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Pseudo-Elliptic Integrals and their Dynamical Applications.
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Read June 8th, 1893. Received April 10th, 1894.

When the elliptic integral of the third kind is expressible, as an
exceptional case, by a logarithm, or by an inverse circular function,
the integral is called a pseudo-elliptic integral; the first investiga-
tion of pseudo-elliptic integrals is to be found in two memoirs by
Abel, “ Sur l'intégration de la formule j%, R et p étant des fonc-
tions entiéres,” Crelle, t. 1., 1826, Buvres Complétes, t. 1., p. 164;

“ Théorie des transcendantes elliptiques,” Tuwvres Complites, t. 11,
p- 139.

1. In his memoirs, Abel seeks the form of the elliptic integral

2+ k .
'[ X dx,

where X is a quart_hic function of z, when it can be expressed in the
form

Alogf+Q\/x

P—QvX'

where P, Q are rational integral functions of 2; and to effect this he
shows that it is requisite to expand +/X in the form of a continued.
fraction, having first reduced X to the form

X = (m’+aw+b)’+p.z:;

and when this continued fraction is periodic, and 2 18 the value of
its first period, so that .

-2 P
‘/X'"Q+ Q+..’

then % can be chosen so as to make

2tk o = P+QvX
j.dex—Alog

02
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or, changing the sign of 2 and X, when the integral is circular,

_z—k n“Q _
[ St =2dta & /(- ).

Abel shows further that we may put, without loss of generality,
-@Xx=1,
so that the circular integral can also be written
]'“'—"‘ de =24 tan"' 2 /(=X) = 24 cos"! P
v (—X) P
=24sin”' QV(—X);
and therefore the first logarithmic or hyperbolic integral, by the use

of the hyperbolic functions, direct and mverse, can be written, by
analogy,

[?Xl'd% 24 ta.nh" Q v/ X = 24 cosh™ P = 24 sinh~" Q/X

In the dynamical applications it is the circular form of the elliptic
integral of the third kind which always makes its appearance; but,
following Abel, it is generally simpler to work with the logarithmic
ov hyperbolic form, as imaginaries are thereby avoided; and we can
always change immediately from the hyperbolic to the circular form
by changing the signs of 2 and X.

Thus, denoting the integral by I, then, in the hyperbolic form,
e =P+QVX,
and in the circular fon'm,
¢t = P+Qy/(=X).
The form of the quartic X, with the sign of z changed,
X= (a:’—a:v-l-b)’—z.m:,

shows that the roots, z, of X = 0 are the squares, ¢, of the roots of a

simpler quartic T $—al— Jptid =0
={=—at’'—/p = 0,

Further, putting z= % )

itk g, o (LR
I/ da = j/Y"”
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where Y= {y+(@n=1) y+m}*+dmy,
and m=1§-,bs, n=‘1+-4i;£.

The quantities employed by Abel, denoted by pm, gms Gns Cmy &e.,
are nmow simple rational functions of m and »; and Mr. G. B.
Mathews points out.that —m and —= are in fact the quantities
denoted by = and y in Halphen’s Fonctions elliptiques, t. 1., p. 103.

2. The degree of P and @ can be reduced to one half of that given
by Abel, when we know a factor, z—a,of X; and then the substitution

z—a = —

reduces the elliptic integral to the form

As4+M
Is\/S ds,

where S is a cubic in s.

We choose, as the canonical form of this elliptic integral of the
third kind, the form

=1|estpry
I z]' g,

where S = 4s (s—2)'+ {(y+1) s—zy}?,

when the integral is hyperbolic; but, if the integral is circular, we
.change .the sign of s and S, and then put

S =4s (s4+a)— {(y+1) s+a:y}’,
so that the roots, s, of the cubic -S = 0 are the squares, #, of the
roots of the cubic
T=20—(y+1) '+ 2t —zy = 0.
We shall now find that our = and y are the quantities employed by
Halphen (F. E.,, t. 1, p. 103); and, introducing the Weierstrassian

notation, by putting
s— =pu—pv,

8= pu—gpw,

in 8 =4s (s—z)'+ {(y+1) s—ay}*,
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and making the coeficient of (p«)* vanish, by putting

12pv = (y+1)'+4¢,

12pw = (y+1)'—8s,
then .p%u =9 =4s(s—2)"+ {(y+1)s~ay}’,

P'u =2 (s—2)'+4s (s—2) + (y+1) {(y+ D) s—=zy};
and therefore  p%v =2a!, p"v = (y+1)z; .
P w=2a", pw==2"'-(y+1)ay.

’”

3
Then P2v=—2pv+1 (g'_:)

=—1(y+1)’—dz+ (y+1)
=15 (y+1)'—3z = puw,

so that w = 2v.

In the Weierstrassian notation the integral I, distinguished as
I (w), becomes
I(w) = %Iﬂ%‘sfi ds

—1[e(pr—pw)tupw ;.
! pu—pw ’

and Abel's conditions that this is a pseudo-elliptic integral are
equivalent to saying that w must be the aliquot part, one-u*", of a
period of the elliptic integral

R
VA

The integral I(v) may equally well be chosen as the canonical
form, and

—1[p(e—2)+pz
=it

and I (v) has the advantage of starting at the beginning of the series.
of parameters v, 2v, 3y, ..., mv, ..., all relating to associated pseudo-
elliptic integrals, when v is an aliquot part of a period.

The determination of p is rather complicated, and is reserved for
the present (§9).
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3. Writing Sm— = pmMv—pPv,
then s~z =0, S, =
s— = —z, 8,=2da%",
or sg=0.

Thus, from the formulas below,

H—T = —1y, 8y = (y—z—y°);
g = — 2 (4—2) S =w’{w(y—w—y’)~(y—w)’}’;
[l P ‘ o
g W@—z=y) o _P{PEy——y)—a(y—z—y)'}.
’ (y—o ’ (y—=)°
by— = — (y—2) { (y—=z)z~3"} ,
(y—z—y')

S = e

H—2 = ery S, = v}

and so on; and we change the sign of s and S for the circular form.
By comparison with Abel’s g, (Tuvres complétes, t.11., p. 158),
calculated from the quartic
Y = {y’+(n—=1)y+m} +4my,

in which —m and —n are afterwards replaced by Halphen's z and y,
we shall find that s,,—x is the same as Abel's 3qn._,.

Abel's recarring equation for g, (Fuvres, t. 1., p. 157),

1.1
Qm+qm-2= 'Z,E‘ +q—all!
n-1 m—-

is thus merely equivalent to the elliptic function formula

_ _ pqv P"v
P (v+v) +p (u—v) = 2pv+ pu—p) T pu—pv’

with u= (m—1)v,

and the continued fraction expansion employed by Abel is not
required in this method, at least not for the present.
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Knowing pv, p'v, p"v, and p 2v in terms of z and y, as above, we
can now determine @ 3v, p4v, ... pmv, by means of this formula ;
while p'mv or /8, is determined by means of the formula

P (u—0)—p (utv) = 1BV

(pu—pv)*’
or pmyp'v = {p (m—1) v—p (m+1) v} (pPmv—pv)},
or V8, /8y = (sma1—8me1) (5u—8,)%

4. But, introducing Halphen's function y,, (v), (¥. E., t.1., p. 96),
defined by the relation :
o (mv

Yu (v) = Rk
or prv—puv = — i”'—‘#,
or, more generally, pmu—pny=— %’-‘-%,’ﬂ‘-;
then pmypv= ’%T';'Pf:x ("’""‘;’:' "'*')’ = ‘P:;':.‘b,
or, with Pv=—1y,
pmy=— l;:"" .

Again, Halphen’s function y,, is defined by the relation (F. E., t. 1.,

. 102 g (m*-
p- 102) Yo = Y PN
so that, with Yyo=—pv=uz,
S+, OF 8p—8 = —xl__Vm-;;y'"*‘ =1qna;
iy’ O -85 == — z‘——y""‘;?’ n43s
and, generally, S8y = — 1 Ym=nYmsn = 7';*" ;
7:1»710

while V8= —my—""—'.

"
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According to Halphen (F. E., ¢. 1, p. 103),

n=1 yu=l =4 YVW=Y V=Y—o,

7e =t (y—z—y’),

7 = (y—z)z—y,

7 =y {2 (y—z—y")—(y—2)'},

v = {3y’ (y—2—y")—(y—2)'},

Y= (y—2) {y’ (zy—2'—y") —z (y—2—y")'},
u= (2y—2'—3") (y—2)’ a2y (y—2—y")",

&e.
Since pmv—pnv = (pmv—pv) — (Pro—pv),
.'therefore "’m-"tpm"" = ‘#"'"‘P"‘*l — 4’"-\4’11{1
' Vb v, v,
Ym-n¥Yman  Ym=-1Ymel _ Yu=1Vnst

-or = -_— :

Ym¥n Tn v,
-or Yo-uYman = Ym-lymol'y: - Yu-lYu-tly‘v‘n )

-and therefore also
] 3
Y24l = Yue3Yn = Yn-1Yns1?

Yan = Un (7n+‘l Y?l-l _VA-QY:H))

201

recurring formulas by means of which Halphen calculated y,; and

from which we deduce the values of s, and /S,,.

5. The elliptic integral of the third kind is pseudo-elliptic, that is,
it can be expressed by a logarithm or an inverse circular or hyperbolic
function, when the parameter v is an aliquot part, one-u'" suppose,

of a period ; and then N
p(r=1) v=pv,
P (p—m)v=pmv;

-expressed in the preceding notation by

Sua+z=0, 7,=0, or ¢.= Ol(Abel);

or, more generally, by

Spemn = 8my  Fp-m-1 = Gm-1 (Abe]).
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This condition, expressed by Halphen's y function, is

‘Yp—m—l'y,.-mﬂ — Ym-1Yma1
- ’

Voem Ym
or Yomm=l Yu-met ('/E-m)”
Yme1l  VYme1 ¥m

so that we may put

Yoom — N‘""", or A"
Im

[June 8,

6. Treating z and y as the coordinates of & point on the curve

7. =0,

our first object is to determine # and y in terms’ of g parameter z, or
p, or ¢; and this is easily effected for certain simple values of p.

Thus, for instance,

p=3, z=0;
rp=4 : y=0;
p=25, y—z=0, y=uz;
p=6, y—z—y'=0,

y=z z=:(1—-2);

p=1 (y—2)e—y*=0,
y=2(1-z2), z=2z(1—2)%
k=38, z (y—z—y)~(y—2)' =0,
=22, o=s0-2);
p=09, ¥y y—z—y")—(@y~-2)'=0,
y=p'(1-p), z=p'A-p)(1-p+p);
» =10, ¥ (@y—2"—y)—z (y—z—y")' =0,
—c(l+¢) _  =—c(l+0)

V= EFad-c-" T @Fod-c—)"
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p=11, (ay—2'—y") (y—2)'—ay (y ~2—y")",
. (1 —{1_ 2
so that, if z=y(1-2), y=:(1 p),
then 22=14 /P,
where P=1=-4p'+4p*;
p =12 Y8 = (ll )’,
Y4 Vs

' ;
Yy =—C(1+0)(1+6+0’)a m=—c(1+6)(1+c+c’) 2-;2-:2‘0 »

y=— E=DE=1)Ep~3p+1)
IS '

r = — =) (2p—-1)(3p'-3p+1)(2p'~2p+1)
p(

or

7. Putting 8= pu—pv,
we notice that 2= pv—pv,
y = p3v—pv,

= p3v—p2v
p3v—pv '

=p—pv
pov—p ’

z = 95”-90:

4

h3

p3v—pv pv—piv’

1+ %
Also P pBv—pv
T4e) - phv—pv

In this method, originated by Abel, we determine the values of the
series of functions of v, 2v, 3v, 4w, ..., aliquot parts of a period, in
terms of a single parameter, z, p, £, or ¢; and thence the value of the
modulus can be inferred ; this is a reversal of the ordinary procedure,
in which the modulus is supposed given ; and the degree of the equa-
tions requiring solution, of the nature of those given by Halphen
(F. E., t. ur, Chaps. I. and 11.), is thereby considerably reduced..
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8. By means of various transformations of the curve vy, =0, it is
possible to reduce the degree of the curve to a considerable extent ;
and when the curve y, =0 is unicursal, it is possible to reduce the
degree in one of the coordinates to unity; and to degree two, when
the curve ¥, = 0 has a deficiency (genre, Geschlecht) of unity.

The transformations employed in the preceding cases were
y—x=yz, or z=y(1-2),
= =s(1-%
7= —P, or y—z(l P)’
s=o(p-1), p=1t2, g

With these transformations, we find

7 =2,
Ye =Y
s = Y5
7
Yo =ar*yp—,
T )
p cp
e =— ¥2 (+p=1) _ _ o (1+c)’
p cp

7o = _msyu,sz_'tﬂlg;ll = _mbysleﬂll_);(ﬂtf),
P P

e @=DIA—c=p 2t

Y0 - .
P
= —y“z’ﬂﬂszlll = — o (P—l)(P';ac’p-i-c+c’) ,
p .
s = _xiyezupz+(p—;')(2p—l) = —zly’’ (r—1) {(ij'c) P_1.3 ,

vt G0 2o eCHIT,
ne=9*# (P—l)s{(1+c—2ci_c23,!+ 2c+3ch) p++c*} ’

Y18 = see o e s o
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9. Having determined 2 and y, and thence pv, p2v

s ... a8 functions
of a single parameter, ¢, suppose, where = and y are the coordinates of
a point on Halphen’s curve

7.=0,
so that v is a u* aliquot part of a period, say

— 2rw,

’
M

v

we must now proceed to the determination of p in the elliptic integral

v) = 1 p (s—2) +uz
I()—a[———(s_w)Jg s,

or, in the Weierstrassian form,

Iw) = J.P(p“ pv)— vad’u
pu—pv

=1 (p—2ulv) u + & log (”‘“‘)

v—u)

o0 I(w)= %f”(”“"‘“”)"‘?'“ﬂ‘#(p'“-f"") du
pu—pv

= gpu—log (pu—pv)¥ — pulv+p logﬂv"-—u) .

ovou
Then, adding u—1 of these integrals to I (1— p#) v, which is the
same as I (v), we find .

BI () = pu {lp— (p—1) Lo—{ (1 —p) v} —plog (Pu—pv)¥

+plog” (v+'¢g”v')‘:r(s; ;fv+u)

and

g (v+u)'e (v—pv+u) =
(oo (ouy o

a rational integral function of pu and p'u, and therefore of the form

Q.= A+Bp'u,

where 4 and B are rational integral functions of pu
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Thus I(v)= {3p—(u—1)lv—¢ (1—p) v} u +log (;4:3::3‘“
and for this to be pseudo-elliptic, so that

we must have

%p=(y—1)tv+z(1—p)v=—(—;}1—) 4 1og (J%

=— 5 Sl 0 =15
Now, since
Y= ‘L“J,Ei“-s (\1‘.-}-:4) (‘P.\-é-:-o) (tbd:f‘l )" (%)

= (8,,_,—81)(8,,_3—.9,)’ (“",.-d'_sl)s e (83=8))" #d (—pv)
therefore, differentiating loga.rithmica,lly, '
- == 1) TETV=PY o 5’__
3 (u=1)p '22 (u—r—1) pym——" (u— )
res-3
or 3 (p=1)ppv= 3 (u—r—l)r(mv—sov){sa(r+1)v—P(r—l)v}

+3(p—r=1)(pro—pv) {p(r+1)v+p(r—1)v—2pv}
—S(u—r=1) p"o—(u=2) ",
by means of the formulas of § 3.
Making use of Abel’s notation of
$qu for s,—z or p1nv—pv,
then i(e-1ppv= {2 (u—r=1)7r¢1(g:—q-)
+iZ(p—r=1) ¢ (g +9r-2)
=3 (k=1 (s—2) p"v
= B (p—r=1)F+1)9.g
=32 (p=r=D)(=1) ¢,-19,.s
=3 (-1 (p—2)p"v
= (=D (G203t Qu-sgu-et o +000)
=3 (p—1)(u—2) p",
or PP =3 (G-3gumst GumsGumat oo +010) — (u—2) 970
in which . g2 =2 {p (p=1)v=pv}=0.
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If we compare this expression for p with that given by Abel for the
corresponding quantity % in his treatment, we shall find that we

‘must put ,
P . P”='ilp? p’m:;}ap,

and then p=p (2k—a:).

Since 391y =2 (5,—2) (sm -2),

3r-29r1+ 3919 = i 259"

rau=3 p'zv

and ppv = E’ P -,
or p=2a3 ] —y-1.
§—2

With the circular form of the integral,

p=a3-1 4y41,
stz
This expression for p is more convenient for purposes of calcula-
tion than the one derived by logarithmic differentiation from the
determinant form of y,_, (v), namely,
aw) =2 (p—l!v
p 1 )(‘. 1)®
P, v, .. p* Mo
_ (=) v, P, .. pt Ve
{112131... (u—2)!}*

B, Ve, L iy

(Schwarz, Formeln und Lehrsitze, § 15 ; Halphen, Fonctions elliptiques,
t. 1., p. 223).

10. Returning to the pseudo-elliptic integral

=1 §s—z)+ pa
1) = |22 a

=1 fp (pu—pv)—pp'v du
pu—po
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we notice that a change of sign of u changes the sign of the integral,.

o the log A=BES _ 1. A+Bp'u
Pu—poF % (pu—po)®’
or A'—B'p"u = (pu—pv)*;
so that we may write
- -A ... Bp'u
I(v) =cosh!——= _ =ginh-'——¥ = _,
@) D u—por T (pu—po)*
. . -1 __A___ —atnh~l B/S
o1 I(v) = cosh e = sinh =o'

which may also be expressed as'
(s—a) ’® = 4+ B,/S,
(s—a)»e T = A=B./S.
11. Knowing the factors of S, say
S8 =4 (s—e)(s—¢;)(s—¢y),
a change in the parameter v from the form 2oy 44 wy+ 2roy 5 made-
by putting K ®

€y €3) (63— €,
m= o))
3

§—e = _(el:"fa_)e(:'—ea)

’
_ —(e:—es) §8 “"el)
§—e =

s’ —e, !

S= (e1r—e)’ (—ep)’ S’.

(5—ey)*

In this way we find that the result is given by

2rey) _ A V(=) _ B /(' —e .5 —e)
I (w'+ = ) = cosh (s'—sf)i;s_ = ginh (s’_.s;)lﬁ ,

in which the accents may afterwards be omitted ; and, similarly, we
can put

2rw, A4V (s—e) _ . .. BV (s—e;—5—¢)
—) = 1 ¥ = 1 .
I (w,+ " ) cosh G—s)" sinh G —s)v
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12. To obtain the pseudo-elliptic integrals of the circular form,
corresponding to the parameters

= Zrw, 2rw,

v= , Or w y O wg+ 2roy
[ p

change the signs of s and S, so that
8=4s(s+2)'—{(y+1) s+ay}*;

and now, putting stz =pu—gpv,
where v= %,
I
—1[p(s+a)—pay .
then I(v) 9[ )
—enq-l__ 4 . a_BJ/S
=cos”' 5 Gror = sin T (42’
or 2 (s+a) ' = 4 +/B/S;

and the results corresponding to the parameters

w,+27l3 or w,+2—m—'9

are obtained by linear substitutions of the preceding form.
Now A*+ B'S = 4 (s+2x)~,

g0 that, if p 18 odd, 4 is of degree 3 (p—1), and B is of degree
% (4—3) in 5, S being of the third degree.
A verification by differentiation shows that the coefficient P of the
leading term in 4 is p, and of the leading term in B is 1; so that

A= PA-D4 Qb9 p R0 4
B= s34 Gsl(u-5f+ Dsh-0 4 ;

and, P = p being determined, the remaining coeflicients Q, R, ..., (, ...
are readily determined by a verification; and now

2 (s42) 1€ = Phle-D 4 Qsht=9) 4 Rebo-8 4
' et {s“""’+0s“"'”+...} VS,
1f p is even, then 4 is of degree iu, and B of degree iu~2; and
therefore A= g Qbl g R S

D= Pst-34 Os—34 ..., .
VOL. XXV.~NO. 488. P
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13. We proceed now to illustrate the preceding theory by the re-
sults for the simplest numerical values of u; it will be notieed that,
when p is even, the results include those for the case of 3u, and in
addition that the resolution of the cubic § is also effected ; for

so that s—s,, i a factor of S; and the other factors of S are inferred
by the solution of a quadratic. This resolution of the cubic §
appears essential in the dynamical applications.

Passing over the cases of 4 = 1 and u = 2, which have no signifi-
cation in the theory, we begin with

p=3

Here z = 0, and the integral I, as written above in §2, assumes
an illusory form ; but, writing it

R
I=s ISJS s,

where S = 46’ + (s—2)*,

then I=log¥S=sta /62,“”

o1 Ly te
= — cosh 9a sinh R

or 2de™ ! = /S +5—u,
28ef = /S—s+a.
In the circular form, corresponding to parumeter v = gu,,

I= %[s-*-?t ds,

VS
where S = 4 — (s +2)",
_15+¢_ -1 \/‘S‘
and I=cos Pt =sin e
or 2s|e"=s+z+iJS.

The integrals considered in Chap. xxvi. of Legendre’s Fonctions
clliptiques, t. 1., are pseudo-elliptic integrals of this class u = 3.
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Putting s= pu—puv,
then S = p*u = 4p’u—gpu—g,,
provided that 12pv = —1,
and then 12g, = 1424,
216g, = 1+ 36x+2162%,
A =—a'(14+27).

Thus the relation between this « and Klein’s parameter r, employed
in hig “ Modular Equation of the Third Order” (Proc. Lond. Math.
Soc., 1x., p. 123),

J:J—1:1= (r—1)(9r—1)": (277 —18r—1)? : — 64r,

. 14272 1
& — ———— — 1 - —.
is expressed by r gin T T
‘[ = 4.

14. Here y =0, and, working with the integral in the circular form,

we find N
I=3} j T3t s,

(s+a) V8
where S =4s(s+a) =+,
and I=cos™! Mi} = sin“—ﬁ—,

2 (s+a) - 2(s+a)
or 2(s+a) e’ =/ {4G+a)—s}+1 /s
Now, putting st =pu—pr,

‘and 8 = p*u = $pu—g,pu—y,,
then 1200 = —1+8e,

129, = 1 —16x + 164,
216g, = (1—8+) (1 —160—8.2%),
a =u* (1—~16w).

This « is connected with Klein’s purameter r, employed in his
“ Modular Equation of the Fourth Order” (Math. Aun., x1v,, p. 143),

JiJ=1:1=(+l4r+1)°: (F*=33-°=33r +1)* : 1067 (1 —7)*,

by the relution r=1-16r.
p2
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In Gierster’s “ Modular Equation of the Fourth Order” (Math.
Ann., xiv., p. 541),

JiJ=1:1= (4'—8r+1)*: (r—1)* (Br'=16r—1) : 27r (r—2),

the connecting relation is r=L.
8a
If we put s= 15,
and a;=-—i(c+c’),
then 168 =+ (s’—c‘c’)’;s’

’

=& —(14c). s~ .
= §’, supposse;

so that, dropping the accents, we may write

_a1fc+l—8)—=2(c+’) ,
I=3 f CFe=nvs
. ./{(1+c)’—s.c’-—s} L a WJs
= sin! s _cos'm,
and 8 = (s~5.)(s—s)(s—5,),

where, arvanged in descending order if ¢ is positive,
s,=(1+¢)’, s=¢c) 5 =0
The six roots of Gierster’s “ Modular Equation of the Fourth Order”
thus form the group
1 (1+42) {1xv/(1+2)}* {12iv(1+2c)}
2c+2¢" 242" 28(1+¢)y/(142)" 8 (1+e)v/(1+2)"
The value s = c+¢ is intermediate to s, and s, and the parameter
corresponding to I must be taken as w,+3}w, the value s= —c—¢
corresponding to the parameter {w,; and we find

I(wy) = %I(1+20)(c+0’+s)—2 (1+20)(c+¢) 4

c+d+8) /8
. /{(1+c)’—s.c’—s} a(1+20) /s
— -1 — L Sl el . Y
= §sin s s . l.-cos et o +s ’

and thus
(cHct=—g) bed = £ /f (14 0)'—s. =5} + /5,
(c++5) 678 =i/ {(1406)'~s.c—s} +(1+20) /5,

Tho signs are chosen so as to be suitable for the dynamical appli-
cations, in which s lies between s, and s,, or between ¢! and 0.
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The factors of S being known, the preceding results can be readily
translated into the notation employed by Jacobi; thus

A=tho O s 142
S5 (1+¢) s,—s, (1+¢)
en? 1K' = —c—c'—s, _ —c—=c—(1+¢)" _14+2c
? —c—cl—s, —c—c* :
Q,I,Kll____c__ gll"=1+c'
en’ (3K, «) 1+ 2 sn® (1K', ) T+5;
p =0,
15. The relation to be satisfied is
=0,
or y=z;

so that, working with the circular form of the integral,
8 = 4s (s+2)*— {(1+2) s+27};
and the values “s=—z and O
may be taken to correspond to the parameters
3wy, and 4w,

To calculate p for the parameter

v = 2o,
we have ppv = 19,9,—3p"v,
where : pv=—z, q =gq,="2;
so that p=z+3;
and thus . '
top =1 [N+ =50,
I(D 8) 2 I (s+w) ‘\/S T ¢
= cos-1@+3) S+ Qs+ R _ . _(s+0)v/8
TR GFr Y gGran

and the condition

{@+3)+ Qs+ R} +(s+0) S= 4 (s +2)°
gives, by equating coefficients,

=—1l42, Q=-=1+44z+27 R=2+".



214 Mr. A. G. Greenhill on Pseudo-Elliptic Integrals [June 8,

1f we put stz =t
I(3wy) = gf@i_;”)?‘a_jﬂdt
where T =4 (t—2) = {(1+z) t—z}’

= 4t (t—2)' - {(1—2) t—2}*;

a1 (8+2) 8~ (l+2a)f'+:r_ m_,(t l)JT
2t

or ot e = (3+2) £'— (1+2az)t+m.+z’(t—l)/T.

Corresponding to the parameter $w,, we have

and then I =cos

s=0 or t—2=0;
and the corresponding pseudo-elliptic integral is
40 = 1 | 3—32)(¢—=2)—52"
T(8aw) I -y /T
2 (1—32) #—(2e—da*~a*) t+2"—2°
2 (t—zx)t

a(t—w—-a?) /T
T2 (=)t

dt

= cos
= g8in

This last integral can be deduced from the first integral with
respect to s, by putting

%o

s =

and by writing ~1/x in place of .

16. Calculating the invariants of T in the usual manner, we find
12g, = 1—12r+ 142" + 1223 4 2%,
216g, = (1 +2%) (1 —18x+ 74a* +182* + %),
A=2"(1-1lz—2";
or, as they may be written, .

12, L _ !f +144 1%+,

a?

i_ +w)(L- 18 +74+18.r+:v’)

£ [
%[> Lg’ *’
I

=1 11—
z
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Comparing these results with Klein's * Modular Equation of the
Fifth Order” (Proc. Lond. Math. Soc., 1%., p. 126 ; Math. Ann., x1v.,
p. 143),
J:J=1:1= (12g,)%: (216g,)*: 1728A
= (r'=10r+5)" : (r'—22r +125)(r'—4r - 1) : —1728r,

we find r=——1-+ll+a:=——A'-,.
z x

Also t=2z
is a root of Halphen's equation (9), p. 5, Fonctions elliptiques, t. 111.,
5t°—12¢,*+10A2+ A' = 0,
or t =1 is a root of this equation, if g, and A are replaced by

A
"‘—::,1' B,nd ;; H

and then a root of Ha.lphen‘s equation (4), p. 3, is

141
| - Iy (;- +Z).
Also 12p 2w, = — % —6—z,

12ptw, = —~ :—1- +6~—az.

Mr. W. Burnside points out that, if one root r_ of the equation

(r'=10r+35)*

—1728r
.« . - 19235
is given by ==,
o
where .ro=a;+11__L,
x

then the remaining five roots are given by
, = (€rat+1—erz=t) ;
a:+11—-1— '
z

r=0,1, 2 3, 4; e=el";

8o that zt is the .ikosahedron irrationality (Klein, Math. Ann., xiv.,
p- 156; and Lectures on the Ikosahedron).
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p=0
17. The relation v =0,
or y—z—y* =0,
gives ‘ z=y—y;
and s+e =y,
or : 5 =19

and this vdlue of s, is a root of S =0, where
8 =4s (s+y—y)'— {(1+y) s+y"—y*}*
= (s—y") {4’ - (A=) (1 -5y) s+3* 1-9)'}.
Calculating the invariants of S, we find that y is connected with

r in the ‘“ Modular Equation of the Sixth Order” (Gierster, Math.
Ann., x1v., p. 541; Klein and Fricke, Modulfunctionen, 1., p. 61),

J:J=1:1=4(r+3)* (**+ 9" +21r +-3)°
: (' + 6r +6)* (2r' + 2413 4+ 961+ 126r — 9)?
1 27r (r +4)* (2r +9)",
1-9,
2y
According to Gierster, this r is connected with the r for u =3,
distinguished as ry, by the relation

o= T(2r+9)°
P+’
1 r+4

. = — = y’_y!
so that =59 (rs—1) 4(r+3)° " (1-3y)*

by the relation r=

This is easily inferred by a rearrangement of terms in S, when
8 =48~ {(1-3y)s—y' (1-y}",
and putting 8= ,%0 :
then m®S = 45"~ { (1—3y) ms'~m%’ (1~y) }* = &', suppose,
and S = 4= (5 +,)".
This is the same form as in the case of u = 3, if we take

1 . _ -
m=l—_-_§g, =- y'(l—y)——ai:@%-._-
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18. Taking out the linear factor s—y* of §, the discriminant of
the remaining quadratic factor is

(1-9)' A=5y)’ =164’ A1 —y)’ = (1—9)* A —-9y);
and the roots of the quadratic are rational functions of c, if we put

== ()

=___ ¢
and then y = a=2)6=2)"
f=——£—2—c=—£.]_';‘-_cx .
c c '
f+4= —-.(l_:Qj’
c
or+9 = (1=20)(2—0)
. ¢ i
_ (49 2= =20
and = Y ) U
11— _4AQ=c+e)
O e
The three roots of S are now
¢ A-c)* (c=2)

(@=5c+27) (2—5c+2d)" (2—5c+2d)
_ 2 (1=0)*

(2—5¢c+2¢)"

‘We may drop the denominator (2—>5¢+2¢')?, and write the corre-
sponding pseudo-elliptic integral

P{2(1—c)’—s} +@Q
I(v) =3} ds
() =3 [ §2c (1—c)*—s} V8

where S =s—(1—c).s—c.s—(c—=c")},

and z=

8o that, arranged in descending order, if c <3,
8,=0A=c), s=c, s=(c—c")},
also 8 =={(1—c+c) s—(c—c)'}"

As 2c(1—c)* now lies between s, and s, the corresponding

parameter 0= w 4w,
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19. Taking the integral I (§u,) as derived from p = 3, and making
the requisite substitutions,

(1) I(3ay) =1 [ (I—C.H’Zf)_.s3 (=),

a(l—c+ct)s—(c—¢Y)*
" st

= co8 =sin~! —‘/-—S—'
st

By the substitution
8. =5, . 8,8,

Se=g ==
v
t—e,

’

afterwards replacing ¢ by s, we deduce

(1+c)(2—c) {s+2c—2c -3 (c— c’)}
@ TGy =4 A s
= cos~! (s—2+c—¢) «/{s— (c -_c’)’}
(s+2c-2c%)¢
(49 @=0) V[ —)'=s s}
e+ 2c—2)

Again, by the substitution -
s—s, = 8, ~84.8,—8.

t—e, '

where ¢ is afterwards replaced by s, we obtain
(A +¢)(1—2¢) {20~ 268 —s~3 (¢ —¢) } ds
(2 —28—s) /8
a(e=d=+2¢ / {(1—c)'—s}
(2 —2c*—5)t
- (1+0)(1—20) v {c'~s. s-—(c-—c’)’}
< @F—2=n)t

® I+ =4

= cos

and finally, in a Blmll&!‘ manner,
(C-c)(1=2¢) {2c (1 =c)*—s—3c(1-c)?
4) I(n+3i0y) = %J {20{(1_0)1_8} V8 . } ds
a {s— (l—c)’ (2~3c+2c")} /('~5)
{2 (1—c)*~—s}t
4 (2=c)(1=2¢) /{(1—c)*—s. a—(c—c’ i
{2¢ (1—c)*—s}t

= gin

= C08

>
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go that we infer in the original integral
P=(2-c)(1-2¢), @=-=3c(1-c)'(2-c)(1—2c).
These four integrals can be expressed concisely as follows
(1) ste' = (l—c+c")s—(c—c)'+i VS
= (l—c+c")s—(c—¢)
‘ +iv {s—(1=0c)'.s=c". 5= (c—cN)'},
(2) (s+2e—=2c)t " = (s5—2+0c—0")  {s—(c—0")'}
+i(140)(2—c) v/ {(1—c)'—s.'—s},
(3) (2 ~26 —s)t g1+l = (s—P— 3 +26%) / { (1—c)'— s}
—i(14+6)(1=20) y/ {F—s.e— (c—)'},
(4) {20 (1—c)* s}t et = — {5 (1—0)" (2 36+2) } /(¢ —3)
i (1~20(2=0) ¥ {(1=0)'=s .5~ (=)'}
20. With 3= pu—p2,
where 3p20 =— (1—c+c)’,
the preceding values show that
3pjm=—(1—c+o),
3pdu, = — (1—o+)! — 6o+ 6c,
3p (0,4 2ay) = — (1—c+6)'+ 66— 60,
3p (or+ o) = — (L—6+¢) +6c (1—0)"
Then Plo+plug+pu, = =1,
’ P (@ +10,) +pdu+puy = — (1—0)".

In the Jacobian notation

A= 2= n=_1-2% .
(1—c)*(Q+c)’ (A=c)*(A+c)’
and then en (3K, ) =¢, sn(fK’,x) =1—c,
so that " sn %K'+‘cn K'=1, .

a well known relation.
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21. To find the values of s corresponding to the argument 3w,
we start with the equation

p2ut2pu = %("_"1‘)’,

’

P'u
and put P2u=pu;
=1 (82}
then 3pu=7g (P'“) )

or, expressed in terms of s,
8¢ —2(1—c+){(l—c+¢) s—(c—)'} ]!
g (1— 2 [
S (l G+0’) 4P —4 {(1_c+c,) s_(c_c,),}, ’
128 =4 (1 —c+c')* " —~12s { (1 ~c+¢') s— (c—c)*}*
+4(Q=c+) {(A-c+c) s—(c—c')}’
=9s—12¢ 1 —c+c*) {(1—c+c") s—(c—c)*}
+4(Q—c—c) {(1-c+c) s—(c—c")'}?,
or 38—~4 (l=c+c’)’s+12 1—c+)(c—c) s~12 (c—~c')* = 0.

This equation may be written as the difference of two cubes
{Q=c+e) s—3 (c=c)*}—1 QA +c)* (1-2c)* (2—c)'s* =0,
5o that 3_££:_°_’l’= l—ct =192 (14c) (1=20)' (2—0)),

giving the value of s corresponding to 3w, ; the values of s in which

3+Y/2 is replaced by 4w ¥/2 or 10*Y/2, where @ denotes an imaginary

«cube root of unity, correspond to the arguments ’
$(nx0,).

Mr. W. Burnside points out that these results are in agreement
with those given in the Math. Ann., x1v., p. 156, and in Klein and

Fricke's Modulfunctionen, 1., p. 630, if the tetrahedral forms & and &
are given by '

&H=—2 =1-c+,
E=a2= 1 1+0) (@—c)' (1-2) = -2 (c—¢)"
22. With given 7, in § 18, fhe three values of 7, form the group
_4d @=q) -2

c 1—c¢ c—cC
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But, with given J, the four roots of the tetrahedral equation or-
* Modular Equation of the Third Order” can be written (Math. Ann.,

XIv,, p. 155)
. 1 (Zen+1) 5 _ 4.
r’—Sn'+1' and 9 Byl e=1;
g0 that 8yt = 4(-ctd)

T A+ C=o)(1-20)"

and thence the remaining nine roots of the Gierster’s “Modular
Equation of the Sixth Order” can be determined.

In the notation of the Modulfunctionen, 1., pp. 684, 686,
3
m‘ — 2@ — —2(f°+4,),
¢

yg I !2—6)(1—26) .

c

The relation connecting rg with r =1, is (Gierster, Math. Ann.,

X1v., p. 540) r(r+4)°
=T Er+9)’
and (Math. Ann., x1v., p. 154)
=l (- e
T4 A4S 4 (1=4)

for a given J; we thus obtain another grouping of the twelve roots
of the “ Modular Equation of the Sixth Order.”

23. If we had worked with Abel’s form of the integral

I=6 ]‘ ztk da,
J{(m’ + aa:+b)’+ez}
then Abel’s condition 7. =0,
i8 equivalent to (e+2ab) (e +4adb) = 8b°

(Euvres complites, 1., p. 143) ; or, putting
16%* 4ad

— =m, 1+ —~=mn,
e e

this becomes m=mn(nt+l);
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and then, if n=—p,
X = {@-1+)e—p 1-p)}
—4p' A=p)z (&= (1 +p) 2 +p' A +p) }' = 4 (z—p')
= X, X,,
where X, == +p)z+(p+p),
X,=2"-(1-p)'z+(p-p')"
We now find by Abel’s method that

6k = —1-3p%,
so that, finally,

— 6z—1-3p
1= 2 E e

= a2 = (2+p+p) s+ (1+p)A+pY)

= 2 cosh Ta=p) - VX,
= 2ginh-1 ¥ = @—p+p) 2+ (A—p)A-p") ,x .
= 2sinh opt (1—p) Xy

and, on comparing this with the former use of ¢ in § 20, we find

sn%K::l—c:tE

l4p’
p=1
24. The relation 7, =0,
or (y=2) a3 =0,
on putting y—z =1yz,
is satisfied by y=z(1—-2), z=2z(1-2)°;

so that, taking the circular form of the integrals,
8 =ds {s4+2s(1=2)'}' = {(1+2—-2") s+ (1-2)*}%
Now, with the notation

Suta = pmv—puv,

where 12pv = —4a—(y+1)}
then s =—z=~z(1-2)}
5 =0,

ss=y—z=2(1-2)}
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which we may suppose to correspond to the parameters
F0n  Fuy  Foy;
* and thus 12p40, = —1—6s4 97— 2'—2t,
12p$w, = — 14 62— 152+ 10—,
12p4w, = —1+62— 3~ 2724,
8o that G =plut+piutpioy=—1(1—z+7),

This expression is a root z of Halphen’s equation (15), F. E,

1L, p. 51,

P—21g,a8—2 .37 Tgyab ... — ST gt =0,
g —a. 3 G T T = G =Y

while y=—4a=-4G, = -"7B}
"i8 a root of equation (10), p. 398, Modulfunctionen, 11.

Also, in Halphen’s notation, p. 52,

t = —(53—5) (5s—5) (5s—5p) = 2* (1 - 2)",
and this is a root of his equation (59), p. 75,
M-8, t7—2.5.7. 483 7. A%—2. 7. A% —A' = 0.
Calculating the invariants of the cubic S, we shall find
129, = (1 - 24 #)(1— 11z4 307~ 15— 104 4 52 + &%),
216g, = 1-18z+... : eee + 62" 4213,
A=71—2)(1-8z+52+7).
25. The parameter r employed in Klein's * Modular Equation of

the Seventh Order” (Proc. Lond. Math. Soc., 1x., p. 125 ; Math. Ann.,
x1v., p. 143),

J:J-1:1
= (F+13r+49) (P +5r+1)*: (r*+14r°+ 637+ 70r—7)* : 1728r,

is now readily seen to be connected with z by the relation

p= 1845+
s(1—2) '
and then A+13r 449 = 1=242)

2(1-2)"
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This relation is unaltered if z is replaced by 1—1-; , or by "%1 thus

constituting & group for this cubic equation in z, corresponding to
the parameters §uw,, $w;, $w;.

Referring to Klein’s article in the Math. Ann., x1v., p. 425, “ Ueber
Transformation siebenter Ordnung,” and to the Modulfunctionen, t. r.,
Abschnitt IIL., Chaps. v1. and vi1., we find that we can put

A=z =m—z (a=1)},
p=n == 1),
v=g= g (z-1)};
thus satisfying the relation
AMu+pbv+vA =0,

or 22,4+ 525+ 2,2, = 0.
Also AV =D = i (z=1)}

AWVTA =M (e=1)%,
A,V A = = (z—1)R,
AV=A= h(E-1)%;

so that, as a verification,

A A1)t = 2
2= 2t (z—1) =
4, =1 zl’

—45= (=1t =2
: (z-1) Py

N

Now, if for given J, one root of the *“ Modular Equation of the
Seventh Order " is given by
, = 19 (z—1)
°T A457—82+1
49

1 z—1"
= 7

" b54z4
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the seven remaining roots are expressed by

{1+e =D e Tt - s (a—1) ‘}‘
f'
5+2+i—_'_—-+——]"

r=0,12 8,4, 5 6; ="

Thus the irrationality & (z-1)}

plays the same part here as the icosahedron irrationality zt in §16
above.

We can put z=-—a:—-—i—,
and then o~ 1

26. Taking the integral

p(s+a)— 7z
I(")““I Grn 78 =

and calculating p = P by the formula of § 9,
pz =4 (99 + B8 +9:0) 59"

where =t =z=2(1~2)}
W =in=y=z:(1-2),
v =2 (y+1) =2 (1=2)* (1+3~2),
then p=—5+z+2,
Y = et PR QI+ Rs+ T
and I(v) = cos By vrn ra GTay
= gin=t @+ 0s+ D) /8
2 (s+a)t '

or 2 (s+a)te’ = Ps*+ Qs*+ Rs+ T+ (s*+0s+ D) /8.
Knowing p or P, we can find Q, R, T, C, D, by comparing co-

efficients in the relation
(P24 Q'+ Rs+ 1)+ (5 +Cs+ D)’ S = 4 (s +a)’,
VOL. XXV.—NO. 489, Q
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and also in the verification by differentiation ; and thence
C =—-3+4:—-47+22
D=(1-2(1-2:42-2%,
Q = 5-1724282*~ 152 - 3z* + 32,
B = —-(1-2)*(1~52+4+112"—124+ 0+ 37),
T=201-201-2+74+7).
A similar procedure will serve for the pseudo-elliptic integrals,

1@y =} f%gﬂl ds

[ P, (s +a~ 7/ (=8
and I@Bv)y=14 . Py ( t:.’_my_):g)—‘—‘/-/ ;S(' 2 ds.
By putting sta=t,
[ Pt—T7z (1 —2)?
ty/T
where T=4t(t+2—2) = {(1~242) t—z A =2)'}};

dt,

I1() =}

and putting s+z—y=r,
I@Be) =1 j Fuvt :"/,(,1:_) do,

where V=4dv(v+2—2)—{(1-3:+7) v—-7" (1-2)}%

p =28

27. The relation v =0,
or e (y—e—y)—(y—=z)' =0,
is found, on putting z =1y (1-z),

—‘ 3

to be satisficd by y= 51{:-, z=z-25"

Now s‘+a-=ai£}£:—w)-=z—:’,

Y

80 that 5, =72,

i8 4 root of S =4s(s+2)'~ {(y+l)w+n:y}2=0;

so that 8= (s=2) {45’— g(lf:%‘;),‘ s+ é((i!::‘;f) .‘} .
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Calculating the invariants of this cubic 8,
129, 1—2)* = {(1—22)*+42* (1—2)"}*— 242" (1 —2)* (1—22)",
216¢, (1—2)°" = {(1—2z)‘+4z’ a-2'p
—362' (1—2)* (1-22)* {(1~22)* +4* (1—2)*}
+2162* (1 —2)* (1 - 22)*,
A(l-2)=2(1—2)"(1—-22)*(1—82+87%).

Gierster's “ Modular Equation of the Eighth Order” is (Math.
Ann., x1v., p. 541)

J:J-1:1=4("*—8"+20r"—16r+1)*
: (PP —4r+2)* (2r' =164 40 —32r — 1) : 277 (r —4) (+—2)%;
go that this r, distinguished as rg, is connected with our z by

1 o (1=2)' . 1-8:48

[

2:(1—2)’ Swa- | -7

This r; is connected with r,, employed in Gierster’s ** Modular
Equation of the Fourth Order,” by the relation

1—-8z4-8;*
84 (1—- 87 (1—2)t"

so that the corresponding z, distinguished as «,, is given by

r=1'8=

= —in(rg—4) =—

1 _ 1 2 (1—2)

Ty = —

8r, 4, (r—8)  1=8:48*

1426, = /(1—162,) = — 122"

J(A—8:48:3)"
28. Sturting with the integral
I= j. P 8a ds
G+ /8

and calculating p = P, then, with u = 8,
=2 = 3 (B9t 0+ a0+ 0:0) —6p"
and B=q=2(3+r) =2
W= =2(u+2) =2y,
1 =2(tr) =20 :%l_’
¥
Q2
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so that -;pa; = q,qs+ Q:qs—6p"v
= 4a~y+4mﬁ;_” —6z (y+1)

=—42 9 (y+1

p=4§- +2y+2

34z
1-z°

=4(1-z)+21=% _ o
1—2

Replacing s by the pseudo-elliptic integral can be written

t
(1=2)"
]' (B~42){t+2(1—2)*(1—22)} —42(1—2)* (1 -22) i

{t+2(1—2)* 1—22)} /T '

I=

0=

where 4
T=4t{t+z(1=2)* (1 -22)}'—{(1—22") t+2 (1—2)* (1—22)'}°
= {t—-7 (1-2)*} {4F—(1—22) t+2* (1 -2)* (1 -2)*}.
29. Denoting the roots of this equation T'=0, in descending
order, by
tn tﬁy tv

= (12 { 1+ J(14—8z+8z’) } '

ty = (1-2)" { l—x/(128z+82’) } d

t, =7 (1-2)%
Now we find that the integral

t+C
2 {t+z (1—25)’(1—22)}2
V{4 =(1=22)' 142 (1 ~2)° (1—2z)‘}
oL 3-4z2)¢ ;
= sin ‘2 {t+(z (l—z))"-(*.lQ—Zz)}’ «/{t—-z'" (1—2)‘},
where, as determined by an algebraical verification,
0=~ (1-2)"(1—2+22),

Q=—(1=2)"(1-22)"

I =cos
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This integral I being I (v), where we may suppose v = jw,, then
I (2v) is of the form

100 =3 [ Bt
but, as I(20) =1I(Gwy),

it falls under the case of p =4, and the expression can be corre-
spondingly simplified, at the same time affording interesting com-
parisons and verifications.

Since 1(3v) = I (wy—1wy),
it can be derived from I (v) by the substitution

t—t, = f___tfﬁ_.%:_t_

- _ 7=M.
or t—2(1—2) F—s (=g’

and we thus find, dropping the accent of ¢,

I(oy) = l[ (1—4) {i—7 A=) (1=2)} —42 (1-5) 1=2)
Y f-70-aa-=m}vT

30. The roots of T =0 can be expressed rationally in terms of a

parameter ¢, by putting
c—2¢
1—2¢"’

Z =
(1—4c+2c%)?
1-2d)y ’

(= 3 =20 (1 =2+ 2¢')

. A=25) '

& (1=c)* (1 - 2+2¢%)?
(1-27)° '

= ¢ (Q—c) (1—=2)"
' a2y

and then 1-82482 =

te=

t

and t.> ¢,

1—4o+2¢ _ 2(1—c)'—1
1-2¢ ~  1-2¢

provided is positive.
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To ensure that ¢ = }w,, we must have
—2(1=2)'(1-22) =2 (1—2)' = — 2 (1~2)?,
and ? (1=2)(1=22)—2* (1 =2)* = — 2* (1 —2),
both negative, and therefore
z(1=z) or ¢ (1—¢)(1—2¢) must be positive ;
otherwise we should have
v = w;+}u,,
and I(v) would be suitable for the construction of an algebraical
herpothode.
According to Gierster (Math. Aun., x1v., p 540) the parameter 7, is
connected with 7, = 7 by the relation
dry = — 1 (r—4)(7—=2)%;
8o that, expressed in terms of ¢,
dr, = — (1—=2¢)*(1—4c+26*)* (1— 2c+2c’)’
16¢* (1—¢)* (1 —2¢)*
and this 7, is therefore given by
1—¢)?
= —'( 4x? ) !
gince, expressed in terms of ¢,

4 (1—c) A Q1= 2c’)L——4c+2c’)(l—Zc+2c)’
(1—20)* (1—2c)°

31. It is convenient to drop the denominator (1 - 2¢%)%, by putting

= a=2é

and now

(1—2¢")(8—4c+2¢") {s+c(1—c)*(1—2c) (1 —2c +2¢*) }
I —}[ —4e (1—c)* (1=20) (1 ~2c+2") (1 —2¢)
Gy =14} - " fs+ec(l—c) (1—20)(1—2c+2¢) } /8

= gin-! s—(1—c)' (1—-2c+2d'~ 4’ +4¢")
2{s+ec(1-0)' (1-20)(1—2c+2¢) }*
v {4s— (1=2¢)* 1 - 264 2¢")* . s—c* (1 —¢)" (1 —2c+2¢")'}
= cos-! (1—-2c")(8—-4c+2¢") s—(1—c¢)? (1—2c+2c¢")"

2{s+0(l—0) (1—2c) (1~ 20+ 2H) }’
V{s—c (1—0)* (1-20)%},
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(1—-2¢") (1 —4c+6¢") {s—*(1—c) (1 —2)* (1 —2c + 2¢7) }
I (o) = i[ ~ —4¢* (1—c) (1 —2¢)® (1 —2¢+2c*) (1 —2c*)
YT e (1—0)(1-20)* (1 - 26+ 26) } /S

—ainet _S— ¢ (1=20)* (A —4c 4+ 4et)
{s—¢ (1—0)(1—2c)' 1—2c+ 20 }°

-1 Ps+Q
{s—c' (1—c)(1—2c)* (1—2c+2c%) }*

V(s—s,.5—5,)

= C

Vv (s—s,).

32. Working with Abel’s form, involving the quartic X, we shall
find that, with p = 8, we can split up the quartic X into two quad-
ratics X, and X, of the form

X ={a=(1-2") z—c(1—c)*(1=2)}'—4c (1—c)* 1 =2c) x
= {'=(1-2d") z+c(1—c)'}* —4ec (1—0)* (z—c+ %),
Xp X, =2~(1-2) z24+c (1—c)*'+£2 (1 —=c) V(c—*)(z—c+c);

and then 8k = — 1—-4c+8¢*,
_ [8x—1—4c+8¢°
and I= j 7X dz

is a pseudo-elliptic integral, and the result is
I=cosh' 4 (z"—P*+ Qz—R) v/ X,
= sinh~' 4 (#*— B« + Cz—D) /X,,
where A’ = 4 (1 —c) (1—2¢)* /(c—¢'),
P+ B =2 (3—2¢—3¢%),
P—B=2(1—c)V/(c—¢");
Q+C =2 (3—6¢+2c"—2c* + 4¢*),
Q—C=21—c)(8—c—2¢") v (c—¢");
R+D=2(1—¢c)"(1—-2¢c+c*+c*—2¢%),
R—D=2(1—c)'(1—c+¢—2¢") /(c—¢),
and the irrationality ./(c-c*) can be removed by putting

(1—a)* _(1+a)
042’ 2420

1—¢

c=
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p=9.
33. The relation to be satisfied is
N= 0,
or ¥ (y—2—y")—(y—2)' = 0.
Put y—z =y, z=y(l-2),
then Yy (E-y)-2=0.
. 2
Again, put gy = rR
then z=p-p'
y=p'(1-p),
e =p' (1=p)(QA-p+p)

Forming the invariants of the cubic
8 =4s (s+2)'— {(y+1) s+ay}’
then with s=pu—py, 12pv=— (y+1)’—4a,
129, = 144p'v—24p"v = {(y+1)*+4a}'~24 (y+1) ,
2169, = 864.p'v —216g,pv—216p%
= -3 {y+ 1)+ 4+ 3 {(y+ 1) + 4}
x [ {(y+1)'+4c}*~24 (y +1) 2] —2162*
={(y+1)'+4}*-36 {(y+1)"+4e} (y+1) z—2167,
17284 = (12¢,)*— (216g,)",
A =2 {z(y+1)'—y(y+1)’—162"+18ay (y+1) —27y*}
=2 {(y+1)’ (x—y—y*) — 162"+ 182y (y+1) —27zy*},
and with the above values of z and y, we find
a=p(1-p) (I-p+p) (1=6p+3p'+7),

Quoting the * Modular Equation of the Ninth Order,” given by
Gierster (Math. Ann., X1v., p. 541),
J:J=1:1=(r—1)*(9r’—27r*+27r-1)*

: (27¢° - 16265 + 4057 — 5047 + 29771 — 54r — 1)
: —64r ('=3r+3),
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or by Kiepert (Math. Ann., xxx1L, p. 66),
J:J=1:1= (§43)° (£+96'+27¢+3)°
: (804 18¢54 1358+ 504¢° + 891" + 486¢ —27)°
S 1798E (8 +984+27);

and similar equations given by Joubert (Sur les équations dans la
théorie de la transformation des fonctions elliptiques, Paris, 1876), we find
that the quantities p, r, and ¢ are connected by the relation

_3r=£=1;6-?:+;3_p:_+_?a

p(A=p)
80 that 9(r’—3r+3)=6’+95+27=£-—u11,— + ’.’.
»(1-p)
We can write £=}.;_1 —4—p;
p l-p

and the substitntions: of i-l; and — 1-p for p leave ¢ unchanged;
- P

and thus we have the group of substitutions for this cubic in p,
which may be taken to correspond to the parameters

s .
U Sy Bwy

If we put p:—q—_l—,
q
then ~3(r—-1)=£f+3=S0=D@-1

(F+D(F-1)

34. We may suppose v = Juw,,
and then 12pv=—(y+1)'~4x
=- Q+p'—p")'- 4’ 1-p)(A—p+p’)
=-1+0-6p'+ 10p*—9p* +6p* —p°,
12p2v = 12pv+122
==—(y+1)'+8z
= — 1404 6p° —14p"+ 15p* —6p"— 7",
12p30 = 1296+ 12y
= = (y+1)'—4e+12
U= = 140+65' 2P 9t + 6,



234 Mr. A. G. Greenhill on Pseudo-Elliptic Integrals [June 8,

12p4v = — (y+1)*~da+12p (1—p)(A —-p+p’)
= —1412p—30p° + 34p*—21p* 4 6p°—1°,
12G, = 12 (pv+ 920+ p3v+pdv)
=—4(y+1) ' —4+12y+12p (1 ~-p)(1 —p+p'),
3G, = - (1-p+p’)*
In the pseudo-elliptic integral

; 2 [(P(G+2)—9z
I(v)—i[ (s+2)v/8 ds,

—Pz=3} (119 + 02+ 9394+9495+Quqo)“7 v
=+ 00+ 103~ 79",
in= =z =p(A-pQ-p+p),
o= y =p0-p),
Y= —%:9 =p 1—p)(1~p+p),
go that
—Pr = doy+42¥=2 +2x*§1;—f’)1 72 (y+1),
y
P=3y+3+4% ;2m£}£;‘_”l’ |
y
= 3= % +3+4 (1—p+#) —2 (1-P) A —p+7)
— 5'*‘3?."?'-

35. The result which is given in the Proc. Lond. Math. Soc., XXIv.,
p. 10, is obtained by putting

p= ]—._l-:;’ and s+z = (1—c)*¢;
and now I(w) = [ ‘m_—g_ct_(}.q_'_ciﬂdt,

" where
T=4{(l—c)'t+cQ—c+)}'—{(Q-2c++)t=c(l—c+)}’,
and the result of the integration may be written

2(1—c)'tte” = Pt'+ Qt*+ R+ St + V+: (£ + 0+ Dt + E) vT,
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where P =17-~18c+15¢~5¢,
Q = — 144 53c—76¢*+61c*—25¢* + 5¢°,
R = (Q—c+c")(7-33c+38c2—23c*+6¢* - ¢*),
8 =—(1—=c+d) (1—9c+6c"—2¢),
=—c(l-c+c*)?
0=-30@2~-2+cY,
D= (Q1—c+c)(5=-3c+7"),
E=—(1-c+d)?;
the work has been verified by Mr. T. 1. Dewar.
These results were obtained originally by putting
%= %

in Abel's formulas (Fuvres complites, 11., p. 162) ; and then it was
found that we could write

X={a—(1—n) m+m}’+4fm.w,
and n=—p'+p’, m=—p'(1-p)A-p+p’),
when X has the factor
e—(1-p)(1-p+p’);
also Ok = —2-—-3p*+4p°,
and then the substitution

2= (1-p)(1—p+p) =21=P+F)

will lead to the preceding results.

p=10.
36. The relation Yo =0,
or ¥ (ry—2'=y) —z (y—z—y")' =0,
becomes, on putting z=y(1—-2),

y(z——y)—(1-2)(z~y)* =0;

and this again, on putting g—y = i,

becomes (p—2)(1=p)—3(1—2) =0;
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:80 that, putting z= 1+ e)(1-p),

1-a

l-g—a"
—a(l+a) ,_. _ 1

1—a—a®’ l—a—a?’

y = —a(l+a)
I=a)(I—a—a)’

—a (1+a)
(1—-a)(l—a—a?)*

p:

g =

=

sdp=WY—z=y) _ _ a
Then — ste=" oy T—ad=a=a’

a!

80 that 5 = a=aFd=a=a)"’

.and s—g; is a factor of

= a(l+a)
8—48{ (l-a)(l—a—2’ ’}
{ 1-3a—a’+ad a! (1+a)? }’
A-a)(Q—a- ') (1—a))(Ql—a—d")®) ’
t
Pat §= (1—a)! (l—a-ja’)”
-and (1-a)(l-a—a")*S=T

=4t{t—a (1—a)}'-{(1-3a—0'+a’) t+a’ (1 +a)' (1 —0a)}’
= (t—a*) {4~ (1 +a)' (1=a)(1 +a+3a'—a®) t+ 0’ (1 +a)' (1—a)'}

=4 (t—a) [e_(14 ) {1—a=:=(1+a)\/1+4“‘“ ’]

We can also write
T=4t{t—a' 1—a')}’'— {(1 +a—a'+a’) t—a’ (1 +a)’ (1-a)}?,

so that, on comparison with the case of u = 5, the z there, distin-
guished as z, is given in terms of a by

14a

%= i i=a)’
Then Ty = — 1 +11 44,
Zs

(1+4:a,— a)(—a—a’)*
a* (1-—-a')
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37. Forming the invariants of T, and comparing the values with
Gierster’s “ Modular Equation of the Tenth Order” (Math. Ann.,
X1v., p. 542),

J:J=1: (4r"—40:"+160r*—320r° +320r* - 130r +5)*
i (P—4r +5) (" —3r+1)? (2r'—6r +5)® (4r*—287° 4+ 66r* = 52r—1)?
: 27r (r—2)% (8r —5)},
_ l1+4a—a*

we find TE=r1= o ;
so that ' r—2==—,

9 —5 = 1—a—a
a

Pdr 45 = Q)

4"

1—6a+2a*+6a*+a*
4a? ’

1—6a+8a!+6a*+at
2a? !

and = —1Gr=5)"

= (1—4a—d")(1-a—a')’

@ (1-a?) !

)

P?=-3r+l =

2r'—6r+5 =

as before.
Lo,
1—c¢’
_ 1-¢%)
c(Q+4c—c)’
z = !1+c!!1—c)’.

c(1+4c—¢)?

Then, denoting the roots of T = 0 by ¢, ¢, t,, and putting
A= (1=-a)(1+4a~-d"), C=c+c—c,

t = {(1+a)(1—a)‘;+(l+a)JA}’= 4(03_,1;;0):’

= {Q+0)(1—a)'~(A+a) V4 _ 4 (C=V0)
t,_{ = y 2 .}_4 e

It is convenient to put a=

and then y=
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38. It is convenient to suppose ¢, the middle root of T = 0, o that
we may put o= +joy;
and therefore we must suppose
(t—t)(ts—t,)
=4a'~ (1+a)’ 1—-a)(1+a+3d’~a’) a*+a’ (1 +a)' (1-a)*

—4a( +1-a)

to be negative; that is,

%— +l—-a= l;ic‘;-c’ must be positive,

which is the case if 0<c<1; but a8 C must be positive, if
L (V/5-1)<c<].

s

Putting t= a=o

and denoting by &, $;, s, s, the values of s corresponding to v, 2v,
3v, 4v, then
s=01—=c)=1-¢)(1-a)(1—a—a')s
=—(1=c)°1Q—a)(1—a—d*)’2

= (1)1 —n)2 (] — g —ad ’———a(l+‘———‘)
= (1—¢)°(1—a)*(1~a—a’) (1—a)(1—a=2a%)?
= —dc (140)(1=0)},

and s, must be positive, and therefore ¢>1 if positive, if s, is to lie
between s, and s, in which case we can take

v = w,+ 2w,
Similarly s=0,
5y = =8 (1+¢)*(1-0),
5, = —4dc (14c¢)* (1=c)’,

so that, to ensure making s, positive and s, negutw«., we had better
suppose ¢ positive and >1.
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39. We now investigate the pseudo-elliptic integrals

1) = P, {s —4c(c+1)(c—1)*} —20c* (c+1) (c—=1)*(¢’ —40—1)
- {s—dc(c+1)(c—-1)*} VS
I (20) = 3 [ Pas=20 g"jsl)’ (e=1)*4,
=1 [ Py (s—s83) —20¢ (¢+1)* (c—1)(c*—4¢—1)
I(3v) = . 3 =AW ds,
I(4w) = % (P, ("'"50) (323‘5;‘)(:/-*,-31)‘ (0"1)’
where S= s—s,.s--s,.s—-s:,
&Dd 8§, = 4’ (6’+ /C)’a
5 = (c+1)* (c=1)",
5= 4 (6’— \/0)”
0 =c+c—ec.
P,
Then (§9) (l—a)(ll—a—a’)
(2.2, % . (-2 )
z{ PRIy o +y(y—w-—y’)} tut
= 2+2—2z+24:i +p+y+l
=4 2—3a—a’*+ad’
T T (-a)(Q-a—a})’
P, =4(2—3a—a'+4d").
With —1l+c p_ 430'—13c’+c+l

T 14c T c=1®

but the denominator (c—1)® of P, must be omitted when employed
in the last preceding form of the integral.

The values of P, and P, can be inferred from the integrals dis-
cussed under u = 5; thus

P, =c(c+1) (1—-3z) = —c'+7c—3,
1Pi=c(c+1)! (z+3) =3+7"+c+1.
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The determination of P,, P,, ... may be simplified by noticing that
if the sum of two parameters is equal to & half-period, say

ty+v; = w,,

then, in the general case,

‘/:_‘Sz = MY —Sa.v

83—8, 838,

PP, =t

this follows because the pseudo-elliptic integrals are transformed
into each other by the substitution

§,—85 .8, —S5,
g—s, =222y,
s'—s,

Thus, as examples, P,—P, = 206,
P,—P, = 20q,
80 that 1P, = -2 +2c-3.
We now infer that

ey 1.[ (E—=c+7c—38)s—5c (c+ 1) (e—1)*
I(ge) =13 j 8/ (s—s,. 8—85.5—8,) ds

= Binf‘i_j{—‘;—w V(5—s, .8—85.5—5,)

2 (@—=0"+76—3) &'+ ...

8i ’

= co8

— 1| Bl+7+c+1)(s—s)—5c (c+1) (c—1)* ,
I =4 == ds

as—de (c+1) (4 +3c—1) /S
) ' (37"34)}

= cog-t BT+t '+ ...
(‘5"""30)i '

and thence the remaining integrals

= sin

IGw), IGe), I (wm#+b222,)

can be inferved by linear substitutions.
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p=11

40. It was in working out this case in Abel’s method that the clue
was obtained by which Halphen's function y, and his z and y were
found to be available for the theory of pseudo-elliptic integrals.

With the notation employed on p. 162, t. 11, of Abel's Buvres
complétes, we put

) Q= Ol or ¢¢=4qu
and then, with ¢=0,

P +apg—nai— 4 = 0.
We can replace a, b, and p by A (n—1), A%, and 4\*m; this is

equivalent to taking —:— as independent variable; and now

¢ = 2N m !m’—-n)

n

g, = 2\ mn (' —m+n)

(m=—n)* '

80 that, dropping the common factor 8A%mn?,

n('n D(@#'—m+n)  m@—m+n)’ _ mn®(n’~m+n)® _
(m—n)? (m—n)® (m—mn)®

=0

This becomes, on putting

m—n = ng,

1+(n—1)”—;~‘1—(1+q)§1’—;—,ﬂl’—n 1+ 52 =0,

and again, on putting n—q = —L

1+¢’
1+ (g+ Iqrc )1 ~+) gt
(1+1—q—+c)(1+q)(1+c)'
or (L+o+q) {cA+c)*—g (1+¢)} =0.

VYOL. XXV.—N0. 490, B
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41. The factor l+c+¢g=0
makes » = 0, corresponding to g = 4; so that we take

q(1+g9) =c(Q+0)’,

or 2q=-1+0,
where 0 =1+4c+8c*+4c
Thence m=c(l+c)(1+c+q),
= o9 _ ,ltetq.
" c(l+c)+1+c 13%¢ °
%=gs=2c(A+c+g),
and, putting A=1,
X = {2’ + (n—1) z+m} "+ dma
has a factor x+clﬂq;
l+c¢

and we can throw X into the form
= l+c+g —14yiyg Loty ' s]
X (z+c T+ )[a:(:z: 14+ +¢ Tto fz+(1+c)*}|.
Calculated according to Abel’s formula, we find
11k = o+ 2000+ 29190+ 20,9, 44
P

1+3c
= e 2 -——Iq.
1+6c+52+2 ite q

But now we reduce the integral to the form we have employed
previously by the substitution

Lictg N
@+o 14¢ t '

and, taking M= (;;—(iL—-l-L)B ,

we shall find that the integral assumes the form

I=1% [__ti,l_l_‘_’f_(lﬂ dt,
tv/ T

where T = 4t {t—c' (1+0) ¢}*~ {(1+2 -+ 29+ cq) t+c* (1+0)'},
P =~ (1+0)(1+5c—5¢") + (2—5¢) g.
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Then I= cos-'tltQt+EL+88+Tt+V
pr

- t‘+0t +.Dt +E5+I
1 /T
26 ?

= 8in

or 2tV ¢! = Pt*+ Qt'+ Rt*+ St + Ut + V+i (¢*+ 08+ DP + Bt + F) /T,

and, knowing P, the values of the coefficients Q, R, ... 0,D, ... can be
calculated by an algebraical verification and by a differentiation.

42. To connect up these results with the ‘ Modular Equation of
the Eleventh Order,” given by Kiepert in the Math. Aun., xx311., p. 93,
and by Klein and Fricke in their Modulfunctionen, t. 11, p. 437, it
was necessary to form the discriminant of T'; the algebraical labour
was very great, and I am indebted to the Rev. J. Holme Pilkington,
Rector of Framlingham, for a verification of this and other results;

the result obtained is

A =—c"1+6)"{ A +0)*+ (2+¢) g} { A +)*(1 +30) + (2 + 2c— g} -

‘We must next form the expression for Kiepert's f (Math. Aan.,
XXVI., p. 393) given by the formula

f-" = (h—t) (t,—t) (t— t) (ts—ts) (ts—1),
where tn = pmv—gU.

Since Halphen's equation
=0

is equivalent to the relations

A=Y, =Y Np=X =Y A =Yw,

Ys Y4 Vs Y3 N
therefore f-s = 71757*‘/0717772733’470 = PRy L 2;
(r1737s707s) (nvsvsvevs)

and thence, or otherwise, we find that.
Fr=dg (l4c+g)' = —c*(L+0)* {(1+6)*+(2+¢) g}

- Next we find that, in Klein and Fricke’s notation (Medulfunctionen,
1L, p. 442),

Y . =114"= A= o (1+¢) {(1+¢)’ 1 +3c) + (242~ ¢}.
R 2
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43. The determination of Klein and Fricke's B? was not effected
without the kind assistance of Dr. Robert Fricke, who pointed out
that the requisite clue was afforded by his equation (Math. 4nn., xL.,
p- 478)

and thence we find
11B* =—(1+c¢)* (1 +c—28+c")+ (2c+5—2¢%) ¢.
The parameter r employed by Klein and Fricke, 1., p.440, given by

3
T = ‘—B—",
which is connected with Kiepert's parameter n (Math. Ann., XxxIL,

p- 96) by the relation n+8= 1 ,
r

now leads to the relation
1 _B'_ ~(140)'(1+c—2¢+c)+(20+5¢=2¢) ¢
A4 c(14¢) {(140)* (1+3c) + (2+2—c) ¢}
_ (+o)*{(Q+c—2+c*) r+c+3c}
1= 2e+50—2 r—c (1 +0)(2+ 20—

= (A +4c+97—38—2c'+* +¢) r+0(1 +¢) (—1+3c+8c'+3¢)
1 Cot56—2c) r—c (1+0)(2+2e—0)

Thence

1+

Multiplying these two equations together, putting
q(1+g) =c(1+c),
and reducing, we shall find, finally,
(1+4c—92—27c"~13c* +¢*) & (1 +¢)*
—r1 (10440c+ 31c*—28¢*—9¢* + 10¢°) * (1 +¢)*
—7 (1+4c+28—58—2¢* +¢%)' = 0.

Putting F=144c+2c'—55—-2c'+ ¢,
this quadratic equation for r can be written ,
{F—118(1+c)*} (L +0)*'—r {10F+11¢* (1 +¢)*} & (1 +¢)! —r°*F* = 0;

and putting H= 1;’—(1_1i':§’

iy J0H+ _H-11_

r ]
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-Solving this equation as a quadratic in H,

1-10r4+¢'
2r !

where, a8 in Klein and Fricke’s notation,
! = 1—-20r 4+ 561 —44+%,
Thus the required relation between ¢ and r is
1+4c+2¢—580—2¢'+ ¢ _ 1—10r++'

H=

d(1+¢)? - 273 !
or =1(’+6n—16+W),
where n+8= %,

W=, = /(s + 125" — 407" 9407 —2912)
r .

=/ {(n+8) (" +4n* =721 —364) },
in Kiepert's notation (Math. Ann., xxxi1., p. 96).

Given r or n, there is thus a quintic equation for ¢, corresponding
to the five parameters

s,
(2 4 6,8, 10)2;

and the group of this quintic is
142+ +v/0 —1-4c—274+/C

o 2 ¢ (T o)

The “ Modular Equation of the Eleventh Order” is now, according
to Klein and Fricke,

J:J—1:1=(2".11.7'-24.23.r+61—2°.3.5.7)"
: {7.20.110.0°~7.20.3.11..° 4 7.2°.3.23.r-7.5.19
—2.3'.7 (2°.117-37) }*
120387 {2011, =37 r 411 A17=1)}.

These authors add in a foot-note the remark that the identification
of their form of the modular equation with those given by Kiepert
in the Math. Aun., xxx11., p. 96, is ensily carried out: ‘ Die Ueber-
filhrung dieser beiden letzen Gleichungen in einander ldsst sich in
den That miibelos vollziehen”; but I must confess that I did not
find this operation very easy.
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44. If, however, we adopt Kiepert’s notation, and put
n= E’+4£+-% ,

w' = (£ 4484854+ 4) (8 +88+16£+16),

W= (E+2-2") w,

W* = (n+8) (s’ + dn*— 727 —364),
A = (E4+2) (B + 98+ 2651+ 365+ 16) = B+ 1164+ 448+ 882+ 88E+ 32,
0 = AP+28 = EO4 11 (28 4+ 198+ 1048 + 3681+ 8866 + 1472¢*

+ 16648+ 12168+ 512£) +1024,
then we may put

%@a_ =§0+32—F (+1)(E+4) 4w,

248 = 2/ {E+ ) (E+4) -4},
or %-?:61,,’4,60&,4-1312—60177,

28 = (1~ 50—16)  (1+8) +(1—3) V/(1*+ '~ 720 ~364).
Then

m$ _ 61y’ +608n+1312—60W
T E+32—E(E+D)(E+4) 4w’

_ (*=57-16) /(n+8)+ (n—3) /' (n* +40}—729—364)
M" 2/ (25) {E+1)(E+4) w—4]}

and therefore ‘
m _ (1" —=59—16)/(n+8) + (n—=3) v/ (1 + 49— 721 —364)
M3 617 +608p+1312—60W

o L0+32—E(E+1)(E+4) 4w
2v/2) {E+1)E+H w—4}"

and, after algebraical reduction,

_ (E+5) V(B+4E+8E+4) +(E+3) /(B +88+16+16)
2/(20)

%
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Memoirs on the- * Transformation of the Eleventh Order,” by
Brioschi (4nnali di Math., xx1., Dec., 1893, also Dec., 1883), and by
Klein (Math. Ann., xv.), may be consulted for the employment of
other associated parameters.

Substituting for —1—4 its value in terms of £, namely,
T

P i L
T 3 !
and putting H=11(K+1),
then 11 (K+1)'4 10K +11 -'f_a? =0,
T

or K(B+48 +8E+4)*— (10K +11) (8 + 48 + 88+ 4) =11 (K + 1) =0,
or EKP4+8KS+11 (2K—1) 8+ (32K —44)
—(11K*+6K +99) 8+ (24K —44) £+ 16K =0.

If we could discover a quadratic factor of this sextic equation, say

we should obtain the relation connecting our ¢ with Kiepert's &.

45. The transformations we have usually employed, namely,
Yy—z=yz z—y:%, z=c¢(p-1),
reduce the equation u=0
to p=cpte+ct =0,
and will lead to similar results.

In fact, the first two transformations lead to

z(1—2) =p'-p’,
so that 2 =1+ /P,
where P = 1-4p'+ 4%,

and now the relations
p=1l+4c, 2=—gq,

are sufficient to identify these results with those which we have
employed.
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p=12
46. The relation vs=0
) L]
is equivalent to Y- (X2
”’ 7.'(%)’

o (y—2)'{z (y~2—g) —(y—2)'} — {(y—2) a—4*}* = 0.
Pat y-a =y z-y=§, 5= (1+a)(1-p);

=1
then P=1o
s = —agl+a),
l-a
——a(l+a)(1+a+a’)
y= l—a !
2= —o( +a)(1+a+a')(1+a')
: (1-a)! )

Forming the expression for s,

(y—=) { (y—2) 2~}
(y—z—y")’

= (p-2)(1-p)

—_a(+ata)

(1-a) '

o = a'(l1+a+a’)’

(] . (l — a)l ]
and then s—s, is a factor of

8=4; {3.. a(l+e)(A+a+a)(1+a’ }s

s°+a$ =

A=y
_{1-2a—2d0"—2d"—a*  a'(14+a)’(1+a+a’)'(1+a"))’
(= ot (I—ay -
i
Put 8= —(i'—_—a)—‘,

and (1—a)*8 =T =4t {t—a(1+a)Q+a+a’)(1+a)}*
—{(1—22—20"-24"—a*) t+a’ (1 +a)’ A +a+a")* (1 +a")}*
='{t—a'(1+a+a")'} {4'— (1 +a)' (1 +a") (1 +2a+6a’+ 22’ +a%) ¢
' +a' (1+a) (M +a+a®)' Q+a")'}.
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47. The discriminant of the quadratic factor of T is

(1+a2)°(1—a)*(1+a")’ 1+4a+a?),

249

:and the discriminant of the cubic Tis

@ (1+0) (1—a)' (1+a%)* (1 +a+a")* (L +4a+a?).

Gierster’s “ Modular Equation of the Twelfth Order"”

Ann., x1v., p. 542)

is (Math.

J:J=1: 1= (r'—~6r +6)" (r'—18+°+ 126r* — 432¢* 4 732r' — 504 +24)"
: (r*—127+ 48+ —72r+24)' (v — 24r" + 2401 —12961* + 4080r*

—7488r'+ 74167’ —3024r—72)

:1728r (r— 6) (r—2)* (r~4)° (r—3)";

80 that this r, or ry, is connected with a by the relation

=1 +4+a,
a

Also (Gierster)

f’—6r+6 = .].'_-’-_22::_’2_‘211".

o= §r (r—6),

S Gk )
tT8(r-3)’ .
= r(r—6)(r—3)*
3T 27 (r—2)(r—4)’

(=) (=2 (r=4)
- —64(r=3)*

"=
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48. Denoting the roots of 7, in descending order, by &, £, £, then
L= (L+a) (Lol { Imet O /4]
: L 1
ty = (1+a)* (1 +a")* {1_9_%"'_“2_!_4} X

t,=d' (1+a+a"?
14+4a+a’
1+a* °

where 4=

Denoting by ¢, the value of ¢ corresponding to s, or v,
t=—A=-a)Yz=a(l+a)(1+a+a’)(1+a’),
and t—t,=a(l+a+a’);

and this is positive, or ¢, lies between £, and ¢, 4if @ is positive; and
now we can take v = w,+ 1

49. The pseudo-elliptio integral corresponding to v is -

_1 [P0 +12(1-a)(1+atd)

—1lp(6—8)+12z
o ok e

where pz = § (019s+ %05+ 2%+ 24P+ LGe+ oo +3:9) —10p"
= 191+ 0%+ 3 %+ 243 — 109",

and q = 2,

o =9 (=) ey}
%=2 (y—z—3")}

— y—z , 42 (y—2—y°) (y—z) 2—¢
pr= oyt A T T Y )
—10:o(y+1).
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- 4% 42 y—e—y =2 2=  _10(s+1
e e e T e B

= zy (y—2)z—y’
= L Y = o)
=-0-0- =5
=6—-2(1+ca+a)(2+0)
=—2(54+3a+3a'+a%).
Now :
I1(0) = %I(l-—a)(5+3a+3a'+a°)(§l:t) —6a(1—aY(1+a+a) 5
. (tx"'t) x/T
= cos“t—;—%q—t:%? V{48~ +a)*(1+a")(1+2a+6a'+2a°+a')t
! +a'(1+a)* 1 +a+d) 1+0')}
= sin"P———g-(*;ﬁf:)-? V{t—a'(1+a+d")'},
where P=(1—a)(5+8a+8d"+a%),
and thence the values of @, R, 0, D are inferred by & verification ;.
we find »
C = 3+0+5a+4a® 4 6a* 4 4a® 4248,
D= (1+d") A +a+a")* 1+0+2a"+0+2a*+2a"+ &),
Q = (1~a) 1+a%) (5+11a+ 250"+ 350"+ 34a* +22a° + 10a® + 247),
BR=(Q0=-a)(1+a)* A+ Q+a+a")* A +0424*+a%).
The pseudo-elliptic integrals corresponding to

20, or 3w,
3v, or w+lw,,
4o, or 3w,
fall under the head of preceding cases; and the case of
v, or w+ 38w,
can be constructed from I (v) by the substitution

et o ety tg—t,

YT T =,

?
and then
Py= (1—-a) Q1+3a+3d*+5a%), #=a'(1+a) Q+a+d®) (1+a%).
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p =13
50. The relation Yu=0,
3
being equivalent to ¥ (1),
e s (')' )
or Yeve—7s71 =0,

ory {2(y—e—y") — (y—2)’} a(y—2—3")*— (y—2) { (y—2) z—9*}* =0,
becomes, with the usnal transformations, :

Yo _gplte
s ¥ p

Yo _ ¥
Y

l+¢ o7
¥ =

or ppr=QQ+e)z=c>(1+¢)y 1—2),
pz=¢ (1+c)(1—2),
p(@-1) =c(1+c)(A+c—cp),
P—Q—=Np—c(1+c) =0,
2 =1-—c+ 0,
where O=1+4+4c+6+2¢+c*+28+¢*
= (14 26— —c") +4¢ (1+0)"

‘Then g=c(p—1)
=ic(=1-—c'+ /0),
1—2=13(2+c++c—ey/0),

1—z _1+0—c'—d'+ /0
1-p —2c(1+c) '

1-2 —1-P=l_1_ .4 &
P P P

=14+++ /0

=1—c+ Z(1+0)
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_1+2—c'—+ V0
- 2 (1+c¢)? ’

=(-2)

o,1+3c+2c +c“+(1 —c—c) /0

2 (1+¢)!
1+ 24+4c4+3"+32+2 + 7+ ¢ (l—c—c')JO
y= 2 (1+o)
z=y(l—s)
2(1+ ){1+2c—2c +26%4+6¢'+c*+207+ ¢

+(1=2—48—c—d) 0}

51. The next operation is to determine the relation connecting o
with Klein's parameter r, employed in his “ Modular Equation of the
Thirteenth Order' (Proc. Lond. Math. Soc IL., p. 126; Math. Ann.,
XIv., p. 143),

J:J—=1:1=(r"+5r+13)(r*+7r'+20r' +19r +1)®
: (r'+6r+13)(r"+10r° + 46 + 108-*+122r* +38r—1)*
: 1728r,
Kiepert’s parameter L being connected with Klein's r by the relation
r=01
. (Math. Aun., xxv1., p. 428).
After very great algebraical labour I have found finally that

_l—c—4’—c_ 1 )
T= c(l+c¢) —cfl-i-c =3,

so that, considered as a cubic in ¢, the group of substitutions

1 _1l+4c

leaves r unaltered.
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= (+c+c 1)
Then r’+5r+13 c,(1+ PR

end 12g, = m! (P + 57+ 13) (' 477+ 20 +197 4 1),
216g, = m® (' + 67+ 13)} (+"+ 10° - 46+* +1087° +122:* 4 38 —1),
A=m"

52. If we choose the value
m?= ct (1 +c)ivV/ 0,
then 12g, = 0 (1 +c+ ) (1 +3c—4c*—256°— 23¢* + 226°+ 40c° + 187
+226° +40¢° 4 29¢° -9 + ¢1),
216g, = O° (1 +40—36'—400"—65¢*+ 32¢° + 2350%...
vee +264¢ 4 82¢1° 4 146V - c1),
A=C0(1+0)"® (1—c—4c—¢%).
Kiepert's expression (Math. Ann., Xxv1., p. 427)
| r = L'= Af?

“was employed for the determination of r; the expression of A as a
function of ¢ and /O was calculated, in the form

H+KJ/C;
“and then Kiepert's f was calculated from the relation
77 = (51— 85) (85—5,) (54— 55) (55— 516) (510 552) (33— 5os)

= (5,—53) (53— 8¢) (8, 85) (55—355) (53— 55) (S6—351)

=g 7179 = 2'¢ (1 +0) (1__ ___) (p+c)'

» VyVTsY
or f"= V(8,8;8,8,8:5) ;
and then, if we find
f*=M+N/C,
_H+KJ/C

TM+NJO’
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It was thus found on rationaliziné the denominator that the
numerator and denominator differed by an irrational factor ; and then

, o 1mc—4d'—2
cd+o)

but the algebraical labour was very heavy, so that & more direct
method probably exists. ‘

The quadratio relation
y(L+ey)+e(l+e) =0
changes the equation = 1—c—4c'—c*=0

into P+ =5y — 4y’ +6+3y—1 =0,
and now y=a+ -:T

“—
changes this into L 11 =0,

thus showing the connection of these forms with the thirteenth roots
of unity (Burnside and Panton, Theory of Equations, Ex. 15, p. 101).

53. Another long algebraical calculation will show that
—24 (1+4c)*pv = 2+ 80+ 18c*+ 38¢* + 45¢* + 22¢° + 31 + 96 + 102¢°
4 60c° 4 38¢"° + 36" 4 24¢'* + 8¢' - o'
+6 /0 (64 66— 19— 328 —18¢'— 1188 — 18°— 170 — 18— ¢°),
—24 (1+¢)* 920 = 2+ 80+ 62— 226 —39c* — 146 — 57c*— 1805
—17463 — 726 — 586 — 726" — 361 — 4¢'* — oM
+¢6' /0 (—6—6c+29¢" + 522 + 1864+ 136 + 425+ 31 +5¢—¢),
and so on.

But we shall find that, if

= S (L) P
vO  (p~2)Q-p)"’

or  2m'y/0 =66 +66+c'+28+3+ + (2+2¢+¢') VO,
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then 12mipy = (—56-’—9'0&1+1 +3c*+ 4’ + ¢,

12mp 20 = @l‘}(}ﬂ' +1  —30—20+d,

12m'p8y = — ‘&‘{%"'2 +1. =320+,

1omtpao = — S (ko) FLH6o49P + a4,

mipsy =020+ 11 - L3044040,
/0 .
12m*p 60 = @%ﬁ+1+60+90’+4¢9+c‘;

so that, by addition,

12m'Q, = 12m? 'i:p %’

=6Q+c+c)

54. If one root of Klein’s “ Modular Equation of the Thirteenth
Order ” for given J is written

r = 13 _ 13¢(1+¢)
© r  1—c—4d-C

then, guided by the results of Klein’s article, * Elliptische Functionen
und Gleichungen fiinften Grades” (Math. Ann., xiv., pp. 145, 146),
we should expect, by analogy with the cases of p = 5 and u= 7, that
the remaining thirteen roots are expressible in the form

ré_l 6r-lia !
—_(1+e Ao+...+e Ao)
T 1 1+4c
44 c— —rxe
te 1+c¢ c

‘r=0, 1, 2, PR 12; e=e'(,.lli;

where the A’s are expressions such that A is a rational function of

¢ and V0.



1898.] and their Dynamical Applications.
p=14,
- 55. The equation A 7e=0
is equivalent to Yo (Ys .,
1 s (‘Yo)
or Yero—Ys7s = 0,

or z(y~z—y') {1‘/‘ (y—z—y)—(y- "")'}

Putting

—(y—2) y* {a (y—2—y") —(y—e)'}* = 0.

y—z = yz,
g—y = —,
Y=
= G(P-l),

this equation reduces to the quadratic in p,

or, putting

or, putting

Then

where

22

(I+c-28=c) '+ (2c+36°) p++c0 =0;
c+¢

p=—,

q
¢+(2+3c) g+ (A +c)(1+c—28—c*) =0;
7+e¢

r=Ey
l1+¢ _
1+2c‘°‘

— —2c=3c"+¢/0C
% = l14+¢—28-¢

P=—cr—c

1

0 =c(1+2c)(4+5¢+2¢,

=2—dc++28+c/0
14¢-27-¢ !
1— %2 = —3c~2c'— /O
) 2(1+¢)
= 8c+600—4c"—8c*— 2"+ (1 +2¢ -2 —2¢%) /O
- 2(+e)(I+c—2c=c%)

_ 244c-3—-2"'—cv/0
- 1+c—28-¢ !

2=¢

VOL. XXV.—NoO. 491. 8
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3c+9c'—3c’ — 28¢*—17¢* +16¢° 4+ 21" +-6¢°
r=c +(1+3c—c'—86'—3c* +6c°+3¢) VO
2 (1+c—27-¢)

Also = g—g, = ALV = ma_"iﬁ
87—-87 =T 7;‘7:—' 7;7:7:’
Ve = ot YeYe
: Y27Y3Ye
_ =2 y{z (y—2—y") - (y—2)"}
{z(y—2)—y'} (y—=—y")

- (p—2)(1—p—2)
1-p
= (p=pto)(1+0)
Y c(l4+c)(1—-20)+(1—c) /O
=49 1+o—20—¢ '

and s—g, is a factor of

8 = 4s (s+2)'— {(y+1) s +ay}*®

The resolution of S into factors can now be effected, and the corre-
sponding pseudo-elliptic integrals for parameters

V= Fuwy Or o +Fu,,

and also for parameters 2v, 3v, 4v, 5v, 6v, can be constructed ; but the
algebraical expressions involved will obviously be long and com-
plicated.

u=15
56. The relation ys=0
can be expressed by the elimination of A between the equations

A=Xa= y(1+0),
4] .

M=o g (D4

7s P
=T (p—=1) {(lfc—'c’)p+2c+é} ’
7s P
&e.,

employing the usunal transformations.
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We thus obtain the quadratic equation in p,

P'—c(e=1)(+3c+3) p+c* (*+3c+3) = 0;

‘80 that 2p =o(c—1)(*+3c+3)+c (¢ +1) /O,
where 0= (—o6—1)(c*+3¢c+3).

Then . s=§c{c(c—1)(+80+8)—2+c (c+1)/0}
=3c(c+1)(+—c—2+¢/0),

l-z=—}{+2:*~8c"—2c—2+c' (c+1) v/O},

¢ _ (e=D(E+3c+3)~(c+1)vO
' 2(*+3c+3) ’
1+i_(c+1)(c’+3c+3— V0)
P 2(+3:+3) ’
2 =c+l1-1-%
P P
_ (c+1)(¢+3c+3+/0)

2(c*+3c+3) i

= -2
y=2 (1 ? )
= _T%%Ls { (2 +3c+8) (¢ =28 —c+1)
(¢'+3¢+3) +(c+26—30—1) 0},
2=y(l—r)
c(c*+30+43)(¢°+3c*+0—-10 =11+ 365 +12c* 4+ 8c° +2c* —¢c—1)
+c¢ (c+1)(+ 4+ 4c"—6c8—15¢—8c* + 46 +6c* +4¢ +1) /O
2 (c*+3¢c+3) ’
87, Making use of these valnes for the calculation of pv, p2v,
p3v, ..., and putting 0 _ 94 (24354-3),

we find

mipy = — 8 (3 +3c+3) 2—2 (¢ + 3¢ +8) (y + 1)
= — (c4+9+30+35—45—186—195 415+ 219+ 228+ 123
+21—-27—1246)
—0(c+1) VO (c°+74+164+6—34—54—21 +15+21 + 21 +6),

using the method of detached coeflicients.
82
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(121 "d “nxXX “uny yoIy)
0/* pue 2 j0o woyouny B 8 '3 I9jowrered g3aadory] SUTWIANOP 03 L[[TO139109T) O1qB AOU 68 54 PUB { UOIJBOGLIAA B
‘agd =a,d 987} 08 ‘ad—ayd s8 surss oy} soALd
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p=16.
58. The relation 76 =0,
being equivalent to A= %’- ,
7
M=Tu
Y
A =Yu,
Vs
&ec.,
. 3
may be replaced b Yw_ (%) =,
y P y Yo ( v )
or Yo Yu _ (m)’= 0,
Y1 s Ve
p4)) 23
or a_ (fe) =,
Ys (77)
&e. ;

and these relations, with the usual transformations, will lead to the
cubic in p,

(1=2—¢) p*+ dop* + (*=¢*) p+¢* (1 +¢) =0;

and, putting p= 9_";‘1’_’
q—

this becomes @—c(l+c) @g—c*g—c*(1+¢) = 0.
Put qg=ca;
then da’—c (a’—a’—a—1)+1=0,
a quadratic for ¢ in terms of @, the discriminant of the quadratic being

(= —a—1)'—4a® = (a'—1)(a"—22—1)

= 4, suppose;
: 3S_ 2o
80 that c=9"9 ;a,1+‘/A,
g=ca= d—at—a—1+ /A
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= qte - (A+a)e

T g1 q-—1

(a+1)(a. —2e—-1)+ /4
2a (a®>—2a-1) ’

g= @)@ =21 +(d—a-1)/4 ,,
24° (@ —2a,--1)

59. The éxpression of Gierster's parameter r or r,, as & function of
a or ¢ has still to be discovered ; this can be effected by & return to
the case of 4 =8 (§26); and (Gierster, Math. Ann., x1v., p. 541)

(1—2)' = —2 (7,—2) = %L’.

Now, in § 26,

P“’u—'PE“’a = 2 (1~2)*+z(1—2)* (1—22) _ ( z)
pus—pioy 2 (1—2) =2 (1—2)(1—22) z /!

and, expressed in the notation for p = 16, this is

and therefore

l—z _ 1 _ a IS | o, —_a—1,
z a' z—a’+1' 1 jz_-a.’+1' 1-2 = a+1l’
7_2_0,’—1
a ’
_ a'+2a—1
==,

’

—t = al—2q—1
, a

’ _4¢+8 Q_'*_‘lx

Also ((verster) 7= —° (r—4) ("“64;"*3)(7—2)‘;
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and, taking

171 :
1"= Z(-—- —K) ,

(_1_ — ) (a’+1)! (a’—1)* (a*—6a’ +1)
\ K 164¢

(__l_ +‘) — (' —4a’—2a* -—4-a’+1)’
« 164*

= =’ —4a'+1—(a;+‘1)'(a'—1)'Jgg‘-ea'+1) ’
a

Je= (g.’—l)'—(a’+l)’s/ (a*—6al+1) ’

=2 34 1—+/ (a*—6a’ +1)
2v2a

V= V(@+2,/2a+1)— /(a—2/2a+1)
2%/2/a

or 24/2¥/c = \/(a+2/2+%)-\/ (e=2v2+1);
and now the pseudo-elliptic integrals

1(1,3,85,7%) or I(‘+1357 )

can be constructed by means of this parameter a.

u =17
60. The relation =0

is equivalent to

A=Y N=Twu \=Yn g,
s R4 Yo .

so that, with the preceding transformations, we obtain
p'—(d—c—3c—¢") I'p*+ (4 +4c—9c*— 8¢’ ~ 2¢*) cp’
— (1 ~4c—10c = 56" —c*) ep~c* (1+¢) = 0;
or, with = g{-%.
¢'—c(1+2) ¢*+c A+c)A—-c+) g—cQ+c)(1+c+) g
=*(14+c)*=0,
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{f'—1c(A+2) y+im}’
= {m+3e (142)'—c 1+ } ¢
—{imo (1 +20) +c(1+c) A +0+¢*) } g+im'+¢* (1 +0)?,
8 perfect square, if
{m'+4¢* 1 +c)*} {m+3c* A +2c)*—c (1+¢) }
—{ime Q1 +2) +cQ+c)(Q+o+c")}* =0,
or mb—mie (14" —me’ (1+¢)(1—c—20 +c*+c*)
— (1 4+e)* (14+2c+ 5+ c"~2*+¢*) = 0;

but this cubic appears irreducible.

p=18.
61. Here
Y. c(@p—1){Q—c—c)p+20+c'}
A= ™o Yy aOF97p R ¢ ) X
R ﬁﬂf”—‘i’;&“’ serensesesessesnassronnens ()
N=tno e @D{C+IP-1} G
Ys p :
N=Tao g zo(P—l)’{p’-—(l—c’—c’)p—c(l+c)'}".(4).

s »
From (2) and (4), '
(+3c*=3) p— (' +3c°+6c*+3c—3) p*
+ (26 + 5"+ 56*+2c—1) p—c (c+1)* = 0.

i pro_ ¢t p=1_ 1 _tte
Puttig 0= 1 T#e i1’ P o1’

£= (26 =1) 8+ (c+1) (= +20+1) t—26 (c+1)* = 0.
Put t=(c+1)z, and ¢=y for the moment;
therefore (1+y) &'+ (1~2y") &'+ (1+2y—y*+") a—2y" = 0.
Ui=ay (e—y), Uy=2(@—y), U,=(2+y)'—3¢, U =z
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Pat  a-y=g sty=r e=T1, y=T24;

then o (g+D)'+2r (¢ +3¢+])—g'— 3¢+ 23 = 0;
therefore r=_1 -3q_1,+ ‘/Q,
(g+1)
Q = ¢*+2¢°+5¢* +104°+10¢* +4g+l
bt =Tt -2-1+/Q y= -¢-3¢—49-1+/Q _
c+1 2 (g+1) ’ 2 (g+1)°
therefore
otl=—CL=¢+0+1+vQ ,_ 3¢'+79'+6¢'+9+0—¢/Q
2(g+1) ’ 2 (g+1)* ’
tm1 = L7 —60"—79—2-9/Q
2(g+1)* ’
- =_+_= —¢"—¢'+0+1+/Q
P - (g+ )’q ——6g—Tg-2-4,/0
_@+1)'{2(g+1)°(¢’+3¢'—1)—2(g+1)’'V@}
—4(g+1)'(£—-3¢-1) ’
p—1=24 $—4q*—3¢* +q+l+(q+1)~/Q
2(¢"—3¢—-1)
p= —¢'—2¢'—3¢4*—5q—1+(q+1) ~/Q
2(¢"—3¢-1)
s=c(p-—1)
= (¢ —3¢—49—1+ VQ(q+ 1) (—F—=3¢"+0+1+ v/ Q)
4 (g+1)*(£—3¢~1)
= L+3¢+6¢°+5¢"—(¢* +2q)«/Q
2(¢°—39—1)
1 _¢+2¢+3¢+59+1+(q+1)/Q
P 29
{9*+3¢°+64'+ 50— (¢+2) v @}
2 _ {q‘+2q*+3q'+5q+1+(q+1)/a}
P 4(4—3¢-1).
_2(@-3¢=D(¢+g+0+D) +2 (¢’ —3q—1)JQ
4 (£—-3¢-1)

=L+g+0+1+/Q
2 >
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1-

= "9’—Q'+g+1—~/Q,

— 2

—“(1*;)

5 +9¢°+69+1~ (2q+1)¢Q
2(¢"—3¢9-1)

| —p = =2=3¢" — 4= 5¢ —69—2+(¢'+29) /@
2(¢—3g—-1)

2
p

=q(q+1)

z =y (1—2)

~(1+7+423+51+80+90+704+36+10+1)
+vQ(1+6+15+19+15+6+1)
2(¢—3¢g—1)°

—(146+16+29+354+26+9+1)
++/Q(1+549+5+1)
2(¢'—3g—-1) '

z _ —q¢'+¢*+64° +7q+2—q~/Q

= =q(g+1)(g"+g+1) =4

7 q(g+1)(g"+q+1) 2 (@—3q—1)

—-q(¢*+4¢*+8¢" +l4q +17¢+7)

(1-0)= g(g+1) (@ +3+]) S Dt

= (¢+1)

=q(g+1)(¢+q+1)

5 4o =gt L0Ys

b3
9

g 4(1’—1){(1—6—6 yp+20+¢'}

x!yo,p(ﬂ"'l) (p+oy

l4¢
P
y' cp

"‘2‘

__yz p(l+e) {Q—c—c)p+2+c'}
T -1 ¢ (p+e)

= (Q—c—c*) p+2+c
(A+c)py o)

= (14¢)5(p—2) (l—c?;’.i{;mﬂ’.
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t+c¢ 1+e¢
P =-T° =-T°.
ut p=iTy Pl=g
_c+d _1l+c
therefore 8= +c—t_1,
_t=¢
PE=g
(A +c)(t—c—=c)
— (+c)e(A+e) t—¢ t—1
ate t—1 i—1 — (o
(t-1)

But s, can be determined more rapidly by noticing that

$ .3
T?:
s°=s°—s,=a:‘7"yz=:c' 'y

% A
— 4 Y0¥ _O(P—l){(l—c-c’)b+2c+c’}
1/6‘9—:!:’;7—:._ A+ec)(p+e)
=olize—d) o 1_ 1y, c
_ct(tilf —°(1+°)('t— t-—l)+t—-1'

62. Now, if  t—1= —y(q+1)*(@—2¢—1),
taking, from p =9,
z=c(A+c)(Q+ec+d), y=c+¢,
8 = 4s (s+2)'— {1 +y) a+ay}’,
and writing stz =1t
T = 4t (t—2)— {(1+y) t—2}?
=48 {t— L+ (L+c+)}

{June 8,

—{Q++N)t-Q+c)QA+c+N)},

this can be written

T=4t{t+c(Q+c)(1+c+c")}?

—{(144c+3+) t+d (1+e)(L+o+cH}?

=4s (s+2)'— { (A +y) s+ay}®;
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again, if t = mls,
s (14+c)(1+c+c*) = miz,
1+4e+3+c* =m (1 +y),
¢ (1+c)(A+c+c!) = mizy;
therefore my=g¢ m=(l+c)’;

c(l+c+ed) _ €
ARy YT

63. We have still to determine Gierster’s parameter r or r,; as a
function of ¢; this proved very laborious, but it was finally effected

in the following manner, by means of Gierster’s relations (Math.
Ann., x1V., p. 540).

Putting s+2 =z,
thence 7= 7,3 18 connected with =, by the relation

R )

’ 3(r+2)’
_2=2_ 4 2
3(r—1) = —= =
Also =1 = (r,—1)°
and referring to the case of u = 6 (§18),
_ —1) = 4 (I1—c+)®
27 (r,—1) = 4 N
so that « and ¢ are connected by the relation
c—c' = % .
Now, in § 19,

@i —ploy _ 2-28 _ 2 _ &,
pu,—ptwy,  (c—c)?  c—c 7’

so that, with the notation for u =18,

3 3.3
2 =55 — Y ,= 7;’7-;,
58 YuY, 7,7,

g = Yo7 — _ (p=1)(p+o)
Yu7s p'—cpteotd’

1 _ 1 c4e )
;—-l+p——_1 p+c—1+p——l °+t'
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1 _ —¢—3¢+0+1-4/Q
Bat =1 2(g+1}
oz ——3¢—4g—1+ /@
2(q+1)"- !
= oL+ +69+1—/Q
- 2(g+1)* '
o _ =¢—5¢—69—3+/Q
¢t 4t '
1 _$+¢-2%-1-v0Q
go that = FTPES
o CHe—2g—1+ /@
2(g+1)
r, =T3¢ —=63—1+ vQ
* 2(q+1)

Thence, with the p = p, for p = 9-in § 33, we find

=—lopyl 1
—3(rp—=1) =—1 p+p+p—1 |
— ©+3¢+3¢*+¢*+3¢°+3¢+1+ (" +0—-3¢—1) V@ -
2¢* (¢ +1) ’

and this is satisfied by——

—_¢+3¢+2+1+/Q
h=: 2¢ (¢ +1)’ ’

so that p—1 = c—':l'-l .

64. It will be found that Joubert’s parameter z employed on p. 89
of his memoir, “ Sur les équations qui se rencontrent dans la théoris de

la transformation des fonctions elliptiques ” (Paris, 1876), is connected
with Gierster’s = = 7, by the relation

Tk
_ 1 64f(e—1y+1}
4% T (=) {(z—1)—8}

and then 8
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while Joubert’s parameter z on p. 91, giving

1 (l_ )a=_ 64 {(a—=1y'+1}
(@—1) { (z—1)’—8}

is connected with Gierster’s r by the relation

z=r7+3.

So also Joubert’s parameter z on p. 103 is connected with
Gierster’s r = r,, by the relation

T
T =

=2’
_1 _ e
and then NEWAT T =1y @-35)
p=19.
. 65. The relation Y=

being replaced by the relations
A =Yu_¥ '(l—c—c’)p+2c+c'

% o p+e ’
A=Y _— zsc(P—l)(P’—c’P*'c'"‘"’)
=Y a9y
A=Y — ayts g2+c.! p—=1 ’
77 P
N (p=1) {(1+c—2¢"—c") p*+ (26 +3¢") p+'+ '} ’
Ye ot P'
&c.,

the elimination of A in any manner between these relations ‘is
found always to lead to the relation

PP+(—240 + 42+ 56— 3o'— 4'— o) p*
+( 1—40-120— +18c'+11¢+28) p?
+( 0+3c+ 2'—156'—21c*— 76° - ¢%) p?
+( 040 + 30+ 0+ 3¢— o'+ 0)p
+¢ (1+4c)*=0. -
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If we put p= ﬂl—:—@ )

P+ (3+40—c") '+ (3+2— 150 — 21 —Tc' — ) *
+(1+0) (1 —4e—126' - * +18¢' + 116° +2¢%) r*
+ec(1+0)' (—2+0+ 46"+ 58 ~3ct —~ 4"~ ") r
+ (14¢)’=0.

No factor or reduction of this quintic equation, in p or », has been
discovered so far, although it was hoped that a quadratic factor
might be discovered, from the analogy between the cases of p =19
and p = 11, worked out by Dr. Robert Fricke in the Math. 4un., 3L

Thus, in the case of p =19, he shows there that the *Modular
Equation of the Nineteenth Order” may be expressed by the
relations

12 (4'—B")(95 92)
=2°.3.19.4°~2'.211. A*B'+3.5034°B* - 181 B*+60BE (54°'—3B"),
216 ( (95 9s) =

.
2¢4, 248" = @—_—‘fﬁ)—, (B°*~84'B + E),
/ 194"
Vas=@-my
3
and putting T= B f'=%.
" ==20197+207"=2 7 +1;
also P=—24+}B,
red
where 19P =3 p21’—;’&.
rel
p = 20.
66. The relation Yo =0

being replaced, as before, by the relations

Nt Y P dptetd
&L #  p(pte)

AN =18 — i‘y’z’c (p—l) {(2+G)P_l)} ,

Vs (1+¢) Pa

A= ;‘ = &e.,
7



1898.] and. their Dynamical Applications. 273

we obtain, by the elimination of A,

{1=c (p=1)} (p+0)* {(2+6) p=1} (1 +6) (P —p +o+¢)* =

or, putting p= g—i—i,
(g—1 -c-—t;,’)(q+1+c) = (=g +c+c)’.
If we put ¢-cg+ctd =r,

then this equation becomes.
r=14c)} =17,
or, with l1+c=—a,
2% =1+vV(1+4a);

and thus g, p, 2, y, and z can all be expressed in terms of a single
parameter a.

u =21
67. Here ya =0,
or A= ZB: 12 p’—c’p+c+c’

O p{(—c—c) p+2+0}
M= — yaza!2+c)_t1,

% p(p+o)
A= _ _ 4z4°(.p ]-)2 {P (1-—6 —-c’)p—o(l+c)’}
Vs (1+c)p

and, by the elimination of A, we obtain
(P—cpte+d)(p+o)—p {Q—c—c) p+2c+c'} {(@+c)p—1} =0,
{(2+c)_p-—1}’

or else P B+
c(p—l)’ {r'—Q-¢ —c’)p—c (A +0)’} (P'—cptete) _
A+e) p*{Q—c—c*) p+2c+c'} o

each reducing to
c(l+o)p {(l—c)p+c} {(2+c)p—1}’ {(l—-c—c’)p+2c+c’}
+(p+e) {P—(1—c"—c) p—c (1 +¢)*} (p*—c*p+o+c”) =0,

an equation of the sixth degree in p, but having a factor p—1; this
"cage does not look promising (Kiepert, Math. Ann., Xxx11L., p. 123).
VOL. XXV.—No0. 492, T
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p =22
68. Here M == ghp (R+c)p—1
"o p{(Q—c—c)p+2+c'} '
Ao Yoo 32 =D {P—(1—¢—)p—c(l+e)'}
n @ T P(pto)
and therefore, eliminating A,
{@+e)p—1} (=D {F~A—F=)p—c+e)}} _,
{(Q—c—c) p+2c+)° p+e :

But w=y(1—z)=z(1—z)f-’?;“=c(p—1)(1+c—cp)u+;“° ;

so that

¢ (1 +c—cp)(p+e—cp)(p+e) {(2+¢c) p—1}*
+p {(l—c—o’)p+2c+c’}’ {p'—(1—c—c) p—c (1+¢)'} =0.

If we put p:li%,
q—

this equation reduces to a quartic in g,
Q+c)*g'—c(2+5c+46*+26%) ¢*—c (1 +3c + ' — 2 —c* —¢) ¢}
+6& (14+¢)(2+40+c +¢%) g—c* (1 +0)° =0
Writing this equation .
{(14+¢)*¢—3 2+ 5 +4c* +2¢*) g +3m }*

= {m+}(2c+56"+ 46 +2¢*) +¢ (1 +¢)? (l +3c+—2"—c'—c%) } ¢*

—2{(2c456 +46+2¢") Im+¢* (1+0)* 2+ e+ +0) }g

+1imie® (1+¢)",
and making the right-hand side of the equation a perfect square, the
reducing cubic for m has a root —c* (1+c¢); so that
{2 (14+0)* @' — (20+ 56 + 46 +2¢%) g—c* (1+0) }*

= (4c+8c"+4c*+¢*) { (1+2c) g—c* (140) }*,

and the resolution of the quartic is effected.

- -1 am indebted to Mr. St. Bodfan Griffiths, pupil of Professor G. B.
Mathews, at University College, Bangor, N. Wales, for the solution
of these cubic and quartic equations, and for a general verification of
the algebraical reductions in this case of p = 22.



1898.] and their Dynamical Applications. 275

p = 25.
69. Then yas = 0,
or Yis Y5 — (ZL‘)’,
Y13 Y0 Yn
(p-1) {p’—(l-—c’-— ) p—c (1+¢)? } {p'+(Bc=2~c") p
4 ‘ +36+3c*+¢'}

P {(2+c)p 1} {(l—c—c’) p+2c+c’}
(p—l)‘ {(1+c—20’—c’)p +(2¢+3c®) p+2* +c’}“

P (p'—c'p+ec+c?)

or (p*—cp+c+c?)? {p A—c'—c)p—c (1+c)’}
X {p + (3c—20*—¢°) p+3c*+3c*+ ¢}

-(p—l){(2+c)p—1} {(l—c—c’)p+2c+c"'}

X {(1+c—2c‘-— ’)p +(2c+3(:’)p+c +c“}’
an equation of the eighth degree in p. .

Simplifications probably exist, as this case of g = 25 is the highest
order of modular equation treated by Gierster (dlath. Ann., xIv.,
p- 543).

Expressed in terms of the z of § 16, Gierster’s 7 is given by
Ty =T+ 1=z~ *.

Dynamical Applications of Pseudo-Elliptic Integrals to the Motion of a
Top or Gyrostat.

70. With the notation explained in Routh’s Rigid Dynamics, the
principles of energy and of momentum lead to the two equations

14 (d0 Laasg (WY — -
14 (d ) + 34 sin g(dt) = Wg(d—hcosf) ......... ),

Asin®0 (le% F0rcosf= G “rcvrrrreererenerneeneens(2),

where 7 denotes. the counstant anoufm velocity of the top about its

axis of ﬁgme 0¢, d'f the angular velocity of the veltlcnl plane '

through 00 about the vertical Oz, 6 the inclination of the axis 00 to
T 2
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the upward drawn vertical Oz, W the weight of the top, and A the
distance of its centre of gravity from O, 0 and 4 the moments of
inertia about OC and any axis through O perpendicular to OC, while
d, G represent nrbitrary constants.

4
1 t —=1= 0P,
We also pu Wh 0

a8 in the simple pendﬁlum, and call P the centre of oscillation, as in
plane vibrations ; and also put

gfl = %"
The elimination of i between (1) and (2) leads to

sin’ ¢ (10)' = 2 (i ~—cos 0) (1—cos' 6)— (-——G— Cr cos 0)2

dt h A
= 2n% (cos 6 —cos a) (cos §—cos 3) (cos 6~ cosh vy)

suppose, the inclination of the axis of the top oscillating between a
and 3, chosen such that a> 68> 8, and therefore
—1<cosa<cosf<cosfB<1<coshy.

71. The solution of equation (3) is expressed in Weierstrass’s nota-
tion by pu—pw = A cos 6,
where %= w;+mt, or w+mt,
if we suppose, initially, 6 =8 or a when ¢ =0; the half period w,
or wy being added to mt so as to make pu oscillate between e; and 6,
and cos @ between cos 3 nd cos a.

Denoting by a and b the values of u corresponding to
cosf=—1 and cosf=+1,
then pu—pa=A(1+cosf), pb—pu=X\(1—cosb);
and, since —1 < cosa<cosf<cos3<1<coshy,
we must take a = Mu;, b=w+No,

where M and N.may. be considered as real positive proper fractions ;
and now

A An
v = OO i gh = — O—=Or
mhple = gy P v (2AWgh)’
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-and, if @— Cr is negative, we put

b= w;—No,
From equation (2),
dy _ G—Crcosf _ ,G+0r _ 1 410-0r 1
dt Asin*é ® A 1l4cosd * A4 1—cos®’
or ¢= ‘l’a+ lll’b)
_1G+Cr [ d¢ __ G+Cr sin 0d8
where . = 3= L 1+cos6 2/ (2AWgh) L (I+cos0) VO’
' Yo = 1 G=Cr d¢  _ G—=0r sinfdf
T R4 | T—cos® 24/ (24Wgh)}, (1—cost)vO’

so that ¢ is compoéed of two elliptic integrals of the third kind, .
- .and y,, having poles at the lowest and highest positions of the axis
-of the top, and parameters which we have denoted by a and b.

72. As we are concerned now with the application of the pseudo-
-elliptic integrals, we use the s, formerly employed, as independent
variable, and put

§ = pu—pv,
§—8,=A(14+cos8), s,—s=A(l—cosB), s,—s,=2A.
Employing the suffixes 1, 2, 3, instead of «, 3, ¥, then
s3—8, =A(l+cosa), s,—s;=A(l—cosa);
83—8s =A(1+cosf), s—s;=A(l—cosfl);
$—8,=A(coshy+1), s—s,=XA(coshy—1);

S = Mo,
“ds _ (*sinfdf _ (2 .
f.TFS_L«/We"”‘ X
(G+0) _ 8,

—_5 !G—C’r!’_:__gﬁ (G+C'r)’___&
24Wgh N’ 24Wgh Ay’ G—Cr S,’

w =LJ“ \/!—S‘,)ds |I/ =lj" {(—Sb)ds
RO R ARG A CEDIV R
but the negative sign must be taken with y, if G@—Cr is negative.
- In the Weierstrassian notation

o1 | pladu
Wa =73 ,(p_—u—go—a,’

o — 1| @ hdu
“Po - 2 {Pb—pu,
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73. In the pseudo-elliptic applications of order u, M and N are
proper fractions with denominator g, so that we put

a=gﬁ, b=wl+m,

_1(*P, (s—s,.) —pus/(=8,)
I""J. (S 17
oy [*Pu (o) —u/(=8))
L= BL =) v8 W

and therefore

L;ymv%-memb%%

L= %P.m\/ 2 ibe=n it ),

h P _n _P
where Pe=0 @0 \/ 2R’

=P _n —ﬁ\/ﬁ_
B=Ey Ty T aVan

Then, if G—Cr is positive,
L+1,= p (pt—y),
where P =p.+ps,

and e“(,,,_*u — ei!,. 8110,

which the preceding investigations have shown us can be expressed
as an algebraical function of s or cos 6, in such a form that

(sin 8)* e* =¥ = 4 /(cosh y —cosf.cos §—cos a) + 7B +/(cos 8 —cosh),
or A /(coshy—cos8)+:B,/(cos B —cos 8. cos 8 ~cosa),

where 4 and B are rational integral functions of s or cos 8 ; and thus
the curve described by a point, P suppose, on the axis of the top is
determined.

If G— Cr, and therefore also ¥, is negative, we must put

Ib =pu (Pbt+\pb)i
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and now L—I,=p (gt +y),
where q =Ds=Pa;
tmd eu.(qlo-})i — B‘Ib . e‘“a

and the curve described by P is obtained as before.
Introducing Euler’s coordinate angle ¢, given by

dp_ o ady_(1-0\ ,G+C 1 _,G=Cr 1
a =0 (1 A)7+? A T+cosé ? 4 1—cost,

=(1-C -
then o= (1= 3) rt+va—vn,
and ¢ is also pseudo-elliptic.

It will be noticed that a change of sign of N interchanges G and
c
d _( - ) rt.
Cr,or ¢ and ¢— (1 Y ) T

74. When b—a=uw, or w+u;
that is, when d—q= 0 or p,

there is a further simplification in the value of ¢, as it can now be
expressed in the form

sinfe*~* = C,/(cosh y—cos ) +:D/(cos B —cos f.cos 6—-cosa) ;
or C v/ (cosh y—cos 8. cos §—cos a) +7D v/ (cos 8 - cos 6),
and ¢ also receives a similar simplification when
b+a= W, Or w;+oy;

these considerations are useful as a check upon the accuracy of the
algebra in the formulas, which becomes very complicated and
bafling.

In these cases the values of I, and I, are deducible, the one from
the other, by the substitution

(cosh y —cos ) (cosh y —cos §") = (cosh y—cos B)(cosh y —cos a),
(51—5) (5, =5) = (5,—8) (s—8p) 5
or (cos 3—cos t)(cos B—cos 6') = (cos B—cos a)(cos B~—cosh y),
(5= (5r=5) = (=) (8s—#1) ;

the accent on @ or s being afterwards dropped.
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‘When bta=w,
(=)=
8§18, S,

(cosh -y—l)’___ (G—C’r)’_ 1—cosa 1—cos 8 coshy—1

coshy+1/ = \G+0r/ ~ l14cosa 1+cosfB coshy+1’

coshy—1 __1—cosa 1—cos 8

or coshy+1~ l4cosa 1+cosf’
tanh 1y = tan 3a tan 38,
and -—f;:coshy:a, or %r'

according as @— Cr is positive or negative, or as

b—a or b+a=w,.

‘When bta= v +u,,
(g
83—5, S,’
or (l—cosB)’_ (G—Cr)’_ 1—cosa 1—cosf3 cosh y—1
l4cosB/ ~ \G+Cr/ ~ 1+4cosa 1+cosf coshy+1’
so that tan {83 = tan {a tanh }y,
d _ _Gr . Cr
and —h—_cosﬁ_ﬁ, or &

according a8 G—Cr is negative or positive, or as

b—a or bta= wtuw,

75. It is curious that when
b—a=w,, or w+tuw,,

the arc described by a point P on the axis of the top is easily
rectifiable.

For, denoting the length of the arc in the general case by o, then

(%)': P (%‘})’+ I sin® 6 (‘%‘)’

= 2Wgl . = a_
=2 hcosf))_2gl(h_ coso),
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if L= A/Wh;
and (dt) =% (po—pu),
if pc—pu:)\(%—-cos B).'

But the formulas of elliptic functions prove that
c=b—a

is the value of u corresponding to

cos § = i:— ,
the value e=b+a
3
corresponding to ©  .cos 0= -% - Gz_’?::j .

This follows because

sin'O(d ) = 2} (_ —0080)(1—cos‘0) (G-—Crcosﬂ)’

h A
. _ ]
= 2} Z G;AP:T’ cosG)(l—cos’O)—(—-———Cr gcosﬂ) H

- and therefore a linear relation of the form
at+Bpv+ypv=0

connects pv and p'v, when v =aq, b, ¢, e.

76. Thus ¢ is pseudo-elliptic when c or b—a = w, or w,+w,.

When b—a=w,

(d—t )’ = 2gl (cosh y—cos 6),

3
.and sin’G(%’) = gl—(cosh y—cos 8) (cos B—cos 8) (cos 8 —cos a),
do — lsin 6
d6 ~ +/(cosB—cos@.cosf—cosa)’
o _ .1 jeosf—cosa _ o5 . cos 8—cos a
l = 2tan \/cosﬁ-—cosﬂ Zsin Y cos B—cos a

— 2008_1\/0033—-0030.

cos3—cosa
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The solution of equation (3), by means of Jacobi’s elliptic functions,

18

where

go that
When

or

cos @ = cos a cn® m¢ + cos 8 sn*md,

m* = } (cosh y—cos a) -%- ;
o = 2l am mt,
b—a = v, 4w,

do _ lsin @
dd ~ /(cosh y—cos@.cos—cosa)’

[ cos —cosa
- =2 - J——— — = &C.
l tan cosh y—cos § &e.,

x 8nmt

— .-l
o = 2ltan o

= 2tan"! cn (K —mi)

= 2sin~'xsnmt = 2 cos~! dn mt,

This last spherical curve has a series of cusps on the circle defined
by 6 =; and it is practically the most interesting case, as the top,
if spun initially with its axis at an inclination B to the vertical, will
proceed to describe this curve if the angular velocity » is of appro-
priate magnitude; we shall therefore illustrate in general the pseudo-
elliptic applications with reference to this case.

77. Let us begin with the application of the pseudo-elliptic integrals

corresponding to

p=4

Then we take a=J3uy, b=uw+3u,

80 that

b—a=w, bta=uw+tuw,

Referring to the previous treatment of p = 4 in § 14, we take

where

S =s5—5.8—8.8m8,

§H = (1+c)’1 S5 = c:, 5y = 0;

and s =—c—=¢, V(—8) = A+20)(c+c), P.=1+2,

8 =

e+, V(=S)= . ¢+, P=1
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Then A=c+c', s=(c4+c")cosb,
= =0 l+c.
and cosa=0, cosﬂ—l+c, coshy = .
@+0r  _ [T B _ 142 S U
7CAWgR) N TN T Je+d)’ J(2AWgh) =+’

_ e
/(2AWgh)‘\/ ’ J(2AWgh) \/ T+o’

— 1+2¢ "
Pa= 1/@+2) b= 4/(2c+20’)

2(pat—¢a)='1¢.=ij (1420 G +e+e) =2 (1 +20) (o) 5

. (s+c+c) /S
s A2 s _ oV {(40) s =5}
B s+o+c s+c+d

2= =L =4[’ “ﬂf:?j v

= —cos

c+Jd—s c+cl—s

Putting - p=p,.+po=—72'-\/lﬂ, ¥ =v.+s;

- i1, i
I(pl w)(_e 2 g" o]

a8 _ o V{Q+c)—s. c’—s}'

(1+2c) Vs+i/{(Q+c) —s.¢ —s} Ve—i /{(1+¢)'—s.c'—s}

_c+ct+s c+ct—s

_cd(A+c)—27 s+s $—2ic/S
B (c+o)'=s
[c/{(1+c)'—s} —2/(c*—s. s)]’
(c+c%)—¢

[J(l—cosﬁcos 6) <4/ {cos 6 (cosﬂ —cos 0)}]’

sin® @

or  sinBe® ¥ =,/(1—cosf3 cos 8) —7./{cos 6 (cos B—cos 6)},

sin 6 cos (Yy—pt) =/ ('1 —cos 3 cos §),
8in  sin (y —pt) = +/ {cos 6 (cos B—cos 0) }.



284  Mr. A. G. Greenhill on Pseudo-Elliptic Integrals [June 8,
78. But the values of G and Or are interchanged if we take
b=w,—}uw,
g0 that b~a=uw—uy, bta=uw;

and now we put

q=Pa=Ps = %J(ﬁ), Vv=v—;

80 that -9 = ¢'la g~h

(1+2c)Js+z/{(l+c)’—s c-s} Vs+i/{(1+c)*—s. s}

ct+c'+s c+c'—s
== (1+¢)'+2 (1+0)'s—s'+2/ (1+¢c) /S
(c+d)y—7
_[v{a+o'=s.s} +i(l+e) V(=5 ]
- (c+c)—=¢
[ V {(sec B—cos 0) cos 8} +:./(1—sec B cos 6) ]’
sin?@ °

or sin @ e;“"*"' = J{(secﬂ—cos 0) 0050} +7./(1—sec 3 cas 6),
sin 0 cos (gt —¥) = / {(sec 8 —cos ) cos 6},
sin 0 sin (¢gt—y) = /(1 —sec B cos §).

The point P on the axis of the top now describes a spherical curve,
which touches the horizontal plane through O, the fixed point of the
axis, and which has a series of cusps on the circle defined by 6 = 8,
where

__c 1+
00813—1—_*_6, and m \/ ~TL = /(sec B).

79. Next apply the pseudo-elliptic integrals derived from (§§ 13, 18)

p=3, or 6;
and then we take 8 =s5—s5.5—8.5—8,
where a=1=c)y, =07 s5= (-,

O<c<i.
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The corresponding parameters are

a=3}w, or fw, b= wkiw, or wxiwy;

and a = {u,, =0,
V(=8,) = (c=c%3, P,=1—c+c';
a = 3uw,, 8, = —2(c—¢),

V(=8) = 1+c)(2—c)(c—¢"), P.=(1+c)(2—c);
b= wkdu, 5=2¢ (1-0),

V(=8) = (1+)(A—=2)c'(1—=c), Py= (1+c)(1—2¢);
b= wxdw, 5 =2 (1—0),

/(=8) = @—(1—2)c (1), Py=(2—0)(1~20);
Po=%"Pa\/'%‘1 pa=%nPb\/-%.

80. Let us begin by taking a = §w,, b = w,—3w,; 80 as to make
b—a = w,—w,,

and G—0Or negative ; also

cos B = %, and tan 30 = tan ja tanh 3y.
For or—@G _ _LS_’,,__=§2—c!g1—2c!,
Or+QG S, c
1—cosB _ ss—8 _ 2c(1—c)*~c' _ 2—5c+2d"
14+cosfB s—s, 3 c ’
=G _ =1+3c—c.
so that ' cosﬂ—or = =0y '

coshy—1__ s,—8 _ 1—2
coshy+1 " §—s, o
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Also A=c(l—c),

) Cr+ 6. ¢
:g80 that /(ZAWgh) (l—c)Jc

Or—G __ 2-5:+2¢
J(2AWgh) — (Q=c) /o'

B S Tl JES SR W
TEATT ~ o - TPy’ O ceciby(AWgh).

Now we take

Ib-Ia =3 {(Pb—pu) t+ ‘I"a"’"‘b} =3(Pt+\ll), .

) 1—de+
h = LT e
where PERTP=30 g /@)
or S = ¢l o= .I" .
But ste'le = (.l—c+c’) s—(c—c)'+iv/8,

. {2c(X=c)'—s}ie™™®
= (1—-2)(2—c) vV{(A—c)’—s. s—(c—c)’}
1 {s—(1=0)* (2—3c+2¢) } V(¢ —9),
so that, multiplying these equations,
A3 gin® g g-3tpt+)s
= {2 (1=c)'s—s} e™ e
= {Q-c+Ns—(c—)+iV/S}[(A—2)(2 =) v (s,~5.5—~5)
41 {s‘—(l—q)’_ (2~3¢+20)} (5—9)]
=[(—c){s— (- o) (2— 3c+24) }
+(1—2c)(2—¢) {(l—c-f-c’) s—(c-d)'} ] \/(.sl ~5.5—8)
—i[{@—c+)s—(c—c)} {s—(1—c)*(2—3c+2c") }
+(1=20)(2~0) {s—(1—0)"} {s— (=)} ] / (5s—5)
= {—cs+ (1—0)'} V(5:—5.5—s5,)
+i {—(1—4c+¢*) s—4¢* (1—c)*s +26* (1 =)'} o/ (s5—3),
while, as a verification, we find that

{2 (1=c)s—s} e 6 = £ /(5,8 .5—s;) +1 (1= )/ (5y=5) }"
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81. Again, take @—Or negative, and
» a=3uw, b=w—3iu;
then 8, ==2(c—0"), &= 2¢(l=0),
A=3(a— V 8,) = ¢—¢’,

Cr+@ _ (1+c)(2—c)(c—c’) 2—¢
Cr—-@G Sb (1+c)(1 20) (=)~ ¢—2*’

l4cosf _ s,—a,,_c’+2c—2o’ — 2—c¢
l—cosB ™ s8-8 20—20—3 c—2"'

Cr+ G __‘ 2—¢c" » Cr—@ = c—2¢
V(2AWgh) ~ /(c—¢*) " . f(24Wgh) V=)’

P,=(1+6)(2—0), Py= (1+c)(1—2),

p,-;n(1+c)(2—c>\/—-=1n<2 —9y/ (3 1£9).

p= bn(l+c)(1—2c)\/-——-=1n(1 26)\/ 1 i),

p= p..—p»—%"(1+c)\/ 1 1+°

L—1,=3(pt—¥),
(1+c)!

where p=p—p=1n 7 (@20—2)"
P—vi — . b
and (s—s)8 ™
= (s—2+c—c) / {s—(c—c")*} +i A+0)(@—c)v {(1—0)'—s.c*~s},
(=s)te™™ |

=(s—c'—c*+2c") s/{(l—c)’—s} +i(1+¢)(1—2c) v {c’—'s.~s—(c—c’)'} .
Multiplying these éilua;tions, we obtain a result of the form
Asint G ¥ = A, /(s,—s.8—8;) +iB V(3,5).

So also combinations can be made of a= 3wy b= w;+3w, and
of a=4uw, b= o +3u;
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p=28.
82. The corresponding parameters are
a=1luw or fu, and b= uwt}uw, or v,xiuw,;
and now (§ 30) we can put, with ¢ (1~c)(1—2¢) positive,
6 = } (1—20)* (1—2¢+20%)",
s3= ¢ (1—0)'(1—2c+2¢")’,
& = ¢ (1—c)* (1-20)3,
a=1u,  8,=—0c(l—0)* 1—20)(1 - 2+2c"),
V(—=8) =31 -¢)*(1—2c) (1-2c+2¢")(1-2¢%),
P, = (1—26) (34 +25) ;
a = o, s =0,
V(=82) = 46 (1= ) (1= 20} (1= 26+ 26",
P.= (1—2+28);
a = }uy, 5, =07 (1—c)(1-2¢)*(1 —2c+2¢"),
(=8, = 3¢ (1 =) (1 —26)* (1 =2 +2¢") (1 —2cY),
P,=(1-2c")(1—4c+6¢");
b= w1y, & = ¢ (1—c) (1—20)* (1—2c+20"),
V(=8) = e (1—c)* (1—20)* 1 — 20+ 2¢) (1 —4o+24Y),
P, = (3-8c+6c)(1—4c+2c%);
b=w,+4uy, s =c'(1-c)(1—2)(1—2c+2c%),
S (—85) = 1(1—c)(1—26) (1 —2c+2¢") (1 — 4o+ 26,
P, = (1426 (1—4c+2¢Y).
83. Then, if o= 3o, b=w+iu,
Py+P, = 4 (1—2),
P,—P, = 2 (1—20+2¢) (1 —6c+6¢c%).
‘We can make P,—P,=0, or ¢=0,

it 1—6c+66 =0, c=3—='—=6*@;
—o)(1—20) =1=2% _ 4 V3
and then c(l—e)(1—2¢) = 3 —:I:ls,

s0 that we take ¢ = 3 (83— v/3) to make ¢ (1—¢)(1~2¢) positive.
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Then 1—cos B _ ss—g; _ (1—c)’ (1 —40+20")

l4cosB  s3—s, S (1—2c%) ?
cos B = 4t =8¢ +10—60+1 _ G
- (2c—1)° o
=-1
s0 that cos = 73’
if c=1(3=3).

l—cosa _s,—s __ (1=¢)*(1—2c) _ (l—c\?
Also l+cosa s—s ¢ (1~2c) —( c )'

80 that, if c=%(B+3),

l—cosa _ 2+ /3.
l4cosa 23’

cosa = —3/3,
a = 150°

Cr

o ¢ 1
J(Awghy ~

Then 7?,?“% = _—:75.

v3,
u=35 or 10.
84. The corresponding paranieters are
a =}, o, 3wy jws;
b= w+3wy wi+3wy, ot iuy, w+iuy,

and, according to the preceding investigations of §§36-39, with
suffixes 1, 2, 3, instead of a, B, 7, we put

s =4+ V0), sy =(c+1)(c=1) s =4(=/0),
where 0= E+d—c, and 24 /5>¢>1;
8o that  5,—s. 8y—sy = ('~1)* (—c*+4c+1) is positive,
and 8 >8>
We find that we must take

v = w43,

VOL. XXV.—N0. 493. u
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and now b=o0,+3u; s =4c(c+1)(c—-1)3
V(=8) =4 (c+1)(c—1)* (= +4c+1),
1P, = (3¢c=1)(c*—4c-1);
b=wt+iw, & =4(—/0)(V/C+1),
= 4c(¢+1)* (c—1)(2c—1-+0),
V(—8:) =4c(c+1)' (c—1) (¢ +5—c—1—4¢,/C) /O,
AP, =2 (2 +3c*—c—1—-5cv0);
b=w+iwy, s =8c¢(c+1)(c—1),
V(—8) = 4c(c+1)*(c—1)(—c'+4c+1),
1P = (c+3)(*—4c-1);
b=w 3w, s=4(C+1)(c—1)'(/O0+0c),
V(—8) =4 (c+1)(c—1)* (f—c*—5c+1+4./0) /0,
P, =2 (¢*—c*—=3c+2—-5V0).
Now a=3u, 8 =—4(c+1)(c—1)*(/C—c),
V(=8,)=4(c+1)(c=1)}(-c—5c+1+4/0) VO,
P, =2 (f—c*—3c+24+5,/0);
a= %‘”3) 8§ = 0)
V(= 85) = 4e(c+1)* (c—1)"
iPo=c—c+7¢+3;
a = ju, s =—4("+/0)(/0-1),
= — 4c (c+1) (c—1)(2e—1+ 0),
V(—=8,) =4c(c+1) (c—=1)(E+ 5 —c—1+4¢,/0) /O,
tP. =22+ 30 —c—~1+5¢/0);
a= 3w, 8 = —4c (c+1)? (c—1),
V(=8;) =4 (c+1)! (c—1)},
1P, =3c+7+c+1.
85. Thus, if, in § 72,
a=3w, b=w—3u, b—a=u—u,
A= 3 (55—5,) = 4c' (c+1)(c~1)%,
"~ @=Crcosf,



1893.] and thetr Dynamical Applications. 201
Or—Q _ [=8 _ 4 (c+1)(c—1)’ (—c'+4c+1)
Oor+@ -8, 4c* (c+1)* (c—1)?

_ (o=1)(=C+4o+1) _ —5c'+3c+1
(c+1)® A4+354+3c+1"°

COr__c"—c*+3c+1
G 4c !
1—cosf _ sy—s, _ de (c+1)(c=1)—(c+1) (c=1)*
14cosf~ s,—s, (c+1)*(e—1)*+4c(c+1)* (c—1)*
— (c+1)(e—1)* (dc—c'+1) _ (c—1)('—4c—1)

(c+1)(c—=1)*(c+1)" — (c+1®
l—cosa _ §—s; _ *—c"—5c+1+4,/C
14+cosa s—8 (c+1)® ’
cosa=go=v/0 2

(c+D)(c—=1) S+ +C’

[86. In the above applications ¥, and ¥, are both pseudo-elliptic,
so that the curve described by a point P on the axis of the top can
be written down when G and Cr ave interchanged.

But, by the rule for the addition of elliptic integrals of the third
kind, Yok Ve
where e=a+b,
can be expressed by means of an inverse circular function of cos6,
and by a secular term pt, so that y, alone is required.

. In fact, putting, in § 75,
4_@-0°_p
h  24Wgh ’

go that ~ © = (1—cos’8)(E —cos6) — (Cr—G cos 6)°

24Wgr
we find that ¢y = y.+¢,
3 ﬂ -l __C_J:__GLOSB_
=gq Tt G ) /6

where A
do= Cr—GE d¢ _ Cr—QGE sinfdy
‘ 24 ) E—cos8 ./(24Wgh) | (E—cos0) /0’
‘ v 2 ‘
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this can be verified by a differentiation, remembering that

d‘;‘:50=-sin0§?=¢-7;J2Je;_
and thence we find that
QSQ;__Q_—Crcosa :

dt ~ A(1—cos't)’
as in equation (2) of § 70.

87. Now, when' e= w,+%,

and I, is the pseudo-elliptic integral of order u, corresponding to i,
I, = % IP‘ @c—'s)"l‘ ‘/(—S‘)ds

(s,—8)v'8S
= 1P nt \/ —-i— - p,,

if 8,~s = \ (E—cos 6).

Then

= 4 P, L gn-1 _Or—Goos8 |
v = scamm * i | e J@AWghy /6’
. G P, _p

so that, putting 37 (AW + PN

then g (Y—pt) can be expressed by an inverse circular function of
cos 6.

If p 18 an odd number, the relation can be written in the form
) (sin 9)» ¢+ v-#0¢
= {(cos8)'+C (cos 8)*~*+ D (cos 6)*~*+ e}
+/(coshy—cos@. cos 8—cos a)

+2{P (cos 8)*'+Q (cos 0)*~*+ B (cos 8)*-*+... } v/(cos B—cos 6),
when f is an odd number; but coshy—cos® and cos 8—cost must
change places if f is an even number; and if 4 is even and f there-
fore odd, then cos—cosu« and cos S—~cos 6 must be interchanged ;
but in every case

=pb yp=pmth
P=p i Vv e

where m is defined in the next article; and thence the values of
Q R, ..., C D, .. can be determined by a verification.
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88. It is convenient to put

@__m
24Wgh~— A’
8o that P — Pm+P’;
n . p/(2N)

also to write e, oy, o, for 5,—s, s,—8, s,—s, respectively; and now,
since e m?
cos a+cos B+coshy = E+ SAWgh =E+ 3
0, = A(F—coshy), o,=A(E—cosf3), o3=A(E—cosa);
therefore mi4+o, = X (cos a+cos 8),
m*+ 0, = A (cos a+cosh y),
m'+ay = A (cos B+coshy);
2A cos a = m*+ 0, + 0, — 05,
2\ cosf3 = m '+ o0, —0y+ 0y
2\ coshy = m*—a,+ 0.+ 0y ;

3m+ 0,4 0,405 = 2\ (cos a+ cos B4cosh y) = 2m® +2AE,

or 2A\E = n'+ 0,405+ 0
. Cr—GE)*
Again, a,00,= S, = N0, = —K’(—W '
Cr—QE CrAt
—8,) =AM — = —mA\E;
V(=8 =N s Tivgn) = JEAwgy ™
or — O"ﬁ,___=1ma+_‘1_m (oy+ 03+ 05) + /(—=80).
J@AWy T T

Also
(7"" +0,)~ (r3—09)*+ (m*+ 05)'— (o3 — Vl), + (m'+ 0)° = (0,— o)t
= 4A? (cos a cos B+ cos a cosh y +cos 3 cosh y)

GCr 8 Cr ¥
=4 —14+-50m ) = 4 A,
e 1+A1Vgh) W @A

and therefore
AN = (m'+ o+ a4+ 0,)*+8m v/ (—8,)—4 (0,05 + 040, +0,0,) ;

thence A and @, Cr, I are given in terms of m, oy, 0, a,.]
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Application of Pseudo-Elliptic Integrals to the Motion of a Rigid Body
about a Fized Point under no Forces.

89. In the herpolhode of & body moving & la Poinsot about a fixed
point under no forces, the parameter of the corresponding elliptic
integral of the third kind is always of the form b, as previously
employed for the top; so that the integral for y,, when pseudo-
elliptic, can be utilized for constructing solvable degenerate cases of
algebraical herpolhodes ; also of tortuous elastic wires.

The integral for y,, when pseudo-elliptic, will serve in & similar
manner for a tortuous revolving chain.

Writing the equation of the momental ellipsoid in the form
] k
Az*+ By*+Cz* = DY, or -‘:T + l‘be + % =1,
where Ad® = BbY = Oc* = DR,

and supposing the motion & la Poinsot to be produced by rolling this
ellipsoid on a fixed plane at a distance % from its centre, which is
fixed, then, as shown in my “ Applications of Elliptic Functions,”
§ 104, where the notation employed here is defined, we put

G =Dp, T= Dy,
so that &/T=D;
and then p, ¢, the polar coordinates of a point on the herpolhode in
this fixed plane, are given by

3
L O R )

dt h
9 _ utl J(=pipsp)) .’
dt 2o (02— ph—p" p—p?) b’
2
pi _B—D.D-C
where W BO
i _C—D.D—4
wo c4A ’

o _A—D.D—B
BT AB ’
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90. We take A>B>0, or a*<b*<¢*; and now, with

nd

o
53 =',F (pbd—pw),

(i) A>B>D>0, or <t <<,

. _#p_ ¢ B-D.D=C .
pb—e = s Rl S (positive),
_w i _ g A=D.D—0 , ..
pb—e, == Z;—— —:fa— 0 (positive),
., _# p__ 4 A-D.B-D .
pb—e, = ol Ele ___.———. 1B (negative),
so that e,==é€;, € =2¢, e =e@,
and b = w; +fu,
In Jacobi’s notation, with
b = K+fK%,
sn’b: b-e — .._0.. B__._.__—‘D
Pb—e, B D-C’
q __pb—e,= —4_ B-D
b= =~ B 4-D’
2y __ €6, —€ __ _2 B-C
= ob—e~ B D=0’
and then, to the complementary modulus «,
1_1
sper D A _NW—a®
sn*fK =11 =g
C A
1_1
2 prel (9 D _c’—h’
cn’fK _i—i_c,_a,,
C 4
1_1
’ 0 .D C,—hg
dn’fK' = - 1—-_—-i— = T
C B



296 Mr. A. G. Greenhill on Pseudo-Elliptic Integrals [June 8,

. , =B

Therefore sn’(1-f)K' = pmpr 3
'y , _ Y=g

cn (1 f) K — O’—'a’”

P
dn’ A—f) K'= W—a

Denoting by 3, y the semi-axes of the focal ellipse of the momental
ellipsoid, and by & the distance from its centre of the revolving
plane on which it rolls; then, according to Sylvester's theorem
of correlated bodies, (6 >f),

d

snfK = —,

y .
can'=\/(1—T:;),
P=3

sn(l-f)K'= \/(1— % ),

-nk=2~8
m(-HK ==,

dn fK’' =

dn (1—f) x'=§.

(ii.) A>D>B>0, or a'<hi<b<d’, or d<f;

a similar procedure now shows that pb—e, is negative, pb—se, is
positive, pb—e, is positive; so that

e.=¢, € =6, € =0;

and with b=uw+fu, or K+fK7,
b=t = 2 D
wr=B= 5
sn’b=£‘b-__—z= %j%g’
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and to the complementary modulus «’,

P
K = —;
enf v
dan'—%;
sn(1—f)K’ ._.—B—

ma-nK=,/(1-5),

’__ ""‘ﬁ’
dn 1-f)K ;,_8,.

91. Confining our attention to the herpolhode of the focal ellipse of
the momental ellipsoid, and employing p, ¢ as polar coordinates, then

—pt = v (—eipsp) ap’
p—pt *J.p’«/(pf—p’-P?:—P’-p'i—P’)'

To employ the previous notation, we put
n—s = '
s —s, = k (pi—p*), &c.,
50 that &—s. = kp3, &c.

When & <[, the value of p! in the herpolhode oscillates between
its maximum value y*—¢* and its minimum value ('—4&'; but, when

6> 3, the minimum value of p is P13 (.525’— g

Therefore, with s,>s;>s,, using suffixes 1, 2, 3, instead of «, 83, y,

(i) ¢>8, =8 =—k (&'—p5),
S—8 = k.’,—a’és&’—ﬂ”

88y = k('y’—ﬁ’),
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80 that kS = =5 - 8H—8
8y — 8 !
s=8 =k (p’+5'—f7),

s—s =k (ps._ 79_3".;’6"_.@)’

8 ‘—Ss = k (7’—8‘2—p’)‘

Then =0 _s-85 ¥ _a—g
& s—8 &  s—s

.and therefore

snfK’ =4 /2=
§—8

en fK' = [2=5
8,—5;

dan’ = \/sb—ss s
88

sn(l-f)x'=\/ﬁ—_%,s»;s=,

8 -8 8y —S8s

n (1—f) K = { [2=% A=8,
8§83 Sp=—S5s

dn (1—f) K = 4/5=5%.

8p~—8

. 3 __ 8
(ii) 8<p’ = = _k.y’ 5!336 ) ,

w—s= k-,
Sp— 8 = k (72—8’)’

—8 . H—8,
0 that kot = "8 B8
H—8&

3_82. !_89
me = 2T PD)
8—8 = k(o'—f'+ ),

8 =8 =k(y'-8~p).
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-8 g—s ¥ _ 85
Th. Y =4"% ¥ _5H"8,
en & 8—s' &  s—s8y
g-é =5—3% _@i =58
& S—8. O 8—8y

and the values of the elliptic functions of fK’ and (1—f) K’ with
respect to the modulus %’ are the same functions of s as before.

p=4
92. Here (§ 14)

s,=(l-+c)’, s5=¢c, §=0 s=c+c’;

and therefore ;’ = a ic)” €= (11':_%;,,
on* 1K'= llfgcc' on' jK'= 2o, do'iK'= g2
Then b= w,+1uw,
and (i), 8>, ko = (1+c)’,
P olt2 B o
F 14c¢’ T 1tc
@) 3<B, _ k¥ = &,
Y 142 B _1+4c
& ¢c ' & ¢
.and ¥ =yp—p,

in each case, so that the focal ellipse of the momental ellipsoid rolls
upon a plane at a distance from its centre equal to the distance of a
focus from the centre.

Since  (c+c=s) €™ =iy/s+ v/ {(L+c)—s.c*—s}
=1/ (5—8) + v/ (5,—5.5—8),
the herpolhode is given by the equation

e = o/ (P =Y. P —PR) + iV (— PP} - Py — 7).
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With réspect to axes revolving with angular velocity p, we can put
2=y = 003 2 (¢ —p),

sothat  (a'—y)' = (244 — (' +o) (&' +) +oip],

or (42*—p}—p)) (4y*—p}—p}) = (v} —0})*

This algebraical herpolhode is due originally to Halphen
(F. E., 1., Chap. v1.).

n =6
93. Here (§18)

= (A—c), s5=7, &= (c—¢)}

if c<%;

and if f=3% b=uv+tu, 8=2(1—c);
f=4% b=uw+iv, 8&=2"1~c).
1

Taking f= 2, then
cn3K =¢, sniK =1—c¢,
so that cn K’ +sniK' =1,

a well known relation (§ 20).

(i) 3>5, % =sniK' =1—¢,
B —en 2K =g,
Y
.80 that §=y-0,

or ““ the focal ellipse of the momental ellipsoid rolls upon & plane at a
distance from its centre equal to the difference of the semi-axes.”

Now k= (1-0)",

!
yy

so0 that, writing 3 (¢—pt) for I (w,+3uw,),
{2 A—c)'—s}tettt-m = — {5 (1=0)* (2—8c+2c") } /(5,~2)
+7 (1—2c)(2—c) v/ (5,—8.8—3,),

s—s= (1—0)*



1898.] and their Dynamical Applications. 301

we obtain

R e e NI ey

+"<2—(?__!10;2c) S+ 83— =8 —p)
as the equation of the herpolhode.
(i) 3<AB,

\/( —%):cng-l(':c, \/(l——f;)=sn:}1('= l—c¢,

Now © ke = (2c—¢%)},
and the herpolhode is given by

paes"“"") = (P’+ ]:"c& 55) J(Pi__ﬁ’-{-aa) -

If we take f =2, and (i) 8>8, (ii) 6<f, we shall obtain similar
results.

p=_8
94. Here (§§ 30, 82) b= w;+fuy,
where f=4%or §;

s =1 (1—-2) (1=2c+2¢)",
8 =¢ (1—c)' (1—=2c¢+2¢%?,
g=c'(1—c)* 1-20)%;

and f=% sw=cl=c)*(1—20)" (1—2c+2c,
f=% a=c1-c)(1—2c)(1—2c+2¢%).
() f=h 3>B, |
@ _ P (1—2¢)*
7 an’ {K (I-2:+20)(1—=25)"
B aser_ 4P (1=0)
7 = = g e =2y
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(i) f=1 8<B, |

[3! _ 3 0 1_2 .
20(1—0)(1—ct+c)) o
(I=2+2)(1-2)"

=cn'K'=

 u=5or 10.
95. Then (§§ 38, 84) .
H= 4 (+ /0),
8= (c+1)"(c—1)",
5=4(~Vv0); .
and f=% &=4dc(c+1)(c—-1)},

f=% a=8c(c+1)*(c+1).
() f=4 8>B,

i=sn-§-l1i'= 58 = -20!J0—1! ,
Y 55 c+1) (c-1)
B . ¢ JS -8 8 _sb JO 1

—= K= (/237 27°%

L4 o 8,383 Sp—6 /U-{-l’

ﬂ‘-— sK’ J""—sg v0-1

3 =gk 5535 2c

Therefore 3 = % ' 8 T s

and

B _ v0-1 JO+1
Y e D WL \/ 8 = er) J=D)’

and therefore .
9

VEHY =temvey VEVy= D VE=D’
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(i) f=1, 3<f; then

d , & ,
-;:cn%K, ﬁ=dn.}}{, g-:sn%K'
(i) f=4 3>,
8 AR’ 20 i G’—A\/O
—_—= AK'=
Y ek JO 2(c+1)(c—~l)”
ﬁ— nK_O’—\/O
AR F IV ok
B_ ’ C’—\/O
'a——dﬂ%K 26 ,
l: 3 :=6’+\/0
3 ns K %%
Therefore 7_—_B=__0, 'L+_ﬁ=c;
é c F]
and therefore (7—5)’=°3+°:—°' =ct1-1
é c . ¢
=Z__E ]___.5__
3 T y+8’

the well known relation for the existence of poristic pentagons.

— A+ (c+c—1) B _d—-J/(+c—1)
Also \/ B (o—1)~/(c+1) \/ S ATV

and therefore

v+ '(c-1)25<c+1) VEVE =S veD

. . , c’+2c—1+2/0
1K AK =" 1= 1OV Y
Since sn 3K’'+4-cn 4 i) ,
’ ' 4+2c—-1-2/0
3 s —-—
sn $K'+cn 2K = —_(c Ty s
" therefore (en1K'+cn$K)(sn 2K'4cn3K) = 1.

B l_ ,
Also sniK'—cntK'= =d=1+2/0_ ., 3K'—cn 3K’

c—1
(iv) f=4 3<B,
| -if;--= cn 3K, % = dn 3K, g

=.1n
P’i
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96. For p = 7 and higher values of u, the resolution of § into its
factors introduces analytical difficulties depending on the solution
corresponding to 2y, and the complexity of the formulas in the
dynamical applications is considerably increased.

But the case of 4 =12 (§ 46) will serve for the parameters w;,+ 1w,
and o, +3uy; and p = 16 (§ 58) for parameters

1,35, 7
— W,

w, + 8 g

Ag stated in §7, an essential part of the method of this paper
consists in assigning a first place to the elliptic functions of aliquot
parts of the periods; and thence the value of the modulus can be
deduced, if required.

Memoirs on the subject of Pseudo-Elliptic Integrals will be found

from the following list of references :—

Legendre.—Fonctions elliptiques, 1., Chap. XxvI.

Abel.—EBuvres complétes, t. 1., p. 164, t. 1, p. 139.

Jacobi.— Werke, t. 1., p. 329.

Tchebicheff.—St. Petersburg Acad. Sci. Bulletin, 1., 1861.

Raffy.—Bulletin de la Société Mathématique de France, t. x11.

Goursat.—Bulletin de la Société Mathématique de France, t. Xv.

Halphen.—Fonctions elliptiques, t. 11., Chap. xIv.

Dolbnia.—Liouville, 1890.

Burnside.—Messenger of Mathematics.

EgpaTa.
p. 201, line 4, read y; = (y—2) z—43.
p- 213, line 11, read S = 48 (34 2P — {(1 +2) s+ 27}2.
p- 218, line 15, read s—¢3+ c®—2¢4, in the numerator.
p- 222, last line, v2ad 83 = y—z = 23 (1—:z).
p- 238, line 6, read = —4a? (l—l—a), &e.
a
20 T l+c
p- 239, line 7 from bottom, rcad a = 1=

P- 240, lines 9, 10, read 80 instead of 20 ;
line 11, read 3~c3-13¢=3;
lines 13, 16, read 20 snstcad of 5.
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Thursday, April 12th, 1894,
Mr. A. B. KEMPE, F.R.S., President, in the Chair.
The following communications were made :—
On Regular Difference - Terms: the President (Professor
Greenhill, pro tem., in the Chair).
Theorems concerning Spheres: Mr. S. Roberts.

Second Memoir on the lixpansion of certain Infinite Products :
Professor L. J. Rogers.

A Property of the Circum-circle (ii.) : Mr. R. Tucker.

A Proof of Wilson’s Theorem : Mr. J. Perott (communicated by
Dr. H. Taber, Clark University, U.S.A.).

On the Sextic Resolvent of a Sextic Equation: Professor W.
Burnside.

Mr. Perigal exhibited some diagrams illustrating circle-squaring
by dissection.

The following presents were made to the Library :—

‘‘Beibliitter zu den Annalen der Physik und Chemie,”” Bd. xvir., St. 3;
Leipzig, 1894.

Zeuthen, H. G.—* Note sur la résolution géometrique d'une équation du 3¢
degré par Archimide,”” pamphlet (No. 4, Bibliothece Muthematice, Stockholm),

Zeuthon, H. G.—*‘‘Notes sur I'histoire des mathématiques,’”’ 2 and 3, two
pamphlets, 8vo; Kjobenhuvn, 1894.

¢¢ Bulletin of the New York Mathematical Society,”’ Vol. ur1., No. 6.

¢ Nachrichten von der Kinigl. Gesellschuft der Wissenschaften zu Gittingen,””
No. 1; 1894.

¢“Transactions of the Texas Academy of Scicuce,”” Vol. 1., No. 2; Austin, 1893.

¢‘ Bulletin de la Société Mathématique do France,” Tome xxir., Nos. 1, 2.

¢¢ Sitzungsberichte der Kinigl. Preussischen 'Akademio der Wissonschaften zu
Berlin,” xxxix.~uir., and Juhrgang 1893.

‘¢ Atti della Reale Accademia dei Lincei—Rendiconti,”’ Vol. ur., Faso. 4, §, 6,
Sem. 1. ’

¢ Acta Mathematica,’ xviir., No. 1; Stockholm, 1893.

¢ Transactions of the Cambridge Philosophical Society,”” Vol. xv., Pt. 4.

¢« Educational Times,”” April, 1894.

¢ Annals of Mathematics,”’ Vol. v, No. 3; Virginia.

‘“‘Rendiconto dcll' Accademin delle Scienzo Fisiche e Matematiche,” Serie 2,
Vol. vur., Faso. 1, 2.

¢ Indian Engineering,” Vol. xv., Nos. 7-11.

¢ Mathematical Questions and Solutions,”’ edited by W. J. C. Miller, Vol. rx.

Williamson, B.—* Introduction to the Mathematical Theory of the Stress and
Strain of Elastic Solids,”” 8vo; London, 1894.

¢ Smithsonian Report of 1891""; Waushington,

¢ Premiers fondements pour uno théorie des transformations périodiquea
univoques,”” par M. S. Kautor. (Mémoire couronné par I'Acadéulie des Sciences
physiques et Mathématiques de Nuples dans le concours pour 18835.) Naples, 1891,
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