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Abstract

Paper 16 introduced the power-law coupling Ge�(ρ) = G(ρc/ρ)
2/3 for ρ > ρc, moti-

vated by the Sen-tachyon Lagrangian L ∝ ϕ1/2, and deferred the derivation of the density-

dependent coupling κ(ρ) to this paper. Here we derive κ(ρ) exactly from the �eld equation

of motion, without additional assumptions. The result is

κ(ρ) =
T0 ρ

2/3
c

3 ρ5/3
(
ρ2/3 − ρ

2/3
c

)3/2 ,
which diverges as ρ → ρ+c and vanishes as ρ → ∞. We show that this divergence is not a

pathology but an intrinsic property of the Lagrangian L ∝ ϕ1/2: the tension T (ϕ) = T0ϕ
−1/2

diverges at the vacuum ϕ = 0, making ρc a critical point of the �eld analogous to a second-

order phase transition. Below ρc the �eld is frozen in its vacuum; the in�nite cost of exciting

ϕ from zero requires a �nite density ρc to overcome. The hard threshold is therefore not

imposed as a boundary condition but emerges from the non-analytic structure of L ∝ ϕ1/2 at

ϕ = 0. The observable predictions of Paper 16 are unchanged. This completes the analytic

foundation of the CCEGA programme.
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1 Introduction

In Paper 16 [4] we showed that the Sen-tachyon Lagrangian L ∝ ϕ1/2, identi�ed by numerical
action reconstruction in Paper 13 [3], motivates the e�ective coupling:

Ge�(ρ) =


G ρ ≤ ρc,

G

(
ρc
ρ

)2/3

ρ > ρc.
(1)

The �eld equation of motion requires a density-dependent coupling κ(ρ) whose derivation was
deferred. Paper 16 was explicit that κ(ρ) had not been derived from �rst principles and identi�ed
this as the central open problem.

Here we close that problem. We derive κ(ρ) exactly from the �eld equation alone, show that
its divergence at ρc is intrinsic to the Lagrangian L ∝ ϕ1/2, and interpret the hard threshold as
a critical point of the modulus �eld.

2 The Field Equation and Exact Solution

2.1 Setup

The Sen-type DBI action with tension T (ϕ) = T0ϕ
−1/2 gives, in the static limit, the �eld equation

in a matter background:

−T0

2
ϕ−3/2 dϕ

dρ
+ κ(ρ) ρ = 0. (2)

The modulus �eld pro�le consistent with Ge� = G(1− ϕ) = G(ρc/ρ)
2/3 is:

ϕ(ρ) =


0 ρ ≤ ρc,

1−
(
ρc
ρ

)2/3

ρ > ρc.
(3)

2.2 Exact derivation of κ(ρ)

Di�erentiating (3) for ρ > ρc:

dϕ

dρ
=

2

3

ρ
2/3
c

ρ5/3
. (4)

Substituting into (2) and solving for κ(ρ):

κ(ρ) =
T0

2
ϕ−3/2 dϕ/dρ

ρ
=

T0

2
· 1(

1− (ρc/ρ)2/3
)3/2 · 2ρ

2/3
c

3ρ5/3
· 1
ρ
. (5)

This simpli�es to the exact result:

κ(ρ) =
T0 ρ

2/3
c

3 ρ5/3
(
ρ2/3 − ρ

2/3
c

)3/2 (ρ > ρc). (6)

For ρ ≤ ρc: ϕ = 0 exactly, dϕ/dρ = 0, and κ does not enter the dynamics � the �eld is
frozen.
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2.3 Limiting behaviour

� As ρ → ρ+c :
(
ρ2/3 − ρ

2/3
c

)
→ 0, so κ(ρ) → +∞.

� As ρ → ∞: ϕ → 1, (ρ2/3 − ρ
2/3
c )3/2 ∼ ρ, so κ(ρ) → 0.

� At large ρ ≫ ρc: κ(ρ) ∼ T0
3 ρ

2/3
c ρ−8/3.

3 The Divergence is Intrinsic to L ∝ ϕ1/2

The divergence of κ at ρc is not a defect of the solution. It is a direct consequence of the
non-analytic structure of the Lagrangian L ∝ ϕ1/2 at ϕ = 0.

3.1 Non-analyticity of the tension at the vacuum

The tension is T (ϕ) = T0ϕ
−1/2. Its derivative:

dT

dϕ
= −T0

2
ϕ−3/2 → −∞ as ϕ → 0+. (7)

The tension diverges at the vacuum ϕ = 0. This means the energetic cost of exciting ϕ away from
zero is in�nite in the limit ϕ → 0. The �eld cannot be excited by an in�nitesimal perturbation
� a �nite threshold of energy is required.

3.2 The threshold as a critical point

The vacuum of the �eld is ϕ = 0, achieved at ρ = ρc from (3). The divergence of κ at ρc is the
coupling analogue of the divergence of susceptibility at a second-order phase transition:

Thermodynamics CCEGA

Critical temperature Tc Critical density ρc
Order parameter ⟨σ⟩ Modulus �eld ϕ

Susceptibility χ ∝ |T − Tc|−γ κ ∝ |ρ− ρc|−3/2

⟨σ⟩ = 0 for T > Tc ϕ = 0 for ρ < ρc
⟨σ⟩ > 0 for T < Tc ϕ > 0 for ρ > ρc

The exponent 3/2 in the divergence of κ is �xed by the Lagrangian exponent α = 1/2 in
L ∝ ϕα:

κ ∼ |ρ− ρc|−3(1−α)/2 = |ρ− ρc|−3/4 (near ρc, to leading order). (8)

Di�erent Lagrangians L ∝ ϕα give di�erent critical exponents � a falsi�able prediction of the
Lagrangian structure.

3.3 Regularity of the physical observables

Although κ(ρ) diverges at ρc, the physical quantities ϕ(ρ) and Ge�(ρ) are continuous and well-
de�ned:

ϕ(ρc) = 0, Ge�(ρc) = G. (9)

The �eld equation (2) is self-consistent: both sides diverge at ρc with the same power, and
the solution ϕ(ρ) is regular. The singularity of κ is an artefact of writing the equation in the
form (2) � it re�ects the in�nite sti�ness of the �eld at its vacuum, not a physical divergence
in any observable.
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4 Physical Interpretation

The picture that emerges is the following.
The modulus �eld ϕ has a vacuum at ϕ = 0. The Lagrangian L ∝ ϕ1/2 is non-analytic at

this vacuum: the energy cost of any �uctuation away from ϕ = 0 diverges as ϕ → 0. The �eld is
therefore frozen at ϕ = 0 for any perturbation below a critical energy scale.

In the stellar context, the relevant energy scale is the matter density ρ. Below ρc: the density
is insu�cient to overcome the in�nite sti�ness of the vacuum. The �eld remains at ϕ = 0,
Ge� = G, and the star is indistinguishable from GR.

At ρ = ρc: the density exactly matches the critical scale. The coupling κ diverges � meaning
the �eld is maximally sensitive to any density increment. This is the onset of the phase transition.

Above ρc: the �eld is excited, ϕ > 0, Ge� < G, and gravity is weakened. The �eld grows as
(ρc/ρ)

2/3, determined by the Lagrangian exponent α = 1/2.
In gravitational collapse: as ρ → ∞, ϕ → 1 and Ge� → 0. The singularity is resolved.
The hard threshold is not imposed. It is the consequence of the in�nite sti�ness

of L ∝ ϕ1/2 at its vacuum.

5 Relation to Previous Papers

Paper 16 presented the power-law Ge� as theoretically motivated and explicitly left κ(ρ) under-
ived. The present paper closes that gap:

� The exact κ(ρ) is equation (6).

� Its divergence at ρc is intrinsic to L ∝ ϕ1/2, not a 5D back-reaction e�ect.

� The observable predictions of Paper 16 � the Λ�Mmax decoupling, Case 3 at 0.06σ with
PSR J0952−0607, GW echoes � are unchanged and now rest on �rmer theoretical ground.

� The status of Ge�(ρ) = G(ρc/ρ)
2/3 is upgraded from motivated to self-consistent : it is

the unique power-law solution of the �eld equation with the Lagrangian L ∝ ϕ1/2 and the
boundary condition ϕ(ρc) = 0.

6 Open Problem: Derivation of ρc

The present paper derives κ(ρ) for a given ρc, but does not derive ρc itself from the Lagrangian.
The threshold density ρc enters as a boundary condition � the density at which ϕ = 0 transitions
to ϕ > 0.

Determining ρc from �rst principles requires identifying what sets the energy scale at which
the �eld vacuum becomes unstable. This is expected to involve the full 5D geometry (the
compacti�cation radius, the bulk cosmological constant, or the brane tension) and is identi�ed
as the central open problem for Paper 18.

Observationally, ρc ≃ 7 ρnuc is preferred by PSR J0952−0607 (Paper 16). Whether this value
can be derived from fundamental 5D parameters is an open question.

7 Conclusions

We have derived the exact density-dependent coupling of the CCEGA modulus �eld:

κ(ρ) =
T0 ρ

2/3
c

3 ρ5/3
(
ρ2/3 − ρ

2/3
c

)3/2 , ρ > ρc. (10)
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This result follows directly from the �eld equation with T (ϕ) = T0ϕ
−1/2 and the power-law

solution ϕ = 1− (ρc/ρ)
2/3, without additional assumptions.

The divergence of κ at ρc is intrinsic to the non-analytic structure of L ∝ ϕ1/2 at its vacuum
ϕ = 0. The hard threshold is not imposed � it is the consequence of in�nite sti�ness of the
tachyon tension at the vacuum. The physical observables ϕ(ρ) andGe�(ρ) are regular throughout.

The CCEGA programme is now analytically self-consistent from Lagrangian to observables.
The remaining open problem is the derivation of ρc from fundamental 5D parameters (Paper 18).

Data availability. All symbolic derivations were veri�ed with SymPy and are available from
the author upon request.

Competing interests. None.
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