20c8,

P.-P, == 20c,

so that £P, = c»-c8+2c-3.

We now infer that

-fi. . 8-8, . 8-8,)

») = A f8 J

= cos-1

and thence the remaining integrals

can be inferred by linear substitutions.
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H = 11.

40. It was in working out this case in Abel's method that the clue
was obtained by which Halphen's function y^ and his x and y were
found to be available for the theory of pseudo-elliptic integrals.

With the notation employed on p. 162, t. n., of Abel's (Euvres
completes, we put

fc=0, or g4 = 2«

and then, with c = 0,

%p' + apqt—qtql—q\ = 0.

We can replace a, 6, and p by X (n—1), \%m, and 4\ 'm; this is
equivalent to taking — as independent variable ; and now

\

_ 9X, m (m—n)

_ {m—ny

so that, dropping the common factor 8\°m9,

1 j . w(w —l)(w8—m+n) __ m(n%—vi+n)a _ mn*(n%—m+ny
(m—ny (m—n)s (m—n)8

This becomes, on putting

m—n = nq,

1 + 0.-1) S=*-(l+«) ̂ - ' - » (l+j) feytf = 0,

and again, on putting n—q = -^— ,
1+c

or
vol.. xxv.—NO. 490.



242 Mr. A. G. Greenhill on Pseudo-Mliptip Integrals [June 8,

41. The factor 1 +c+g = 0

makes « = 0, corresponding to /* = 4; so that we take

5( l+g) = c(l+c)2,

or 2g = - l + y 0 ,

where 0 = 1+4c+8c*+4c8.

Thence m — c(l + c)(l+c+2),

and, putting A = 1,

Xz= {<K2+(«-l)a;

has a factor x + c ——-—
1+c

and we can throw X into the form

Calculated according to Abel's formula, we find

Ilk = a+ 2

P

1+C

But now we reduce the integral to the form we have employed
previously by the substitution

and, taking j t f = __JZ__ ,

we shall find that the integral assumes the form

where T= 4^{i-c2(l+c)(/}s- {(1 + 2C-C 8 +2 3 +C3)«+C 4 (1+C) '} 9 ,

P = -



1898.] and their Dynamical Applications. 243

Then I=C0B-iP*+Qt'+Rt>+se+m+v
2 £

or 2*Ve"= PP+Qtl+RP+St?+ Ut+ V+i(**+OP+Df?+Et+F) JT,

and, knowing P, the valueH of the coefficients Q,B,... 0,D,... can be
calculated by an algebraical verification and by a differentiation.

42. To connect up these results with the " Modular Equation of
the Eleventh Order," given by Kiepertintheilfata..4?m., xxxn., p. 93,
and by Klein and Pricke in their Modulfunctionen, t. n., p. 437, it
was necessary to form the discriminant of T; the algebraical labour
was very great, and I am indebted to the Rev. J. Holme Pilkington,
Rector of Framlingham, for a verification of this and other results ;
the result obtained is

We must next form the expression for Kiepert's / (Math. Ann.,
XXVI., p. 393) given by the formula

where tm =zpmv—pv.

Since Halphen's equation

is equivalent to the relations

ys y* 73 y3

therefore / - ' = ttttWV*

and thence, or otherwise, we find that .

Next we find that, in Klein and Fricke's notation (Modulfunctionen,
II., p. 442),

y . =
K 2
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43. The determination of Klein and Fricke's B2 was not effected
without the kind assistance of Dr. Robert Fricke, who pointed out
that the requisite clue was afforded by his equation (Math. Ann., XL.,
p. 478)

and thence we find

l lB a = -

The parameter r employed by Klein and Fricke, n., p. 440, given by

A'

which is connected with Kiepert's parameter n (Math. Ann., XXXII.,

p. 96) by the relation »?+8 = —,

now leads to the relation

• 8 - 1 _ J B > _
r A1

6 n C e * -2c*) r -c (H-c) (2 + 2c-c 1 ) '

c)(--l+3c+8c>+3c>)

Multiplying these two equations together, putting

and reducing, we shall find, finally,

(H-4c-9c»-27c8-13c4+c6) c8 (1+c)9

c+ 31c8-28c8-9c4+ 10c8) c8 (1 + c)8

= 0.

Putting F = l+4c + 2c*—5c8-2c* + c5,

this quadratic equation for T can be written

and putting i f =

JF/-11 _ O
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Solving this equation as a quadratic in H,

T r _ l - 1 0 r + r >

H a?—'
where, as in Klein and Fricke's notation,

r1 = l -20r + 56r1-44r".

Thus the required relation between c and r is
1+4C+2C2-5C8-2C*+CB _ 1-lQr + r'

c'CH-c)4 ~ 2r8

or =1(T,> + 6V-16+W)

where
r

4 =V0?4+12>js-4(V-940'?-2912)= 4 =V0?4

in Kiepert's notation (Math. Ann., xxxn., p. 96).

Given r or TJ, there is thus a quintic equation for c, corresponding
to the five parameters

(2, 4, 6, 8, 10)^ ;

and the group of this quintic is

2c2 ' 2(l+c)3

The " Modular Equation of the Eleventh Order " is now, according
to Klein and Fricke,

/ : J-l : 1 = (2Ml.r1-24.23.r + 61-2'.3.5.r')1

: {7.2".ll».r'-7.28.3.11.rl+7.24.3.23.r-7.5.19

-2.3s .r ' (2Mlr-37)}*
:24.38.r{2Ml.r8-3.7.r + l - r ' ( l l r - l ) } 1 .

These authors add in a foot-note the remark that the identification
of their form of the modular equation with those given by Kiepert
in the Math. Ann., xxxn., p. 96, is easily carried out: " Die Ueber-
fiihrung dieser beiden letzen Gleichungen in einander lasst sich in
den That muhelos vollziehen"; but I must confess that I did not
find this operation very easy.
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44. If, however, we adopt Kiepert's notation, and put

n = ?+«+!,

W* =

A =

0 =

then we may put

or

Then

Aw*

-72^-364) .

and therefore

and, after algebraical redaction,
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Memoirs on the "Transformation of the Eleventh Order," by
Brioschi (Annali di Math., XXL, Dec, 1893, also Dec, 1883), and by
Klein (Math. Ann., xv.), may be consulted for the employment of
other associated parameters.

Substituting for — its value in terms of S, namely,

- - , , + 8

and putting H = 11 (K+1),

then 11 (K+iy+ 10g- + n - ^ = 0,

or KP+8KF+11 (2K-1) **+ (321T-44)

If we could discover a quadratic factor of this sextic equation, say
of the form

we should obtain the relation connecting our c with Kiepert's £.

45. The transformations we have usually employed, namely,

y—x = yz, z—y — — , z—c{p—Y),
P

reduce the equation yn = 0

to p ' -c^+c+c 2 = 0,

and will lead to similar results.

In fact, the first two transformations lead to

so that 2z = l + - / P ,

where P = 1 - 4p9

and now the relations

are sufficient to identify these results with those which we have
employed.
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H = 12.

46. The relation

is equivalent to

or («—gA1 (x (.y—x—y*)

Pat y-x = yz,. z-

+Tion <n —
1 — a

* - a ( l -

y_8 = h

-{y-x)

_*_

f-a)(l + <

0

Forming the expression for s6,

and then «—s0 is a factor of

fl-2a-2a>-2a8-a« , a 'q + o)' (1-f a+a1)' (1 + a1) }
I 1-a *+ (1-a)8 )

Put «= (1-a)"

+ a)(l+
-{(l-2a-2af-2as-a4)«+a9(l+a)1(l+a+a1)$(l+a1)}1
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47. The discriminant of the quadratic factor of T is

and the discriminant of the cubic T is

a" (1 + a)8 (1-a)8 (1 + a8)8 (1 + a+a8)4 (l + 4a+a8).

Gierster's " Modular Equation of the Twelfth Order" is (Math.
Ann., xiv., p. 542)

J: J-l: 1 = (r8~

: (r4-12r8+48rl-72r+24)» (r8-24r7+240r«-1296r6+4080r*

- 7488r8+7416r'-3024r-72)f

: 1728r ( r -6)(r -2)8 (r-4)8 (r-3)*;

so that this r, or ru, is connected with a by the relation

o 1 + a+a*
a

r -6 =
a

a

1-a)8

Also (Gierster) r9 = \T (T—6),

_ T (r-4)3

r

_ r(r-6)(r-3)«
• - 27(r-2)(r-4)'

_ T ( T - 6 ) ( T - 2 ) 8 ( T - 4 ) 8

T»~ _64(T -3 ) 8
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48. Denoting the roots of T, in descending order, by t,} t& t^ then

where
1 + a" '

Denoting by £, the value of t corresponding to sx or v,

tx = — (1 ~a)8 35 — d ( l+a ) ( l +a+ft*)(l+al),

and tx—ty = a (1 + a+a?) ;

and this is positive, or £, lies between t. and ^ if a is positive; and
now we can take = w , j ^

49. The pseudo-elliptic integral corresponding to v is

where px = | (5i

and g, = 2rc,

jt-2
xy(y~x~yl\

fc =
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p =

~y—x ' 'a (y—x){y-z—i

= -6j / -6-
y—x—tf

= 6-2(l+a+a8)(2+a)
= —2(5+3a+3a8+a8).

Now

where P = (1 - a ) (5 + 3a+3a9 + a8),
and thence the values of Q, R, 0, D are inferred by a verification;.
we find

0 = 3+0+5a8+4a8+6a4+4a5+2a.6,

D = (1 + a8) (1 + a + a1)8 (l+0+2a8+0+2a4+2a6+a8),

Q - (1-a) (1 + a8) (5 + lla+25a8+35a8 + 34a4+22a8+10a8+2a7)>

B=( ] - a ) ( l+a ) 1 ( l+a 8 ) s ( l+a+a s ) 8 ( l+0+2a 8 +a 8 ) .

The pseudo-elliptic inteigrals corresponding to

2v, or |w8,

3u, or wj+fwg,

4u, or fw8,

fall under the head of preceding cases; and the case of

5v, or w, + |a>8,

can be constructed from I (v) by the substitution

c c7
and then
P8 = (1-a) (l+3a+3as+5a8), % = a1 (1+a) (1 + a+a8) (l+as)..
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ft = 13.

50. The relation 7i$ = 0,

( \ '
—) »
y'

7878-7577 =

or V {*&-« -tf) - (y-*)1} x(y-x-y*)s- (y-x) {(y-x)x-^}a = 0,

becomes, with the nsaal transformations,

7s

7«

c p <ra5

or ĵya = c'Cl + cJajs: c*(l+c)y (1

)9 = 0,

where 0 = l+4c+6cl+2c8+c4+2c5+c8

= (l+2c-cl-c8)8+4c9 (1+c)1.

Then e = c(p—l)

-2c (1+c)

P
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_ 1 + 2 C - C 8 - C 8 + A / O
~ 2 (1+c)'

rrc8

_2+4c+3c8+3c8+2c(t+cy+c8(l-c-c8VO,

= y ( l - 2 )

- c> {1+2C-2C8+2C8+6C4+CB+2C7+C8

- c 4 - c V O ) .

51. The next operation is to determine the relation connecting c
with Klein's parameter r, employed in his " Modular Equation of the
Thirteenth Order" (Proc. Lond. Math. Soc, ix., p. 126; Math. Ann.,
xiv., p. 143),

/ : J-l : 1 =

: 1728r,

Kiepert's parameter L being connected with Klein's r by the relation

.(Math. Ann., xxvi., p. 428).

After very great algebraical labour I have found finally that

r _ i _ c _ 4 c » - c 3 ^ 1. + _ 1 c _ 3

so that, considered as a cubic in c, the group of substitutions

- - 1 1 + c

leaves r unaltered.
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r*+6r+13 =

and I2ga = m* (r»+5r+13)» (r*+7^4- 20r» -»- 19r +1),

52. If we choose the value

then I2gt = 0(l+c+c?)(l + 3c-4c8-25c8-23c4+22c6+4OcP+18c7

+22c8+40c°+29cM+9cu+c11),

216& = O8.(l+4o-3c»-40c8-65c4+32cB+235c6...

...+264c18+82cw+14c"+cw),

A = OV^l+c)18 ( l - c - ^ - c 8 ) .

Eaepert's expression (Math. Ann., xxvi., p. 427)

T = V = A/1

was employed for the determination of r; the expression of A as a
funotion of c and </O was calculated, in the form

and then Kiepert's / was calculated from the relation

or
and then, if we find
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It was thus found on rationalizing the denominator that the
numerator and denominator difEered by an irrational factor; and then

but the algebraical labour was very heavy, so that a more direct
method probably exists.

The quadratio relation

changes the equation 1—c—4c8—-e8 = 0

into 2 / > + j / 5 - 5 y * - V + % J + % - 1 = 0,

and now y = x-\
x

changes this into — = 0,
35—1

thus showing the connection of these forms with the thirteenth roots
of unity (Burnside and Panton, Theory of Equations, Ex. 15, p. 101).

53. Another long algebraical calculation will show that

+60c9+38c10+36cn+24c"+8c13+cw

+c9-v/(7(6+6c-19ca--32c8-18c*-llc5-18ca-17^~7(*-c9),

4p2« - 2+8c+6c2-22c3-39c4-14c6-57c8-180c7

-174^-72c?-58c w -72c u -36c u -4c 1 8 -c M

+c*</0 (-6-6c+29cs+52c8+18c*+13cB+42c8+31c?+5c?-c9),

and so on.

But we shall find that, if

m« = „ c*(l + c)f V
SO Q ) (

or 2mVC=6cl+6c8+c*+2cB+3c9+c!r+(2+2c8+c4)yO,
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then 12wfpt) = 6c*(*+c) +1 +3c8+4cs+c\
vO

2! 1 -3cl-2c8+c4,+
v U

**> 1 -3c8-2c3+c4,

+ l+6c+9c2+4c3+c4,
vO

^ - + l + 3c1+4c3+c4,

so that, by addition,

r - l

54. If one root of Klein's " Modular Equation of the Thirteenth
Order " for given J is written

_ 1 3 _ 13c (14 c)

13

4+c— —
1+c c

then, guided by the results of Klein's article, " Elliptische Functionen
und Gleichungen funften Grades" (Math. Ann., xiv., pp. 145, 146),
we should expect, by analogy with the cases of p = 5 and ft = 7, that
the remaining thirteen roots are expressible in the form

Tr ~ ~ '
, 1 l + c '

4 + C — —; ^ ~
1 + C C

r = 0, 1, 2, ... 12; e = eA"»;

where the A'B are expressions such that .418 is a rational function of

c and -/O.
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H = 14.

55. The equation yu = 0

is equivalent to 2!s = (Is)

y» W

or yar9—y6y8 = 0,

or «(y-a5-yl)l{y5(y-aj-2/1)—(y-a?)8}

Putting y—x = yz,

this equation reduces to the quadratic in p,

or, putting p t
9

g«+(2+3c)2+(H-c)(l4-c-2cI-c8) = 0;

or, putting p = -"S .
r—1

Then

where 0 = c(l + 2c)(4+5c+2cs),

, _

- 3c+6c'~4c8-8c4-2c8-i-(14-2c-2ci-2c3)>/O

„ « _ 2+4c-3c8-2ci-cVO
l + -2ci-c8

YOL. XXV.—NO. 4 9 1 . S
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3c+9c»-3c8- 28c4- 17c5+16c9+21c7 +.6c8

+ (1+3c-c»-8c3-3c«+6c5+3c6) JOX = C
-2c8-c3)9

Also ^

{x(y-x)-yi} (y-x-y1)

= (p—cp+c)(l+c)

and «—s7 is a factor of

flf = 4s

The resolution of 8 into factors can now be effected, and the corre-
sponding pseudo-elliptic integrals for parameters

« = TW8 or Wi+jwa,

and also for parameters 2v, Sv, 4v, 5v, 6v, can be constructed; but the
algebraical expressions involved will obviously be long and com-
plicated.

ft = 15.

56. The relation y15 = 0

can be expressed by the elimination of X between the equations

ye

y 6 *

employing the usual transformations.
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We thus obtain the quadratic equation in p,

BO that 2p = o (c-l)(c'+3c+3) +6 (c + l) </O,

where 0 = (c8-c-l)(c8+3c+3).

Then « = Ac{c(c-l)(c8+3c+3)-2+c(c+l)yC}

= |c (c+l)(c8+c9-c-2+c/O),

2(c*+3c+3)
i . c , ( 0+1)^+30+3- 70)

"'"p 2(c9+3o+3)

2(c'+3c+3)

c(cl+3o+3)(c10+3c9+0-10c7-llcfl+3cB+12c4+8c8+2c»-c-l)
_ +c(c+l)(cfl+4c8+4c7-6c8~15cB~8c4+4cs+6c8+4c+l)y0

2 (ca+3c+3)
57. Making use of these values for the calculation of pv, p2v,

p3v, .... and putting m ,

we find

m*pv s - 8 (c2+3c+3) * -

= - (cM+9+30+35-45-186r-195+15+219+228+123
+21-27-12+6)

-c(c+l ) % /a(c 1 0 +7+16+6-34-54-

using the method of detached coefficients.
82
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58. The relation 7u = 0,

being equivalent to X1 = ^ ,

~y«'

may be replaced by

or

or iii —

&c.;

and these relations, with the usual transformations, will lead to the
cubic in^>,

(l_2c-c>)i)8+4ci) t+(cs-c3)i)+c8 (1+c) = 0 ;

and, putting p = ^ ^ ,

this becomes g8—c (1 + c) g8—c'g—c' (1 + c) = 0.

Put q = ca;

then cW-c ( a 3 -a a -a - l ) + 1 = 0,

a quadratic for c in terms of a, the discriminant of the quadratic being

(a '~o8-a-l)a-4a8 = (a4-l)(a8-2a-l)

= .4, suppose;

sothat

a8—a8—a—1 + JA= c a =
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g-fc (l+a)o
* g - 1 g - 1

263

2a ( a 2 - 2a - 1 )

2a3(a8-2a-l)

59. The expression of Gierster's parameter r or r!fl as a function of
a or c has still to be discovered; this can be effected by a return to
the case of ft = 8 (§ 26) ; and (GKerster, Math. Ann., xiv., p. 541)

) ' = - 2 ( T 8 - 2 ) =
z-z3 *

Now, in § 26,

P«.-PK = *a-zy+z(i-zyq-2z) _ /i-g\'
P^-PI:^ «*(i-*)s-»9(i-*)(i-&)~\ z r

and, expressed in the notation for ft = 16, this is

_ (y^r)*- (o V- L

and therefore

z a" a»+l

T-2 =

r-4 =

r»_4,+8=^±D!.

Ako (Oimt . ) r, = - r
64
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and, taking

-KM-
/ I .V_ (o'+D'fr'-l)'(<*-&*+!)
V7 ~V = 16a8

T + V " 16a8

_a8--4afl-2a4-4a>+l-(ai+l)(al~l)V(o4"ga>-fl)

. - 4a1

and now the pseudo-elliptic integrals

or l

can be constructed by means of this parameter a.

AI = 17.

60. The relation y17 = 0

is equivalent to
\ = ^L, \» = *<>, X6 = ^ , &c,

y8 77 *9

so that, with the preceding transformations, we obtain

_p«_(4_c_3c»_cs) cy+(4+4c-9c8-8c8-2c4) gjf

-( l-4c-10c8-5c8-c4)cp-c8(l+c)

or, with p = ^—-,

- c s ( l + c ) a = O,
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a perfect square, if

or m3-msc (l+c8)-wic8 ( l+c)(l-c-2ca+c8+2c4)

- c 2 (l+c)a
 (1+2<J+5C2+C8-2C4+<J8) = 0;

but this cubic appears irreducible.

A* = 18.
61. Here

78

X8 = * ! = , A . ( P (),

x^ziia ^(p-^^-a-^-^-cg+o1} (4).

Prom (2) and (4),

<c8+3cl-3)i>
8- (c*+3(^+6^+30-3) f

+ (2ct+5ci+5ci+2c-l)p-c(c+iy = 0.

Put t s= (c+1)a;, and c = y for the moment;

therefore (1+y)^+(1—2^)$cl+(l+2y—tf+tf)x-2y* = 0.
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Put x-y = q, ~2;

then r» (g+l) '+2r (3
s+32 + l)-g4-33'+2gr == 0;

therefore r = - g
8 - 3 g - - l - f yQ?

Q = g«+2g8+5j4+103
s+10ga+4?+l,

* _ , - g + 9 2 < 7 l + y Q J J _ 7 3 g 4 < y l + y Q _
o + l " 2 ( + l ) « ' V~ 2 ( + l ) a

therefore

6 + 1 "
-i _

_(g+l)>{2(g+l)8(g8+3g>-l)-2(g+l)VQ}
-4(g+l)*(g8-3g-l)

2(g3-3g-l)

2(g3-3g-l)

4(g+l)1(g8-3g-l)

2(gs-3g-l)

P 2g

=

P 4(g3-3g-l)

4(g8-3g-l)



1893.] and their Dynamical Applications. 267

_ - _ 2(38-3g-l)

(1 + 7+23 + 51+80+90+70+36 + 10+1)
+^Q (1+6+15 + 19 + 15+6+1)

-(1+6+16+29+35+26+9 + 1)

°p

1
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Put P = £ ,

therefore * = rr-

t-l t-1 (1+c)'

But »9 can be determined more rapidly by noticing that

62. Now, if <- l = - y (2+l)«(3»_2g-l),

taking, from /a = 9,

a5=ct(l+c)(l+c+c1), y =

8 = 4* ( s+s) 1 - {(1+y) as

and writing s+a? = f,

this can be written

T=4t{t+c(l+cXl+c+ci)}t
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again, if t = w?s,

c? (l+c)(l+c+c») = m*xy ;

therefore my = c, TO = (1+ e)8;

c

63. We have still to determine Gierster's parameter r or r,8 as a
function of q; this proved very laborious, but it was finally effected
in the following manner, by means of Gierster's relations (Math.
Ann., xiv., p. 540).

Pntting Ti8+2 = x,

thence r = r,g is connected with r0 by the relation

3(r+2)f

Also T 8 ~ 1 = (T9~1)8 ,

and referring to the case of p = 6 (§ 18),

so that x and c are connected by the relation

c-c>- 2

Now, in § 19,
pfo>8—g?gfa>8 2c—2c* 2 .

so that, with the notation for p = 18,

p —
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But l - ^ . - j
1

c =

* -

8 o t n a t
BO that 4gfo+l)

22(2+1)

_

Thence, with the p = pt for /a = 9 in § 33, we find

- 3 ( r 9 - l ) = - l - p + I + l

and this is satisfied by

so that

64. It will be found that Jonbert's parameter x employed on p. 89
of his memoir, " Sur les equations qui se rencontrent dans la theorie de
la transformation des fonctions elliptiques " (Paris, 1876), is connected
with Gierster's T = T18 by the relation

x =
T + 2'

1 64 {(x-iy+1)
and then T. = . „ , = :—+—- —-:

4K- V («-!)• {(»-iy-8} '
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while Joubert's parameter x on p. 91, giving

r 1 / 1 V _ 64{(q ; - l ) 8 -H}
Ts 4 U "i ( a ._ i )»{( a ._ i )8_8} '

is connected with Qierster's T by the relation

So also Joubert's parameter x on p. 103 is connected with
Gierster's r = T10 by the relation

and then

"~T-2'

1 64a

fi = 19.

65. The relation y,9 =. 0

being replaced by the relations

\ —y^ — Vl (1—c—c8)p+2c-fo*
y 8 aj* '

78

the elimination of X in any manner between these relations is
found always to lead to the relation

,p5 + (_2+0 + 4c»+ 5 c 8 - 3c 4 - 4c 6 - c 8 )^

+ ( 1-40-12C 1 - c8+l8c4+llc8+2c<l)p8

+ ( 0+3c+ 2c»-15c8-21c4- 7c»- c8)^1

+ ( 0 + 0 + 3e*+ 7c*+ 3c 4 -
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If we put p as —i 1,

+ (l+c)(l-4c-12cs-c8+i8c*+llc8+2cfl)r>

+c(l+c)l(-2+0+4cl+5c8-3c4-4c8-c(5)r

+ C»(l+6)8=0.

No factor or reduction of this quintic equation, in p or r, has been
discovered so far, although it was hoped that a quadratic factor
might be discovered, from the analogy between the cases of /i = 19
and ft = 11, worked out by Dr. Robert Fricke in the Math. Ann., XL.

Thus, in the case of ft = 19, he shows there that the " Modular
Equation of the Nineteenth Order" may be expressed by the
relations

= 2i.3.19.A*-2*.2ll.AiBi+3.503AtB*-181Bt=F60BE (5A%-
216 ( )&•>*)»

2 t/A, 2 *

A% . Eand putting r = —%, r = —y

also P = — 2A
r-9

where 19P = 2 ^
?• • i Ay

66. The relation yso = °
being replaced, as before, by the relations

y8
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we obtain, by the elimination of X,

{ l -o (p-1)} (p+cY {(2+fl) j» - l j - ( l + cKp'-cV+c+c1)8 = 0,

or, putting p = "—-,

If we put qi

then this equation becomes

or, with 1 + c = — a,

and thus 9, j), z, y, and a can all be expressed in terms of a single
parameter a.

/i = 2 1 .

67. Here yn = 0,

Or X r= til = y«—r c

{(

1.-zii- ^(p-W
y8" ^

and, by the elimination of X, we obtain

(p>-c1p+c+J>)s(p+c)-p>{(l-c-c%)p+2c+cty{(2+c)p-l}=0t

. {(2
or else yz c v

P
P

each reducing to

+ (p+cy{pi-(l-c*-ci)p-c(l+cy} (^-cV+e + c9) =0,

an equation of the sixth degi'ee in_p, but having a factor p—1; this
case does not look promising (Kiepert, Math. Ann., xxxn., p. 123).

VOL. xxv.—NO. 492. T
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ix = 22.

68. Here Xs = *» =

X* = *» = _ £ !

and therefore, eliminating X,

(

But a? = y ( 1 - a ) = z (l-z)£=l = c ( j ? - ) ( p )
P P

so that

{ ^ ( ) p ( H ) 2 } = 0 .

If we put p = 2̂ ££ f
3 - 1

this equation reduces to a quartic in q,

Writing this equation

-2{(2c+5c8+4c3+2c4)>+c3(H-c)8(2+4c+c'+c3)}g

and making the right-hand side of the equation a perfect square, the
reducing cubic for m has a root — c* (1 + c); so that

{2(l+c) ig*-(2c+5c1

and the resolution of the quartic is effected.

I am indebted to Mr. St. Bodf an Griffiths, pupil of Professor G. B.
Mathews, at University College, Bangor, N. Wales, for the solution
of these cubic and quartic equations, and for a general verification of
the algebraical reductions in this case of /* = 22.
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/* = 25.

69. Then y25 = 0,

or ra 7» - (tii\\
7u yio \ynl

or (p*-c?p+c+c2y {p2-(l-c2-c3)p-c (1 + c)2}

x

x {(l+c-2c3l;cs)/+(2c+3c2)i)+.c8+c3}8 = 0,

an equation of the eighth degree in p.

Simplifications probably exist, as this case of /* = 25 is the highest
order of modular equation treated by Gierster (Math. Ann.t xiv.,
p. 543).

Expressed in terms of the x of § 16, Gierster's rn is given by

Tj, = a ; - f 1—a;"*.

Dynamical Applications of Pseudo-Elliptic Integrals to the Motion of a
Top or Gyrostat.

70. With the notation explained in Routh's Rigid Dynamics, the
principles of energy and of momentum lead to the two equations

s i n ' * ( ' ! ) = MK<Z-fccos0) (1),

Uit
(2),

where r denotes the constant angular velocity of the top about its

axis of figure 00, -— the angular velocity of the vertical plane

through 00 about the vertical Oz, 6 the inclination of the axis 00 to
T2 '
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the upward drawn vertical Oz, W the weight of the top, and h the
distance of its centre of gravity from 0, 0 and A the moments of
inertia about OG and any axis through 0 perpendicular to OC, while
d, G represent arbitrary constants.

We also put A-=l=OP,
W it

as in the simple pendulum, and call P the centre of oscillation, as in
plane vibrations ; and also put

g/l=n\

The elimination of - ^ between (1) and (2) leads to
at

= 2n8 (cos $—cos a) (cos B—cos /3)(cos 6~ cosh y)

= 2»»e (3),

suppose, the inclination of the axis of the top oscillating between a
and /3, chosen such that a>0>/3, and therefore

—1 < cos a < cos 6 < cos /3 < 1 < cosh y.

71. The solution of equation (3) is expressed in Weierstrass's nota-
t i o n b y pu-pw = k COB 6,

where M = ws+m^, or o>8+«^,
if we suppose, initially, 6 = (3 or a when t = 0; the half pexiod vt

or Us being added to mt so as to make pu oscillate between e% and e0

and cos 6 between cos (i nd cos a.

Denoting by a and b the values of u corresponding to

cos 8 = — 1 and cos 6 = + 1 ,

then pu—pa = \(l + cos6), pb—pu = X (1— cos0) ;

and, since —1 < cos a < cos0 < cos/3 < 1 < cosh y,

we must take a = Mbtit b = ci>,+.Mw8,

where If and N may be considered as real positive proper fractions ;
and now

. O+0r : . ,. 0-Cr
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;and, if G—Cr is negative, we put

Prom equation (2),

ddr G—Crcosff XG + Gr 1 t i G - C r 1
2 A 1 + cosfl a A l - c o s 0 '

or \b — \lfa -f* ipi,.

t, , 1G + Cr{ dt G+Cr f sinOdd
where \lrn — ' — 'A Jol+cos0

G — Cr f dt _ G—Cr [ sinfldfl
^ * ~ a A

so that t{/ is composed of two elliptic integrals of the third kind, \(ra

and \f/b, having poles at the lowest and highest positions of the axis
of the top, and parameters which we have denoted by a and 6.

72. As we are concerned now with the application of the pseudo-
elliptic integrals, we use the s, formerly employed, as independent
variable, and put

8 = pu—pv,

8—sa = A(l+co8 0), sb—s = \(1—cosfl), Sft—Sn = 2X.

Employing the suffixes 1, 2,3, instead of a, /3, y, then

st—sa = A (1 +cos a), s6 — s8 = \ ( 1 — cos a) ;

*i—sa = A (1 + cos/3), sb—s2 = A ( l - c o s 0 ) ;

«i — sn = A (coshy-f 1), *i—*6 = A (cosh y — 1) ;

8 = A89,

2

A"'1

8a (G-CrY_ 8h (G + Cr\*_S
)

= (
2AWgh A8> 2AWgh A8' \G

+ Cr\*_Sn

-Cr) Sb*

ljut the negative sign must be taken with \f/b if G — Cr is negative.

In the Weierstrassian notation

pu-pa

•, i f p' b dn
J pb — pu
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73. In the pseudo-elliptic applications of order /u, M and N are
proper fractions with denominator ft, so that we put

-*. = !

Ib — 2

and therefore

where o — ^2 w — £2 /
p . _ ^ ( 2 X ) ~ / x V

Then, if (? —(7r is positive,

where jP=^a+

and (fl»'-+H = e"a e \

which the preceding investigations have shown us can be expressed
as an algebraical function of s or cos 6, in such a form that

(sin 0)" e"""-*1' —A >/(cosh y—cosfl.cos 0—cos a) +iB y(cos/3-cos0),

or .4 y(cosh y—cos 0) + z2? y(cos j3 — cos 0. cos 0 — cos a),

where ii and B are rational integral functions of s or cos 0 ; and thus
the curve described by a point, P suppose, on the axis of the top is
determined.

If G— Cr, and therefore also tya, is negative, we must put
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and now Ib—Ia— ji (qt + ^),

where q = pb—pa;

and fWW— e'^.e'"",

and the curve described by P is obtained as before.
Introducing Euler's coox'dinate angle <pt given by

dt~ C0BUdt~V A) + \ A l + cos0 3 A 1-coafl,

then 0 ( ^ )

and 0 is also pseudo-elliptic.

It will be noticed that a change of sign of N interchanges Q and

Cr, or \J/ and <p— 11 — -y J r£.

74. When 6—a = &>, or Wi+Ws;

that is, when s'~"2 = 0 or /u,

there is a further simplification in the value of ^, as it can now be
expressed in the form

sin 6 e(*"p<)' = 0 ̂ (cosh y—cos 6) + iD y (cos /3 — cos 6. cos 6 - cos o) ;

or 0%/(cosh y—cos 0. cos 0—cos a) +iDy (cos / 3 - cos 0),

and îr also receives a similar simplification when

& + a = w,, or a>,+6>s;

these considerations are useful as a check upon the accuracy of the
algebra in the formulas, which becomes very complicated and
baffling.

In these cases the values of Ia and Ib are deducible, the one from
the other, by the substitution

(cosh y — cos 0)(cosh y—cos 6P) = (cosh y—cos /8)(cosh y — cos a),

(«i—«)(*i-0 = (si-si)(.h—«s);

or (cos |3—cos f) (cos ft—cos 0') = (cos /3—cos a) (cos /3—cosh y),

(«i—«)(*!-«) = (s,-s8)(*i-O •

the accent on 6 or s being afterwards dropped.



280 Mr. A. G. Greenhill on Pseudo-Elliptic Integrals [June 8,

When b ± a = w,,

/coshy—1\'_^ IG — Cr\%_ 1—cosg 1—cos/3 coshy—l
Vcoshy + l / "" \G+Or) ~~l + cosa l + cos/3 coshy + l '

coshy—l __ 1—cos a 1 —cos fi
coshy + 1 1 + coso 1 + cos/S'

tanh | y = tan | a tan £/3,

and T = coshy = _ , or __ , or _ ,

according as 0—Cr is positive or negative, or as

b—a or 6 + a = &>,.

When 6 ± a

/ I — cos<3\*_ (G—Cr\*_ 1—cosa 1—cosj3 coshy — l
\ l + cos/3/ "~ \G + Cr) ~~ 1+cosa l+cos/3 coshy + 1'kl + cos/3/ \G + Crl 1+coso l+cos/3 coshy + 1

so that tan £/3 = tan |o tanh £y,

and — ^ cos )3 = —, or — ,
h C Cr

according as G— Cr is negative or positive, or as

b—a or

75. It is curious that when

6—a = w,, or w,-fw8,

the arc described by a point P on the axis of the top is easily
rectifiable.

For, denoting the length of the arc in the general case by <r, then

dtl \dt) \dt

(d-hcost!) = 2gl [~-cos ^),
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if l-AIWh)

(!)'-¥<*-'•>•
if pc—pu — \[ ——cosfl).

But the formulas of elliptic functions prove that

c = 6—a

id the value of u corresponding to

cos 6 = 4-,
h

the value e = 6 + a

corresponding to cos 0 = — ~
h

This follows because

and therefore a linear relation of the form

connects pv and p'v, when v = a, 6, c, e.

76. Thus <r is pseudo-elliptic when c or 6—a = M, or

When 6—a = w,,

and sin*0 (—•) = 2 2. (cosh y—cos 0)(cos/3—cos0)(cos0 —cos o),

da Zsinfl
dd y/(coa(3—cos 6 .cos 0—cos a.y

4- = 2 t a n - \ / c o 3 ^ - C O S q = 2 s i n - ' x / C 0 S ^ ~ C 0 S °I Vcosp—cos0 ycosp—cosa

o _i /cos Q—cos 0
= 2cos l * / — £

V cos/3—cos a
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The solution of equation (3), by means of Jacobi's elliptic functions*,

cos 0 = cos a en1 mt+cos /3 sn* mt,

where

so that

When

m1 =s £ (cosh <y—cos a) •*-;

<r = 2Z am mi.

^a ZsinQ
dd ^/(cosh y—cos 6. cos 0—cos a ) '

— — 2tan"1 . I cosB-coaa — Ac
— — *i Will » / : — <*{/.,

I V cosh y—cos 8

or = 2Z tan"1 = 2Z tan*1 en (K-mi)
an mt

= 2 sin"1 v sn mt — 2 cos"1 dn m£.

This last spherical curve has a series of cusps on the circle defined
by 0 = /3 ; and it is practically the most interesting case, as the top,
if spun initially with its axis at an inclination j3 to the vertical, will
proceed to describe this curve if the angular velocity r is of appro-
priate magnitude; we shall therefore illustrate in general the pseudo-
elliptic applications with reference to this case.

77. Let us begin with the application of the pseudo-elliptic integrals
corresponding to .

° fx = 4.
Then we take a = |w8, 6 = Wi+fwj,

so that b—a = &>„ 6+a = w,-f-w8.

Referring to the previous treatment of /i = 4 in § 14, we take

8 = s—s,. s—st. 8—st,

where st = (1 + c)9, st = c8, sa = 0;

and s. = - c - c \ - / ( - & ) = (l + 2c)(c+c1), Po = 1 +2c,

56 = e + c8, ^(~-S6) = c+c9 , P» = 1.
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Then X = c+c\ s = (c.+c8) cos 0,

and cos a = 0, cos B =s , cosh y = ;
1 + c c

l + 2c O-Cr 1

0 ll + c Cr l ~
AWgh) V c ' y(24TT^) Vl+c '</(2AWgh)

_ l+2c

= - c o s ' — ^ 5 — = — sin
+ — S

Putting • ^ , = ^ + ^ = ^ 1 ^ , fas

_ c8 (1-f cy-2css+si-'2tcJS

(c+c8)8-*8

—cos j3 cos 6) -iy{co8 6 (cos /3—cos 0) } ] 8

= _ _ ,

or sin 0 e0*"*'* = ^ ( 1 — cos /3 cos 6) —iV{cos 0 (cos /3—cos 0)},

sin 0 cos (v//— pi) — </(l r- cos j3 cos 0),

sin 0 sin (i/'—jpO = - / [cos 0 (cos /3—cos 0) }.
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78. But the values of 0 and Or are interchanged if we take

6 = w,—|w8,

so that 6—a = «,—«8,

and now we put

so that

c+e*+s ' c+c1—s

_ [ y {(sec/3—cos0) cos 0} +iV(l—sec/3 cos6)]'
sin»0 '

or

sin 6 cos (qt—ty) =</{ (sec /3—cos 6) cos 0},

sin6 sin (g£—1/») = ^/(l— sec/3 cos$).

The point P on the axis of the top now describes a spherical curve,
which touches the horizontal plane through 0, the fixed point of the
axis, and which has a series of cusps on the circle defined by 0 = /3,
where

and

79. Next apply the pseudo-elliptic integrals derived from (§§ 13,18)

ft = 3, or 6;

and then we take S = s—sl. s—st .s—st,

where sx = (1—c)1, ss = c3, s8 = (c—c?)\
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The corresponding parameters are

a = iw8 or fws, 6 = »l±£w8 or u>,±fw8;

and a = §wa, sa = 0,

a = £w3, »<, = — 2(c-cs),

7(-iSa) = (l + c)(2-c)(C-c*), Pf l=

6 = wjifw,,, sb = 2c1 (1-c),

(l-2C)c*(l-c), P6 = (l + c)(l-2c)

-6f6) = (2- c ) ( l -2c)c( l -c ) s , P6 = ( 2 - c ) ( l -

80. Let us begin by taking a = fw8, & = w, — ̂ Wj; so as to make

and (?—Or negative; also

cos /} = —, and tan |/3 = tan | a tanh |y.

For 0V-G_ //Sf6_(2-c)(l-2c)

l-cos/8 = gt-g, _ 2c(l-c)8~c>_ 2 -
l + cos/3 «,—sa (̂

" t h a t

1—cosa _ sb — g8 _ 2 —c
1-fcosa st—sn c

coshy—1 __ Sj—Sb _ i__2c
coshy + 1 «,—sa
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Also X = c(l-c)9,

so that Gr+G< - c'

Or-0 _ 2-5c+2c'

y/(2AWgh) </c

Now we take

Ib-Ia = 3{(pb-Pa) t++a^b} = 3

1

Where *=!»-*'3(1-c)J (2c) ">

or 3 O ' ^

But s^*7-

•+V ( s - ( i_ c )» (2-3c+2c»)} y(c'

so that, multiplying these equations,

= {2c(l-cy.s-si}iei'ae~iIb

+ (l-2c)(2-c

-i[{(l-c+cl)s-(c-cs)2}{s-(l-c)2(2-

while, as a verification, we find that

{2c (1-c)'*-*8}*&> = {y(s,-s.S-Si) +t (1 -c)V(^-s)}8.
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81. Again, take G—Cr negative, and

a = $w8, 6 = wj—f«8;

then «0 = - 2 ( 0 - 0 * ) , s6 = 2c8( l -c) ,

Cr+G_ j8g_
-c8) c-2c«'

l+cps/8 = g,-ga _ c*+2c—2c* _. 2—c
l-cos/3 * 6 -s 8 2c1—2c8-c» c -

_ 2 - c Or-Qt _. c-2c '

Pa =

= in ( 1 + 0 X 2 - 0 ^ = ^ ( 2 - 0 ) ^ / ( 1 . ^

where

and (s-O*efT°

Multiplying these equations, we obtain a result of the form

So also combinations can be made of a = £w8, & = <J, + |o>8, and
of a = fw8, 6 = (!>»+ |w8.
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M = 8.

82. The corresponding parameters are

a = jw8 or f w8, and 6 = Wi±jw8 or Wi±|«8;

and now (§ 30) we can put, with c (1—c)(l—2c) positive,

a = iui,, sa = - c (l-c)» (l-2c)(l - 2c+2c»),

^ ( - 5 . ) = A C ( 1 - C ) 8 ( 1 - 2 C ) (l-2c+2c')(l-2c9),

Pn=(l-2c2)(3-4C+2c8);

a = |wg, sa = 0,

a = fo,8, sa = c» ( l -c)( l -2c)8( l -2C+2C8),

Pn=(l-2c1)(l~4c+6c1);

6 = 0., + X sb = c (1-c)1 (l~2c)» (1-2C+2C1),

S(-Sb) = |c(l-c)8(l-2c)8(l-2c+2c>)(l-4c+2cl) ,

P6 = (3-8c+6c')( l -

y(_iS6) = tc8(l-c)(l-2c)(l-2c+2cf)(l--4c+2c1),

P6 = (l + 2c8)(l-4c+2c1).

83. Then, if a = fw8, 6 = WJ+^UJ,

P 6 -P n = 2 ( l -2c + 2c4)(l-6c+6cs).

We can make P6—Po = 0, or q = 0,

if 1-60 + 60* = 0, c =
o

and then c ( l -c ) ( l -2c) = ^ ^ = =fc^ ,
o IB

so that we take c = £ (3— v̂ 3) to make c (1 —c)(l—2c) positive.
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1-cos ft _ sy^ _ ( l - c ) > ( l - 4 c + 2 c i )
l + cos/3 st—sa ^(l—2c*)

CO8
a 4c4-8c8+10c8-6o+l Q
/3== (2^1)5 = ^ '

so that cos ft =

if c =

Also *-«»« = £*n£i - iL^£ll=M - /1=£\'
1+COSa Sj—«„ C*(l—-2c) \ C / '

aothat, if c

1 —cosa _ 2+ y/3
l + c o s a ~ 2 - v " 3 '

cos a = — ^ v^3,

a = 150°.

Ai = 5 or 10.

84. The correspouding parameters are

and, according to the preceding investigations of §§ 36-39, with
suffixes 1, 2, 3, instead of a, /?, y, wo put

where 0 = c8 + <;*—c, and 2 -f- . /5 > c > 1;

so that sl—si.si—sa = (c*—I)5 (—cs + 4c + l) is positive,

and

We find that we must take

VOL. xxv.—NO. 493.
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and now b = ^ + $w8, sb = 4c (c+1) (c -1)8,

y ( - & ) = 4c8(c+l)(c-l)8(-c8+4c + l),

£P6=(3c- l ) (c8-4c- l ) ;

= 4c (c+1)8 ( c - l ) ( 2 c - l - -v/0),

ip6 = 2 (2

6 = a>l+>8, s6 = 8c(c+l)8(c-l),

-iS6) = 4c(c+l)8(c-l)(-c8+4c+l),

iP t =(c+3)(c 8 -4c- l ) ;

S(-SJ = 4 (c + l ) (c- l ) J (cs-c9

iPt = 2 (c
8-c

3-

Now a =

iPn = 2 (c8-c8-

*„ = 0,

a = > „ ,. = - 4 (c8+ yO)8(^O-l) ,
= - 4c (c+1)8 ( c - l ) (2c - l+

a = fo,8, sa = - 4c (c+1)1 (e-l)»,

,/(-fifa)=4c8(c+l/(c-l)8,

85. Thus, if, in §72,

= C7rcos/3,



1898.] and their Dynamical Applications. 291

Cr-Q f^8b _ 4ca

-Sa~ 4ca(c+l)4(c-l)»

(c-l)(-c»4-4c+l) _ c'-Sc'
c8+3es+3c+l '

Or__c8—c'+3c+l
0 Tc '

l-cos/3 •»-*,_ 4c(c+l)(c-l)a-(c+l)8(c-l)4

l+cos/S ss-sn

—cosa _ gt—st _ c8—ca—
1+cosa s8-s , ~

_ 2c

[86. In the above applications <//a and \p6 are both pseudo-elliptic,
so that the curve described by a point P on the axis of the top can
be written down when G and Cr are interchanged.

But, by the rule for the addition of elliptic integrals of the third
kind, i i r »

where e = a+b,

can be expressed by means of an inverse circular function of cos 6t

and by a secular term pt, so that \\rt alone is required.

. In fact, putting, in § 75,

h 2AWgh "

so that 0 = (1—cos* 0) (.E-cos 0 ) -

>ve find that \J/ =z if/a+\j/b

=- ®t +J» 4-tan"1 Cr—(?cos0

where
f dt _
] E-cos 0 ""

Cr-QE fJ2A ] E-cos 0 "" y(24Wgh) J (E-cos
U2
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this can be verified by a differentiation, remembering that

— = — sin u —- = — nJZJQ : .

dt dt
and thence we find that

d\f/ 0— Cr cos d
dt 4(1-008*0)'

as in equation (2) of § 70.

87. Now, when e = w,-f*^2,

and Ie is the pseudo-elliptic integral of order ft, corresponding to $„

r - n ^ (se—s)~(is/(—i

if «„—s = X (E—cos ^).
Then

2X) i /z
i P> ) n t T< I t a n

/(2X) i ^
-1

8 0 that, putting

then î (v̂ — pt) can be expressed by an inverse circular function of
cos 6.

If fi is an odd number, the relation can be written in the form

(sin 0)*C-<*-">'

v^(cosh y—cos0. cos 0—cos o)

when / is an odd number; but cosh y—cos 0 and cos /3—cos ti must
change places if / i s an even number; and if ft is even and / there-
fore odd, then cos 0—cos a and cos/?-~cos0 must be interchanged ;
but in every case

where m is defined in the next article; and thence the values of
Q, R, ..., C, D, ... can be determined by a verification.
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88. It is convenient to put

2AWgh X '

so that JL
n

also to write <rv <r8, <r9 for st—$u se—83, st—8it respectively; and now,

cos a+cos/?+cosh y = E+ ^—-z = E+ ^ - ;
£ A Wgh A

«r, = X (2?—cosh y ) , <rs = X (^—cos /3), «ra = X (27—cos a ) ;

therefore w1+o-, = X (cos a + cos /3),

ms+<r3 = A (cos a+cosh y) ,

m* + (r8 = \ (cos /3+cosh y) ;

2 \ cos o = ma+<rl + <rt — <rit

2\ cos/3 = m*+<r,—«Tj+a8,

2 \ cosh y = m2—<r, 4- (r3 + <r8;

3mf+<r, + »9 + <r8 =
 2 A (C O S « + cos y3+cosh y) = 2T?I8 + 2XE,

or 2A2<7 = ?>i* + <T, + <rs+<r4.

Again, ^ ^ ^ = 8. = X«e. = _ X ' ^

or

Also

= 4X8 (cos a cos /3 + cos a cosh y+cos /3 cosh y)

l,_GGr_
+ AWghl

and therefore

4X'= Cm'+ff. + ff,,.

tlienco X and (?, Cr, i? are given in terms of m, <rv <r8, <r8.]
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Application of Pseudo-Elliptic Integrals to the Motion of a Rigid Body
about a Fixed Point under no Forces.

89. In the herpolhode of a body moving a la Poinsot about a fixed
point under no forces, the parameter of the corresponding elliptic
integral of the third kind is always of the form 6, as previously
employed for the top; so that the integral for \pb, when pseudo-
elliptic, can be utilized for constructing solvable degenerate cases of
algebraical herpolhodes ; also of tortuous elastic wires.

The integral for if/,,, when pseudo-elliptic, will serve in a similar
manner for a tortuous revolving chain.

Writing the equation of the momental ellipsoid in the form

DK\ or i £ + £ + •£ = 1,

where Aa% = Bb* = Oc1 = Dh\

and supposing the motion a la Poinsot to be produced by rolling this
ellipsoid on a fixed plane at a distance h from its centre, which is
fixed, then, as shown in my " Applications of Elliptic Functions,"
§ 104, where the notation employed here is defined, we put

so that (?fT—B\

and then p, <f>, the polar coordinates of a point on the herpolhode in.
this fixed plane, are given by

w h e r e

JJ. " •* ' 2 2 / / 2 9 2 3 2 2\ * J / '

P; _B-D.D-C
h? BG

p\ _G-D.D-A
/ia GA

P» _ ^ - ^ P - - g
/?" AB
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90. We take A>B>0, or as<bs<cs; and now, with

(i.) A>B>D>C, or a3<bi<hi<c\

^

so that e. = es, etf = e8, ey = eu

and 6 = u>l+fo>i.

In Jacobi's notation, with

dn6 = = ,

pb-e,, B D-0

and then, to the complementary modulus K,

0 A

1 _ J L
, „ . , C D c1—i
f XTX = ^

G A

0
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Therefore sn1 (1 - / ) K' = ^ ^ )
c'—a'

c ~~

Denoting by /3, y the semi-axes of the focal ellipse of the momental
ellipsoid, and by % the distance from its centre of the revolving
plane on which it rolls; then, according to Sylvester's theorem
of correlated bodies, (8>(i),

(ii.) A>D>B>0, or <t<K*<&<<?, or

a similar procedure now shows that pb—e. is negative, pfc — ê  is
positive, pb—e1 is positive; so that

e. = e,, ê  = e5, er = e2;

and with & = wl+/ws or K+/KV,

c n > & - P & - e A B-B
cnb-pT^,~ B A-D'

-e < )
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and to the complementary modulus K\

cn/K' = - ;

d n / K ' = l ;

cnil— t) K. =

91. Confining our attention to the herpolhode of the focal ellipse of
the momental ellipsoid, and employing p, 0 as polar coordinates, then

To employ the previous notation, we put

sh—s = A:p\

so that sA—s. = A;p*, &c.

When 5</3, the value of p* in the herpolhode oscillates between
its maximum value y1—5* and its minimum value /3*—5*; but, when

5 > /3, the minimum value of p2 is — jj —̂.

Therefore, with s,>s9>s8, using suffixes 1, 2, 3, instead of a, /3, y,

(i.)
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80 that 1W1 = Si-**-8"-8*

Then

and therefore

y8—32 __ sb—
s,—

y _ sl—st

/32 _ Si-ss

& Sb-ss'

snfK =

<a/K' = J&-?,
s.—s,

sn (1 - / ) K' =

x—«„ Sfc—ss

.BO that us* =

Si-8 =fc(P
2- /
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Then V8-^ - *i-fr £_ _ «\~h.
0* 8b —8t S* 8b — 83

ff-ff -8x-sb /38 _g!-g8 .
8 "

the values of the elliptic functions of /K' and (1—/) K' with
respect to the modulus k' are the same functions of 8 as before.

92. Here (§ 14)

s, = (1 + c)s, «, = c2, «8 = 0, sb=

and therefore «"

Then 6 = w,+i«j,,

and (i.), 8>/3, fcSs = (l+c)J,

jS8 _ c
a8 i + c ' a8 i+c '

and aa = y8-^8,

in each case, so that the focal ellipse of the momental ellipsoid rolls
upon a plane at a distance from its centre equal to the distance of a
focus from the centre.

Since (c+c'-s) e"b = i^s+ -/{(1 +c)8-«. c8-*}

— *V(« —«») +

the herpolhode is given by the equation
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With respect to axes revolving with angular velocity p , we can put

so that (a'-i,1)1 = (*8+ys)s-G>;+P8
8)(s

s+yJ) +R\P\

This algebraical herpolhode is due originally to Halphea
(F. E., ii., Chap. vi.).

93. Here (§ 18)

*, = (1—c)9, st = c\ a9 = (c-<?y,

if c<i;

and if / = i & = o>, + £w8, «6

Taking /= ^, then

en JK' = c, sn JK' = 1 —c,

so that en §K'+sn JK' = 1,

a well known relation (§ 20).

(i.) 3>/3, i = sni

f
y

so that 5 = y—/5,

or " the focal ellipse of the momental ellipsoid rolls upon a plane at a
distance from its centre equal to the difference of the semi-axes."

Now ^ = ( 1 - 0 ) * ,

so that, writing 3(#—pt) for /(o^-f £a>s),

{2c(l-c)J-«}»el(*-'«» = _{ 5 _ ( l - c )» (2

+* (l-2c)(2-c
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we obtain

(±—c)

as the equation of the herpolhode.

(ii.)

aothat

Now &3* = (2c-cJ)',

and the herpolhode is. given by

If we take / = f, and (i.) $>/3, (ii.) 3</3, we shall obtain similar
results.

,1 = 8.

94. Here (§§ 30, 82) b = wl +/**„

where / = i o r f;

and / = i, 6i = c(l-c)1(l-2c)8(l-2c + 2c2

/ = f , «6=c8(l-c)(l-2c)(l-2c+2c8).

y1 T -2c + 2cs)(l-2c1)'

4c'(l-c)
(l-2c+2c9)(l-2ci1)'
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1 ~ 2 c

7

H = 5 or 10.
95. Then (§§38, 84)

and

y

Therefore 2. -
ineretore a ~

and

Also //3 -
V y "

and therefore

A
2c ' a ~ 2c '

y - / 3 _ 1

l /y _
c-1)' V/3 "

P \ v ( c + i ) v / ( c - i ) ' V / 3 V y " (
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; then

y

Therefore t=2 = ^ , 2+2= c
0 C 0

and therefore ( IZ^\ ^ ± ^ l £ _ c + 1 1
c8 c

the well known relation for the existence of poristic pentagons.

Also / r - c H - y ( c + c - l ) / j8_c»-y(c '+c-- l )

and therefore

2c»

Sinee sn|K'+enfK' =

therefore (sn |K'+en |K0 (sn $ K'+en |K') = 1.

Also sn|K'-cn £K' = - ^ - 1 + 2 ^ 0 _ g n ^ _ c n , R ,
c—1

i = cn|K', l=dn|K' , l =
y p y
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96. For ft = 7 and higher values of fi, the resolution of 8 into its
factors introduces analytical difficulties depending on the solution
corresponding to 2/J, and the complexity of the formulas in the
dynamical applications is considerably increased.

But the case of n —12 (§ 46) will serve for the parameters a>,+£w8

and c^+fu/j; and ft = 16 (§ 58) fpr parameters

, 1,3,5,7

As stated in § 7, an essential part of the method of this paper
consists in assigning a first place to the elliptic functions of aliquot
parts of the periods; and thence the value of the modulus can be
deduced, if required.

Memoirs on the subject of Pseudo-Elliptic Integrals will be found
from the following list of references:—

Legendre.—Fonctions elliptiques, I., Chap. xxvi.
Abel.—(Euvres completes, t. I., p. 164, t. II., p. 139.
Jacobi.—Werke, t. i., p. 329.
Tchebicheff.—St. Petersburg Acad. Set. Bulletin, m., 1861.
Raffy.—Bulletin de la Societe Mathematique de France, t. XII.
Goursat.—Bulletin de la Societe Mathematique de France, t. xv.
Halphen.—Fonctions elliptiques, t. ii., Chap. xiv.
Dolbnia.—Liouville, 1890.
Burnside.—Messenger of Mathematics.

EEEATA.

p. 201, line 4, ready7 = (y—x) x—y*.
p. 213, line 11, read S = 4« (« + a;)3-{(l +x) « + a:2}2.
p. 218, line 15, read s—ca + c3—2c4, in the numerator,
p. 222, last line, read «3 = y—x = e8 (1—s).

p. 238, line 6, read = - 4a2 ( ~ -1 - a V &c.

p. 239, line 7 from bottom, read a = ^-if.
1 — c

p. 240, lines 9, 10, read 80 instead of 20;
line 11, read c3—c3- 13c—3 ;
lines 13, 16, read 20 instead of 5.
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