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The MQ System

Let F be a field. Consider the following system of m multivariate quadratic equations in n
variables x1,...,x, € F":

filzy, ... x,) = Z aﬁj) r;wj + Z bgl) z;+cV =0,

1<i<j<n 1<i<n
_ (2) (2) 2) _
folzy,. ..., x,) = E a;;’ i + E b; z; +c? =0,
1<i<j<n 1<i<n

fm(@r, ) = Z aﬁ-}”) ;x5 + Z bgm)xﬁ—c(m) =0.

1<i<j<n 1<i<n

The goal is to find a solution v = [vq,...,v,] € F" of the above system.

Reduction: n =2, m =1
For n = 2 variables x1, x5 and a single quadratic equation, the MQ system reduces to:
f(z1,29) = an o7 + arg T30 + ag x5 + by 21 + by 29 + ¢ = 0.
Treating this as a quadratic in 7, FullSimplify yields:
ay 75 + 71 (a12 T2 + b1) + 22 (a2 T2 + by) +¢1 = 0,
and completing the square in z; gives:

(2 a1, 1 + a9 x9 + 61)2 _ —46L11 929 ZL’% — 4(111 bg Tro — 4(111 c1 + (1%2 I% + 2@12 b1 To + b%

=0.

4&11 4@11



Resultant for Two Quadratics in Two Variables

Given two quadratic polynomials in x, y:

m(z,y) =a 2’ +arry+azy’ + bz +by+ e,
po(z,y) =di 2 +doxy+dsy’ +e1x+eay+ o,

the resultant Res,(p1,p2) eliminates y and yields a univariate polynomial in z. The full
expanded form is:

Resy(p1, p2) = aid; 2t — ajagdads vt — ajasdzey 0 — 2 ayazcads 7
-2 a1a3d1d3 1'4 + (Ilagdg .CC4 + 2 alagdgeg 33’3 -2 a1a3d361 $3
+ alageg 22+ 2 a101d§ 2+ ag@dg 2+ a%dldg xt
+ agdgel 2 — aya3Cods T2 — asascaes T — asasdidy
— asazdies 2 — asazdaey 2 — asazeres ©2 — asbidses 12
+ agbldgdg ZL’3 + agbgdldg ZL‘3 — agbgdg 173 + 2 a261d362 X
+ an2 t4+2a d1€1 2+ a%ef 2% — 2asbicads
-2 a3b1d1d3 ZL‘ + 2 agbldleg [L’ -2 agbldgel ZL’2 -+ agbldg T
+ agbleg xr — a3b202d2 — a3b20262 T+ 2 agbgdldg ZL'2 -2 a30102d3
-2 GgCldldg 172 -+ agCldg .1’2 + 2 a301d2€2 T — 2 a301d3€1 T
+ a301€g + b%d% ,IQ - blbgdgdg {23'2 + 2 blcldg i
+ bgdldg IQ + b%dg@l T — b201d2d3 Tr — b201d3€2 + C%d%

The alternative factored form is:

Resy (p1,p2) = d3< —ag(arz + by)(dyew + e3) + ds(arz + by)? —|—ag(02 +x(d1x+el)))>

bg( z(arx + b)) (dow + €3) — 2a2 (2 + x(dyz + 61))>
+ c1(daz + €2) + c12(2 ardsz — as(dax + €3) + 2 b1ds)
+b3(ca + 2(diz +er)) + ¢ ds
—ag (a: (alx(cgdg + 2(2ds(diz + €1) — djz) — 2doesz — €3)
+ ay(dyr + €2) (ca + 2(dya + €1)) — ds (d2x — eg))
+ by(dow + €3) (o + z(diz + €1))
+ 01 (200ds + 2(2ds(dyz + €1) — d2a) — 2daert — eg))
+a(co+ a(di + 1)),

Setting Res,(p1, p2) = 0 yields a univariate polynomial in x alone, solvable by standard root-
finding methods. Each root x* is back-substituted into p; or py to recover y, completing the
reduction of the MQ system to a trivial univariate equation.
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