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Abstract

The classical Friedmann singular limit is reconsidered in a boundary-based frame-
work. A geometric constraint relating boundary curvature to apparent-horizon scale is
combined with a Planck-scale upper cutoff on admissible curvature. This yields a finite
minimum apparent-horizon radius together with a finite minimum horizon area, holo-
graphic area count, and entropy. The same boundary coefficient is obtained from the
black-body normalization on a spherical decoupling surface and from the corresponding
Bose—Einstein integral, and is used here as the thermodynamic boundary normalization
of a spherical decoupling layer. Since the apparent horizon carries the standard ther-
modynamic attributes of temperature and entropy, the same boundary normalization
is imposed on it as a macroscopic thermodynamic boundary condition. The resulting
minimum state is therefore the smallest horizon compatible with that boundary normal-
ization. The analysis remains macroscopic throughout and does not rely on additional
dynamical fields, extra dimensions, or a microscopic quantum-gravitational model.
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1 Introduction

Backward extrapolation of the Friedmann equations leads to a singular limit in which the
scale factor tends to zero and curvature invariants diverge. This is usually taken to indicate
the breakdown of the classical description [1, 2, 3].

Most regularization schemes introduce additional microscopic structure, such as new
fields, modified dynamics, or discrete space-time geometry. The present analysis adopts a
different starting point. Instead of modifying the bulk dynamics, it imposes a geometric
boundary constraint and examines its consequences when combined with a Planck-scale
cutoff on admissible curvature.



The horizon scale used throughout is the apparent horizon radius R4. In the spatially
flat limit, Ry = ¢/H, so that the apparent and Hubble horizons coincide. In the present
paper the early-universe analysis is formulated directly in terms of R4, since the apparent
horizon is the relevant local thermodynamic boundary [4, 5].

The starting point is
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where A is used in the present framework as an effective boundary-curvature parameter and
R4 as the horizon scale. The coefficient 72/15 is not introduced as a free numerical factor.
It is the dimensionless boundary coefficient obtained when the black-body radiative law is
written for a spherical decoupling surface and reduced to dimensionless form. Its thermal

content enters through the Bose-Finstein integral
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together with the geometric factors of the spherical boundary. No free parameter enters
its derivation. In this framework, 73/15 is therefore used as the thermodynamic boundary
normalization of a spherical black-body decoupling surface.

The apparent horizon is treated on the same footing. Since it carries the standard
thermodynamic attributes of temperature and entropy, it is taken here as a macroscopic
thermodynamic decoupling surface [4, 5, 6, 7, 8. The same boundary normalization is
therefore imposed on it through Eq. (1).

In the present framework, Eq. (1) is adopted as a boundary postulate and the Planck-scale
cutoff introduced below as an independent limiting-curvature assumption. The subsequent
minimum radius, area, area count, and entropy follow directly from their combination.

The question addressed here is whether Eq. (1), together with a Planck-scale cutoff, yields
a finite minimum horizon radius, and whether that minimum defines the smallest scale at
which the horizon remains compatible with a thermodynamic boundary normalization.

2 Boundary Curvature and Horizon Scale

In the present framework, A is used as an effective boundary-curvature parameter.

The coefficient 3 /15 follows from the dimensionless normalization of the Stefan—Boltzmann
law for a spherical black-body decoupling surface. For luminosity L, radius R, and effective
temperature T,

L =47t R*cT*, (3)
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Writing Eq. (3) in dimensionless form gives
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Equation (5) supplies the boundary coefficient that is imposed, in the present framework, in
the horizon relation (1).



3 Planck-Scale Regularization

Equation (1) gives
3
T
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By itself, this is a scaling relation: as A increases, R4 decreases. In the present framework,
A is not treated as a dynamical variable. Equation (6) is a kinematic relation between

boundary curvature and horizon scale. The Planck cutoff

Amax = 5

%
represents the maximum admissible value of this curvature parameter, not a quantity treated
here as time-dependent. The observed cosmological constant Agps ~ 1.1 x 107°2m~2 lies
far below this ceiling. To exclude the limit R4 — 0, introduce the independent limiting-

curvature assumption
1
Amax - 6_2 (7)
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Equation (6) then yields the minimum apparent-horizon radius
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Within this framework, the singular limit is therefore replaced by a finite initial horizon
scale.

4 Minimum Area, Holographic Count, and Entropy

From Eq. (8), the corresponding minimum horizon area is
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Using the standard Bekenstein-Hawking relation S = kgA/(4¢%), define the corresponding
dimensionless area count by N = A/¢%. One then obtains
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This equals the Bose-Einstein integral already given in Eq. (2).
The initial state is therefore finite in all three quantities: horizon radius, horizon area,
and holographic area count. In this sense, the singular boundary is replaced by a finite initial
boundary state.



5 Discussion

The boundary relation AR% = 73/15, combined with the Planck cutoff Ay, = 1/£%, yields a
finite minimum horizon radius. An algebraically equivalent form of the minimum area count

is
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This makes explicit that the minimum holographic count combines the full spherical solid
angle with the same boundary coefficient that appears in Eq. (1). The minimum state
is therefore fixed, in this framework, by the thermodynamic boundary normalization of a
spherical black-body decoupling surface distributed over the full horizon area.

This identifies the minimum radius as the smallest scale at which the apparent hori-
zon remains compatible with a thermodynamic boundary normalization. Below RA min, the
horizon falls outside the domain defined here by that normalization together with the lim-
iting curvature. The classical singular limit is therefore replaced by a finite boundary state
determined by the boundary postulate and the limiting-curvature assumption.

Within this framework, the Planck cutoff A.. = 1/¢% acquires a direct interpretation:
it marks the curvature scale at which the thermodynamic boundary normalization reaches
its minimum admissible horizon realization. The cutoff is not derived microscopically here;
it enters as the limiting curvature compatible with the same boundary structure.

Other approaches to singularity resolution, such as loop quantum cosmology, replace the
singular limit through a discrete area spectrum arising from quantum geometry [9]. The
present framework differs in that no microscopic structure is assumed; the minimum scale
follows from the thermodynamic boundary normalization of the horizon. The two approaches
are therefore distinct in method and complementary in scope.

The present approach shares a broader motivation with thermodynamic derivations of
gravitational dynamics, in which horizon thermodynamics is taken as a starting point rather
than as a consequence. Jacobson [10| derived the Einstein equations from the Clausius
relation applied to local Rindler horizons. Padmanabhan [11] developed an emergent gravity
program in which spacetime dynamics arises from horizon degrees of freedom. The present
analysis does not derive field equations, but operates within the same conceptual direction:
the boundary condition constrains the admissible bulk state.

The minimum entropy Swin/kp = 7*/15 and the minimum area count N, = 47%/15
are fixed numerical results of the framework. They are not directly testable by current
observations, but they provide definite targets for any future microscopic theory of the initial
cosmological state.

The present result is a macroscopic regularization of the admissible thermodynamic
boundary state. It is not, by itself, a derivation of a complete nonsingular cosmological
dynamics.

6 Conclusion

The boundary postulate
ARy = — (13)



combined with the independent limiting-curvature assumption
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yields the finite minimum radius
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The same framework gives
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Within this interpretation, the Planck cutoff marks the curvature scale at which the
thermodynamic boundary normalization reaches its minimum admissible realization. The
analysis remains macroscopic; the microscopic origin of the boundary relation remains open.
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