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The Dynamics of a Top.
By A. G. GREENHILL.
Read January 10th, 1895. Received Fobruary 4th, 1895.

A statement by Jacobi (Gesammelte Werke, t. 11, p. 480) that the
general motion of a top or gyrostat, moving under gravity about a
fixed point in its axis, can be resolved into the relative motion of two
bodies moving & la Poinsot about the fixed point under no forces, has
attracted considerable attention of recent years, as testified by the
valuable and interesting articles on this subject by

Halphen, Comptes Rendus, t. c., 1885 ;.

Darboux, in Note xx. to Despeyrous’ Cours de Mécanique, t. 11.,
p- 525 ; '

Routh, Quarterly Journal of Mathematics, Vol. xxur., p. 34; and

Marcolongo, Annali di Matematica, Vol. xxi1., 1894.

Dr. Routh commences with an investigation of these two associated
concordant states of motion under no forces, and shows afterwards
how they may be combined so as to give the motion of a top; but in
the present paper it is proposed to reverse this procedure, and to
start with the analysis of the motion of the top, and thence to derive
Jacobi's two associated states of motion; it is hoped that this new
procedure will help to throw light upon this interesting and impor-
tant theorem in Dynamics.

1. We hegin, then, with the equations of motion of the axis of the
top, as given in Routh’s Ikgid Dynamics, following as closely as
possible the notation of the article in the Quarterly Journal of Mathe-
matzcs, Vol. XXul.

The equations connecting y, the azimuth of the axis OC, and 6, the
inclination of the axis to its highest vertical position OG, can then
be written

do\? oo (dg)?
%A,(EZ) +14, SIn’o(dAtP) = Wy (d—hcos) ......... ),

A4, sin’ﬂ%‘«f+0,n,cos€= Giovevvvnrvniinennn (2).
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Take a point P in OC at a distance I from O, such that
1=2,
wh’

then P may be called the centre of oscillation, as in plane vibrations;

and put
_!(L - l‘_f:(]_k = ns

1

b

so that 2r/n seconds is the period of small plane oscillations.

The guantitics employed in this paper, here and subsequently, are
expressed in Dr. Routh’s notation by

1—on 4 _L p_ G _ o7 _ O Z'.’l=2’
' = 2f% h—f=ﬂ—“ 4, tG= Ty TiEEE
or u ! _‘()?n? el

=L =€,
24,Wgh — 7 24,Wgh~ f

Writing equations (1) and (2)
(3?)’+sin’0 (%’)11 = 2} (% —COos 0),

sin’0“i—¢’= G —Cinycosd
t

4, ’
and, eliminating id‘f’
cag(dOY _ o s (4 _ et gy [ Gi— Cymy cos 04*
sin o(dt) = 2 ( 5 T cos 0) (1—cos’6) (__—_A—l )
T 20 et e e 3),

suppose, where

0= (‘—}f-—cos 0) (l—cos’B)-—-(G‘—_gM’ﬂ ......... 4).

24, Wyh

To solve (3) we suppose O to be split up into three factors, such

that
© = (cos —cosh 0,) (cos 8—cos ,)(cos 8 —cos )......... (%),

so that the inclination @ of the axis oscillates between #, and 0,

0, <0 < by
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2. The solution of equation (3) by elliptic functions is given by
pu—e, = 1Q (cos #—cosh 6,)
pu—e; =30 (cos@—cos ) r ... (6),
- pu—e; = 10 (cos 8—cos 0,) J

the letter  being employed as the homogeneity factor so as to agree
with M. Darboux’s notation (Despeyrous, t. 11, p. 514) ; and now

u=qt+o, or Qidwy ceiiiiiiiiiiini, )]

for cos 6 to oscillate between cos, and cos,; and, since from (5)
and (6) . doy? _ 4p"u (du)?

sin?0 ((Tt) = (-d—t) ........................ 8),

200 =2 (pu—e) (pu=a) (pu—ep) = T p™0 000 9

therefore ¢ = (%)’=% TR ¢ () B

In Jacobi’s notation, the modulus & and its complementary
modulus & are given by

2= 08 086h—cosf, 1
e o 1),

e G0 cosh 6,—cos 6, 12)

e—e cosh 01 —cos 0‘ .....................

Denoting the real quarter period of Jacobi’s functions by K, then
the time occupied while 6 grows from 6, to 6, is
K - K
gV (=) ny/ {4 (cosh6,—cos 6,)}

seconds ; and this is the fraction

1
4/ {$ (cosh 6,—cos 6,) }

of the complete period of the top when making plane oscillations, by
swinging through the angle
4sin'x = 4 sin~! \/ (———_—_-—_“" 6, cos §, )

cosh 6, —cos 0,
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3. If u assumes the values v, and v, when cos 8 is +1 and —1, then,
from (6), :

pu—pv, =101 +cosb) ......ccooeevunrenn, (13),
po—pu =30 (1—cosl) ......cc.oevnnenen, (14),
so that Pr—pPry =0 15),

and, since
—wo <—1< cosb, < cosf < cos b, < 1 < coshf <,

we therefore take
Vg = Pwg, U, = @ F s (16),

where p and » are real fractions.
Also, putting cos 8 == 1 in (4) and (9),

1 ] s, y _ 0 1 40%
(BGem) == e (B0) == Ge™s a0
1

and therefore, from (10),

G+Cmy _ — vy G, —GlﬁL = g‘fﬂiﬂ (18).

JAW) T T TN J(AWghy T @

Thus, if @, —C,n, is negative, we must suppose r negative, or put

_Gve ey (20),
(4,Wgh PU—Pvy
Omy R putpny 1),
\/(Aleh) PV — PV
e
or 4A,IWgh =—pr—pv,—P (1, +0) i (22),
Cim@ g

S = =1y — 0 (1, —1,) el (23).
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4. We shall find that (Vol. sxv., p. 281)

U= v~
d 4
makes cos 0 = T e (24).
Writing © a \
= (E— — cog? ) — (G — @G, cos 8) 95
8 = (B —cos §)(1—cos*§) SAWgh (25),
2 2 2
then E=2_0=0m s (26),

h 24, Wgh

and this is the quantity denoted by r in Dr. Routh’s article; and
we find that (p. 281)

: % =V + v,

makes - cosO =T .. ...c.coe.iiirnniiiiiniinins an,
so that, putting vty =0,
vy—vy = w,

‘pv—pu= 30 (F~-cosb)
pv—e, =38 (E—coshb) e (28)

pr—e = 30 (E—cos b,)
pv—e, =10 (B—cosb)

pw—pu =40 (-‘}f— —cos 6)

- pw— & =30 (—% —cosh 0,)
. RSCRRRRRIN ¢ ) §
pw— e =10 (—% —cos 0,)

501&—— e = 50(%—-0030‘,) )

5. Writing equation (2) in the form

. ady —O,n,co80+G
-t Vo= "L —— T — .
s db v (24, Wgh) : (30),
v = G,—0Oin, I sinfdf G+ 0\n, sin 8 d6
v (24,Wgh) ) 1—cos8) /0 = /(24,Wgh) J (1 +cos ) /6
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then ¢ is the sum of two elliptic integrals of the third kind, with
Jacobian parameters v, and v; and Legendre’s theorem for ‘the
addition of these parameters shows that these two integrals depend
upon & single integral, of the form
O —GE J’ __sinfdb (31)
2/(24,Wyk) | (B—cos ) ,/0 !
and we find, in fact (us is readily verified by a differentiation),

= —tan-' Y(24,Wgh) /O
Z 1, Ci,n—@, cos U

..................

Ciny—GE [ sinfdd
+; 2/ (A Wk _{(E Zeost) 7B (32).

6. To agree again with Darboux’s notation, we put

G, e
N = I, 2 =D 33),
&4, Wyh LA, Wyh (33)
so that, from (22) and (23),

I = —pu=pu—Pv ccoevveeeenneeaeennn (34),
B =—pu—po—pw....ocooounns S (35),

L=D = pw—pv..cciviieiieniiineenene e (357).

Then, from equation (25),

cosh 6, +cos 05 +cos b, = I + 2{; ............... (86),

and, from (28), by addition,
3pv = 2QF —1Q (cosh 8,4 cos 0;+cos 6;)
=QE—I1 37,
so that, from (28), or (13) and (14),
Qcost = QN —2pv+2pun
= L'+ pv+2pu

= 2PU— U — Py v (38);

and therefore »
Qcosh 0, = 4 po+2¢

Qcos, = LP+po+2e) i, (39).
Qceos by = I pur+e
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Again, from (25),

cos 8, cosf,+ cos by cosh §,+ cosh b, cos,

=_1 GO'nl__1+ 2LC\n,
A Wyh V(Q4, 1Vgh)
s0 that, multiplying by @, and employing (39),
j(LA ’;:f;i’) Q* (1 + cos b, cos @, + cosd, cosh §, + cosh 6, cosd,)
= Q430+ 6L 0o+ 3@ v=gg.eeereireieeaeieeenn, (40);
this relation is implied in Darboux’s (18), Despeyrous, 1., p. 515.

X'rom (25), again, as well as (37),

ipvm Cim= G
2v(4,Wyh)
=_ O _
2/ (4, Wgh) —Iok
__Cm
=g dnwny L -3len,
so that, multiplying by I,
~ LOn . % L .
YA Wy =1 +3L.pv+Lm U ovriiriiiinineenn (41),
or BQ = L*43Lpv+ipv. i inneninnn. (41%) ;

and therefore, from (40),
P+ 3L+ 0L pv+3p*v—g, = 4L + 12 pv+ 4 Lip'y,
or Q= L'+6L pv+4Lip'v—8pv+g,
= (L+3p0v)* +4Lip' v—=20"veccvrerriveieenan, (42).
With this value of € we shall find
tanh §, = 2 TEV(a= P+ (pr—y. pr=s)

Pripotor (43),
LJ/(pv—e)+ J/le,—pv.pr—e,)
=2 VIl O TR TN
tan 6, Litpot2e, (44),
L./(pr—c) + /(e,—pv.pv—e,)
=92 = 4 ! e 4
tun 6, T Lt ipvtde (45),

and the complete motion of the top can be made {o e, end upon
the constants e, ¢, e, @v, and L.
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7. When v is of the form

where P and u are integers, the solution can be effected by the
associated pseudo- elllptlc integral of order u, which we can write
in the form

I (w,-}- %«3) = 3

Jp (r=8) =/ (=3) ;.
(o—s)V8S

. o (u+v) } ~(of +2u10) 6
¢ log {——-——-——a (=) gTlerBn (47),

where (Proc. Lond. Math. Soc., Vol. xxv., p. 209)
S=ds(s+2) - {(y+1)s+ay}®
=4 (s—5)(8=8)(8=8) e verrriiiiiienn, (48),
o—s=pv—pu=1210(B—cosb)................ (49),

(S

[SIC

and where 3 denotes the value of S when s =o.

Then

- Om—GE _(  sinfdf
1 (ot “‘) %"{ VIR WICYR US| [(E—cos 6) /6

i ]’sm0d0+lfﬂlt —p tant L CAWGO)

2\/0 J(2o) 24 Cin,—G, cos 6
_o+2l 1 v/ (24,Wqhe)
= ava T = Grcosd MY
or
¥l (24, Wqh0) _ Py
2/0 ptan ¢, 7, — G, cos I<w'+ # )"'(50)'
so that py, with the addition of the secular term
_p+2 2/:11 .
50 L7 2 (51),
can now be expressed as an inverse circular function of 4.
The secular term can he made to disappear by taking
=20 .
I (52);
and then (sinf)*cos py and (sin 0)*sinpy

are rational functions of cos @, which can be determined by a
verification consisting of differentiation and squaring and adding.
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Writing o, 0y, 0y for o—s,, 0—s,, 6—5s,
respectively, then equations (39), (41), (42) can bo written

Qcosh 8, = I’—o,+0,+0,
Qeosl, = L'+o—ostog 7 covrviinieininnnn. (53)

Qcos b, = L+o,—0,—0y

_ Ol 14 -
V(A W) = L4+ L(o,+o,+a)+V(—=32) oooe. (54),

Q = (L+o,+0;40,) +4L/(—3) =4 (ry03+ 0,0, + 0,0,) ... (55).
There aro cusps on the circle § = 6, when w = wy; and then

Co08 0‘ — —’l_ — V,C‘.!L 3 ljcos}‘&@ig’_@_
T BT Cm, cosht,+cost,

8. Thus, for instance, with 2u = 4, we can tuke (I’roc. Lond. Math.
Soc., Vol. xxv,, p. 212)

s, = (1+¢)}, s =7¢, 55=0, p=2,

og=c+c, J(=2)=2(+c) ........eonn. (56),
and then
- 1,9 = 1 [ 2letd—8) —4 (c+d)
I (0 +3w5) = [ sy %
Vs _ g V(1) —s. ' —s}

=cos' ——F— =3 .
c+c*—s ctc'—s

1

The secular term attached to 2y is destroyed by taking L = — 1§,
so that, putting

c=1(2a-1), l+c=3}(2a+1),

0 == a8 (@H2) oo, (58),

1+ 2 . 4a42

cosh 6, = \7’(—(01;-2) , sinhf = \/ m)
w8 0= 272 a6, = /4!‘.':.2) e (59),
cos 6, T8y sin 0, P (59)

203+ 1 . 1 /4=
cos 0, = — S J(3) sinfy = \/( T )
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f,'? = 1 nl "1 —= 9 (60)

AWgh ~ o /(@ +2)" A Wgh  (a@+2) T --(60),
11 ?— ‘)n .

L =0 I 4!(11, +2) ........................ (60 ),

and the cono dowubcd by the axis of the top is given by

sin’f ¥ = ?‘:/i ‘z/)r; V/(cos 0—cos 6,)

+7 { cos 0+ — } v/ (coshf,—cos. cosf,—cosf)...(61).

( +.:)
When a =1 or ¢ = 4, there ave four cusps on the circle
0=10,=cos'(—3/3);
and the time occupied by tho axis of the top in describing the four

loops i8 4x 3! times the period when making plane oscillutions

through an angle
& ° 4sin~t3,

9. So also with'2u = 6, and the correspouding parameters

— 1 . 2
U=t oy, OF 4w,

we take 5= (l=¢)?, s, =¢, s=_(c—=¢}
=2 (1—¢)? or 2727,
p=2 (..—c)(l-—2(-), or 2(l4+¢)(1-2¢) ......... (62),
J(=3) =2 (1—)* 2—e) (1—20),
or 2 (1=c)(1+¢)(1—2¢) iveveriiiiiinninnnn (62%),

and then the corvesponding pscudo-clliptic integrals (Proc. Lond.
Math. Soc., Vol. xxv., p. 218) ,
I{oy+lwy) or I(w+ 5wy
will serve to construct other solvable cases of top motion.
Putting S =4 (s=s)(=s)(s~s,),
these integrals avoe
I (w4 joy)
I e L e L
: {2 (1—c)'—s} /8
i {s—(l —c)? (2—38¢ -}-Zo')} V4G —s)

=sin e s o L e

{Zc(l——c‘)—s}
, ‘)-—r)(l——“ )J{(l_—r)”—s s—(c—c)}

= (0§~ ———

12e(l—e)t—nlid
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I (0,4 §w;)
=1 j 2(140) (1= 20) (27— 2 —1) —Gc*(L=0) (1 + ) (1=20) 5,
(2e*—2¢*—35) /8
2=+ -2 1 (1 —e)t—s}
(2c*—2c—s)k
L0400 =2)/{'~s.s—(c—c")'}
=sin"! ——— e e e

(=2 =s)i

= cos

10. Fivst, when v =w+ L,
and p =@ (2—0)(1-20),
the secular torm associated with 3y is inado to vanish hy putting
L=—}p=-}@-9(1~20),
and now, from (42) and (53),
810" = (1+c¢)’ {27 1 —c)'—2 (1 —dc+ ')},
90 cosh 6, = (1+c) (13— 330+ 21 —5¢"),
90 cos 0, = —(5—16¢ + 126 —16¢ + 5c*),
90 cos 6, = —(14¢)(6—2le+33c*—13c).
From (89), (43), (44), (45),
3Qsinh 6, = 2 (1—c*)(2—c) v/ (1 ~2¢),
3. sin 6, = 2 (1—c+¢*) /(1—2¢. 2c—cY),
3Q sin 6, =2 (1 =) (1—2¢) v/ (2c—~c).
The equation cpnucuting 0 and  can now be written in the form
8in® 6 cos 3y = (Q cos §—R) v (cos ,—cos ),
or
8in®@ sin 3y = (cos?0— O cos 0+ D) ./(cosh ,~cosé . cos § —-cosb,),
and, we find by squaring and adding, that
| = — § (cosh 6, +cos 6,)

— 2( 'i-ljg (‘.i—- ¢)(1--2)
- ey
YoL. XXV]. --No. 914, Q
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(14+¢)’ (19—84c+141*— 1605+ 1416*—84¢’ +19¢:°)

b= 310
0= ZV2(40)(2=502d)(5—8o+5¢")
- v “)*
P o 2V/2 (14+0)' (2= 5o+ 26) (7=120—30'+ 32 =3 = 125+ 7¢")
> = _2v2(1+0)7(2 (71 ).
(9%)

and by a logavithmic differentiation, and comparison with (30),
G/ 2=hc+2d

4

2 /(A Wyh) 3
OV (140)(2—te+2¢%) (5 80+.)r’)
o/ (M Wgh) T 270

A point on the axis OC now describes a closed spherical curve with
six loops or waves; and, when ¢ = 2— ,/3, there are six cusps on
the circle 8 = 0, = §=; and the time of describing the six loops is
31 times the period when making plane oscillations through an angle
of 60°.
11. Secondly, when v = w, + fuw,,
and p=2(+e)(1—2c),
the scenlar ierm associated with 3y disappears when
=l = 00 0=20);

and now 8102 = (2——0)2 {"(" c—c)3+27:°%,

06 cosh 6, = —20c 4662+ 4P —Hct,

N cos 8, = — (2—c)(4—Ge— 6P —he?),

00 cos Oy = —(2—¢)(4—06c~— G +13c%).

The equations connecting 6 and ¥ are now of the form

8in*0 cos 3y = (Q cosf— ') /(cosh b, —cosb),
or ’

sin®@sin 3y = (cos’d—C cos0+ D) /(cosf,—cos8 . cosf—cosby),

and we find

()= — 4 (cos 8,+cos B;) = 2(1”"")(2‘;)")E 1= 0")

D= (2-—(‘)’ (8— "4r+48rjm ‘_’O( —Ge* 430 —-]‘)4“)
- 819*

() = R =

obtainable from the preceding values by writing 1 —c for ¢,
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A point on the axis OC describes a closed spherieal curve with threo
loops or waves ; uud, when

c=¥4-3/2,
there are three cusps on the circle
6=0,=n—tan™' ¥2;

and the time of describing the three loops is

3
V2/B-Y2) Y(/4+])
times the period of plane oscillations throngh an anglo
4 tan~! (2— 3/4).

So also for higher values of 24, namely, 8, 10, 12, 14, 16, 18, ...;
the even values being taken because the resolution of tho cubic S
is required in these dynamical applications.

Jacobi’s T'heorems on the Motion of a ’I’r;p.

12. So far the trecatment of the motion of the axis of a {op, as
given in the Proc. Lond. Math. Soe., Vol. xxv., p. 291, has been
amplified to a certain extent; but now we proceed to intrvoduce
Jacobi’s theorems (Gesammelte Werke, Vol. 11., p. 480).

Measure off a length OG along the upward vertical from O, repre-
senting to an appropriate scale the dynamical quantity G,; and
measure off OC along the axis of the top, to represent to the same
scalo the dynamical quantity C,n,; draw the horizontal plane through
(3 perpendicunlar to OG, and call this the invariable plone of G; and
draw the plane through C perpendicular to OC, and call it the
invariable planc of C (Tig. 1).

Then, if the vector O represents to the same scale the resultant
angular momentum of the system, the point JI must lie in the line of
intersection of the invariable planes of G and C, because the com-
ponents of angular momentum about the vertical OG and about the
axis 0C arc G, and C,n, vespectively.

If this line of intersection cuts the vertical plane GOC in K, then

CI'—QI' = CK*~GK*= 0G*-0C* = G}—-Cin} ...... (63).
Q 2
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13. The point IT moves in the invaviable plano of G with velocity
equal to the moment of the impressed couple of gravity, and parallel
to the axis of this couple.

The velocity of I is therefore in the direction ITX, perpendicular
to the plane GOC, and equal to Wghsin6; and the moment of this
velocity about G is

Wghsin@. QK = Wgh (0C—0G cos 8) ........ ... (64),
s that o *.’l!;.’= Wah (Cyn,— G, 080) vrvrereeesnnn(65),
{4

if p, = denote the polar coordinates of I in the invariable plane
of .

G K L

Tia. 1.
Again, in the notation of Rounth’s Rigid Dynamics, w, and wy now
denoting components of the angular velocity,
O = A1 (2 +12) + o
=A* (’g:—: +5in’0 ‘r]lf;) +Cind
= 24, Wg (d—hcor8) +Cin] ...............(66),

ro that, from (26) and (28),
G =p’ = 24, Wg (d—hcos#) + Cn}— G}

1

= 2A,Wgh (E—cos0)

_ 44, Wah

0 (pr—pn) .o erveenen (67).
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Therefore, from (65), '
do _ Cyny— (3, cos 8
dt — 24, (L’—cos f)
O, -G E 1

211l 24, T =cos b’

0 ¢ Oy, — G B J sinf do

od T8 BA R | (B —cos By 6

Gt p'vdu v
.............................. 68),
211 +i jpv—prc (68)

which, combined with (67), give the well known relations of a
herpolhode ; thus II' describes a herpolhode in the invariable plane
of @, with parameter v; this is one of Jucobi’s theorems.

14. A reference to (32‘) shows that the angle between the vertical
planes GOC and QOII, or

w—‘p = tan~! .\/(g_./!lwsllbg)
C,ny— GYy-cos 6
JO
sin0 /(! — cos 0)
Cyny—( cos
smO /(&A 'VJ}L) v (I§ —cos 0)

so that the herpolhode of H is algcbmi_cal when ¢ is pseudo-elliptic,
and when the accompanying secular term is at the same time made
to vanish.

The tangent at /T being perpendicular to the plane GOC, it follows
that this plane is stationary, as JI passes through a point of inflexion
on the herpolhoade; the herpolhade must therefore have points of
inflexion when the path of a point C on the axis of the top is looped.

Generally, the component velocity of C perpendicular to the plane
GOC is
Y _ (N, — ', n,cos 6
0' m (—t,m cos b
Cim sin Al Cyny sin 0

2 2
= Oy tan OGK,
4

A,sinf ‘%’ = Cyn, tan CGE = CK oo, (70).



230 Mr. A, G. Greenhill on the [Jan. 10,

This vanishes, and the plane GOQ is stationary, when C lies in
the invariable plane of ¢/, and is therefore coincident with IC;
and the angle belween the planes /OC and COII is then a vight ungle.

Fig. 1 shows immediately that the angle between the planes GOC
and GOII, or

aOK _ Ciny—G, cosé

T S O T T G J (A, Wyhy o (Beos6)
becanse Gl = 24,Wyh (I!—cos §),.
and GKsinfl = 0C—0G cos 6 = C,n,~ G,cos 6;
aud therelore also
K11 = 24, Wyh (1 - cos 0) — (&1 wf: a"”*”)

— oA Wl -0 = 42 (Y
-JAluf'lhﬂiur‘G 4 ( )

o= K+ ko= 43§ (4 ") 4 int o(flf)’} L (T1%).

15, Similarly, the angle between the planes GOC and I[0C is

cos! OK cos™! - Gi=Cmeosl (72)

cn T owinbv/(24, W_}h) v (U=cosb) ' !

on putting ‘(Il' =D . P, (73);
13

this property will enable us to prove the sccond of Jacobi's theorems,
which asserts that the path of I in the invariable plane of C is
another herpolhode, and that its parameter is

v —ny = w
(Qesammelte Werke, Vol. 11, Note I3, p. 476).

Employing accented letters, p” and o', to denote the polar coordi-
nates of II in the invariable planc of O, then, from (66) and (24),

p? = CII*= 0oH*-0C?
= 24, Wg (d—hcos 8)
= 24, Wgh (D —cos 6)

= ” gh (Prw—pn) .ooooviiiinin (74).
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The angle &’ being measured from a straight line 04, fixed in the
body at right angles to OC, and the angle between the planes A0C
and QOC being denoted, as in Kuler's notation, by ¢, then the angle
between the planes GOC and HOO0 is w'—¢; so that

o' —¢ = coa~! -, G, —Cynycos b

sin b6/ (24, Wah) \/(1) cos 0)

=sint YO, (75),

analogous to (69).

But, from Kuler's relations,

3 oapdd
&t =m0
C Cyny— @, cos
=({1- 1m—0,co8 0
( Ax) " Asin’g '
so that, with
' dcos 2Wql
- ()
de’ — + d—cos" ,—Cymcosf

dt  dt  dt sin8y/ (24, Wgh) /(D—cos 6) '

and, after reduction, we find

(1 ) G, —Cn,cosd

24 1 (D —cost)
C G—Cin D 1
=(1l-322 1 1
(1 3 A‘)nl+ B4 Doeond (76),
or

' ¢ @, =0 D sin df

= 1_.}__1) ¢ \
o ( 24, mt+ 2/(24, Wgh) ! (D—cos ) /O

= —12) 1 [ pwdu ‘

_.(1 B ) mbt | B 1),

which, combined with the value of p? in (74), proves the second part
of Jacobi’s theorem, that H describes in the invariable plane of C a
herpolhode of parameter

W= v —1,
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16. By means of Euler's three angles 8, ¢, ¥, the position of the
top as a solid body is completely determined, the formules being
u=gql+w, or gqgl+uw,

l—cosf _pi(v+w)-—pn
tan' 10 = = A e 78),
MY = T cos 8 pu—p i (v—w) (78)

= o'—gin-! A
p=o—en sin 8l ,/(D—-cos 6)
C, . /O oo (ndw) e
=(1-12 t— ———— 1 2utw
( 2,4,)"‘ SN i (D—cont) T2 %8 ) ©
............ (79),
= o—sin-! ve
Y = w—sin sin fl v/ (li'—cos 8)
= (,i_t__ o1 JO 1, 0’(”“‘”) PRl
o, sin smU,/\L’—cos ) +3ilog o-—(u—'u) ......... (80).

17. Since the axis OI of instantaneous rotation lies in the plane
HOC, the direction of motion of O is perpendicular to this plane;
and therefore the path of C cuts the vertical plane GO0 at an angle

G =Omcos b _ oo %)
'\/(2.'1Wyho) Siﬂ ﬂ\/(D‘— cos 0) .........

or it cuts the horizontal cirele through C at an angle o'~ 0 ; and this
is a right angle when the plane G0(C is stationary.

As II passes through a point of inflexion of the herpolhode in the
invariable plane of C, the plane IO is stationary; and C at the
same time passes through a point of inflexion on its spherical path.

tan

18. When the momental cllipsoid at O becomes a sphere, or
C = Al:

the axis OI of instantancous angular velomty w coincides with OIT,
and

(0) 2 . O . (82).
But in tho general case, when the momental ellipsoid at O is a
spheroid, take a fixed point F' in OC, such that
OF A,
o0y~ (,

and call the plane thronugh I’ perpendicular to OF the invariable
plane of I' (Fig. 1).
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Now, if HI, drawn parallel to OC, cuts the invariable plane of F
in I, the vector OI will represent A 0, or A, times the resultant
angular velocity; and I describes a herpolhode in the invariable
plane of I equal and parvallel to the herpolhode described by H in

the invariabloe plane of C. .
It can readily be proved now that the angle botween the vertical

planes GOC and GOI is

-1(Ay o 0+ £, sin® 0) n,— G, cos 0
sinf,/{24,Wyh (E—cos 6) }

reducing to (69) when 4, = C,.

cos

Darboux’s Mechanical Representation of the Motion of the Axis of a Top.

19. M. Datboux has shown, in Notes xviii. and xix. of Despeyrous’
Cours de Mécanique, how tho generating lines of an articulated
deformable hyperboloid can be employed to imitate the motion of
the axis of a top.

We hegin with the consideration of the properties of the confocal
system of quadrics, given by

N A 5
atEm Ty 1 (85),
a? " 2?
—_ . S =1 e, 86),
dtp Btp p %)
m’ yﬂ z,
e e =1 e, 87
ad+v P4 + v (87,
having the focal ellipse
2L 2 (88)
o ‘;‘ 0 R PR P P R R TR 3
and tho focal hyperbola
Y B ol (89).

=3 + [ —
We can now put, employing m as a. homogencity factor,
d+A =n'(e—pvy), [+A=m’ (e—pmy), A =m'(e,—pv,)
= md (empr), Bt mi(e—pn), u=md (eg—pn)

a+v =mi(e,—pr), B+v=mi(eg—pr), v=m(e—pr)
ceoveevinen e (00),
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P= A d by e —puy. e —pu.e—py,)
o —ptad e, —ey. ¢, —ey
¢ 2 3 — - - )
y = ‘;_i’f_@@ﬂ;"_f_*;” = 2T PY G PU G PY .. (91),
p—d®.p y—Cy. 83—€,
21 = )ﬁ;‘% . — 2PV -G PU. 6 P,
«wp ey— €. 0g—ey J
where Uy = puy, for the ellipsoid,

1 = wy+qt, for the hyperboloid of one sheet,

¥, = w,+7rw,, for the hyperboluid of two sheets ;

2 -
and now ﬁ, =87 %= . (92),
a  o—e

so that the modulus of the elliptic functions is the ratio of the axes
of the focal ellipse.

Then (Salmon, Solid Geometry, Chap. vur.)
P4y = A+ B p oy
=m(—PU—PU—PV cereerrernnn, (93),

and the squares of the semi-axes of the central section made by a
planc parallel to the tangent plane of the hyperboloid (86) are

p—A and p—v;

so that, if 6 denotes the angle between the generating lines of the
hyperboloid of one sheet (86),

tn.n”-é0=—&:i\ creirererrnenneeneennnn . (94),
p—v .
A—=2u+rv _ 2pu-por—pu "
80="- == L 9
co A=y pu—pn @9
and we notice that A=p or ‘pu=puv
makes cos = —1,
while p=v or pu=py
makes cos =1,

as before, in the top; so that we can carry on with the previous
notation of § 3.
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Also, from (23) and (66),

om = W fy (s,—v) - pu}

44, Wyh
+“"‘Q 2 {S‘”’l""f‘”’ﬂ’? (”1"'"’2)}
44, Wyl
__19_.:1 (=P = PU—PD) e, (96),
so that, with
wz’:ﬁyl‘ cevvnneenn e (97),

wo may take the point I at (w, v, z) on tho hyperboloid of one sheet,
which is then moved so that one generating line through I is
vertical, and then the other genevating line will keep parallel to the
axis of the top.

20. To hold this hyperholoid in position, M. Darboux employs a
second hyperboloid of half the size, two generating lines being co-
incident with those passing through H, and the opposite pair beiug
the lines 0@ and OC, passing throngh O (Fig. 2).

T'he gencrator OG being held vertical, any point H in the parallel
opposite generator IJ will describe a horizontal plane ; and now, if
II is guided along a herpolhode, always moving perpendicular to the
plane GOC, that is, normally to the hyperboloid, the generator OO0
will hinitate the motion of the axis of a top.

21. The instantancous axis of rotation will be represented hy the
vector O to a point I fixed in the generator through I, parallel to
00; and it has already been shown in § 18 that I describes a herpol-
hode in the invariable plane of F.

The point I can be joined to a certain fixed point @ on 0G by a
generating line IG” of fixed length, and I is thercfore constrained to
lic on a spheve, with centre G“; hence Darboux’s theorem, that tho

- motion of the top can be imitated by rolling the herpolhode of I in
the invariable plane of F on a fixed sphere, with centre in OQ, the
*angular velocity being proportional to OI (Despeyrous, 11., p. 538).

22. To construct these hyperboloids in Henrici's manner, consider
them when flattenced in the plane of the focal ellipse, corresponding to

f‘=0’ U= wy
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The coordinates of H are now given by

"

atd.alty a6 —p%. q—pY ,
ot —f3 e —e

y’ = &Lﬁﬂ =m! €. ea-ev!,

B —d? 62— €
O = &' +y* = m' (—pn,—pv,—e),
and if S, S’ denote the foci of the focal ellipse,

SH.S'H = md (pv,—pv,) = m* Q.= 44, Wyh ......... (98).
y H
Z Y
_ 8
I F_.
¢ -
0 X
Fia. 2.

Drawing the tangents IIJ and I through H to the focal ellipse,
and the perpendiculars OY and OZ upon them from the centre O ;
drawing also the perpendicular I/ and IIC upon the lines OQ and
OC through O parallel to the tangents IIJ and II, then we find that

O0Y = GH=p* =m’ (pv—ey).eereeeeemrernnnn. (99),
02 =CIP =p*=m? (pw—ep) .ooovvnnnnnn. (100);
and therefore
O = 1IT? = md (- py,—pv,—pv) = 'L ... (101),
00 =117} = n' (—puv,—pv,~ pw) = w26 ... (102).

The coordinates of P and (J, the points of contact of the tangents
HJ and 11, will be given by

2! _e—e pv—e e—e, Pw—e,
=% :E’.__s, and 8—% g_;z
a e —e; PUV—e e,—e, Pw—ey
e G (103).
2
}[ — e,—c., e.—s’-’v l e'l_cl ‘0,—50/0
= 2= P and BRI
b &—e Pu—oy S BTTe PGy

Any other two pairs of tangents to the focal ellipse will mark the
position of the requisite number of rods, to serve as generating
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lines connecting the opposite pairs HI, HJ and H'I', H'J'; and now
the design of the larger hyperboloid is complete ; the smaller hyper-
boloid of half the scale having HI, HJ and OC, OG as opposite pairs
of generators.

23. When flattened in the plane of the focal ellipse, H is at its
maximum distance from O, and the angle GOC is 0;, the maximum

value of 6.
Asg the articulated model is gradually deformed, e, must be re-
placed by the vaviable pu, and

OY!= GI’=p' = m® (pv—Pu) .o.oevevveen... (104),
07 = CH? =p* = m! (pw—pu)........... ... (105),
but 0G, 00, IY, IIZ remain constant.
When the model is flattened in the plane of the focal hyperbola,
U= 0y, PU = e,

and OH has its minimum value; and the angle between OG and
OC becomes #,, the minimum value of 6.

24. When G, =0 or L = 0, the point I must move to Y, a point
on tho pedal of the focal ellipse with vespect to the centre ; and then

Pa=gb.iiiiiiinninnnnn......(106).

~ So, also, when Cy;n,=0 or B:-;O, as in the spherical pendnlum, then

and the point H must move to Z, on the pedal of the focal ellipse;
wo thus obtain a geometrical interpretation of the equation

discussed by AHt.a,lphen in his Fonctions elliptiques, t. 1., p. 110.
Equation (41) shows that, in the spherical pendulum,
: LP43Lpv+ip'v=0...c.ccc.eveiviarinnnn (109),
or L={v(@-1pM -tp} - {/(p—1pM) +ip'}t ..(110),
and this is the condition that

d a(utv) olit- e

du  ouov

should be a solution of Lamé’s cquation for n=2.
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This relation can also be written

2 1 1 1
"“r7+L+ 1’:(’1)+L+ ("_s"_l +L+ ﬂﬁ):O'
(—-ﬂl -0, (—‘U'
2 _ 1,11
- (§27 L m S b= i,

or (§27) T =TTt (111)

in Darboux’s notation (Halphen, F.I., 11, p. 102), or
2

2% = 2D =A+D+C,

in Dr. Rounth’s notation.
Generally, in Darboux’s notation,
1 1 1 2
BQ = abcl VLT S
ek ( a + b + ¢ h )
= I (be + ca+ab) —2abe,
or Q= Qh—-2LR,

as in Darboux’s equations (18), p. 515, or -(6), .p 531 (Despeyrous,
Cours de Mécanique, t. 11.).

25. Along the gencrator O@ or IIJ the f)al'ameter

v+, =v
is constant; while
v —v, =W
is constant along 00 or HI.
Starting with II at the point Y, when @, and I =0, then, for any
other position of ¥ on the generator I1.7,

HY =ml ....coooovvniiniic, (112),
and, from (38) and (42),

Qcosd = [P+ pu+2pun,
Q= (L} +3pv)'+4 Lip v—2p"v,
and the elimination of 2 gives the relation connecting cos®6 with
Lov Y/,

The herpolhodes for different positions of I on K must receive
an appropriate constant angular velocity round O4 to realize the
true motion; and the correspouding rolling quadrics are coufocal, in
accordance with Sylvester’s theoren.

So also for the relation connecting 1{Z and the angle between the
generating lines for different positions of I on the genevator 1.
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26. We conclude, in accordance with the order of procedure in this
paper, with the investigation of the propertics of the quadric sur-
faces which will trace out the herpolhodes described by I in the
“invariable planes of G and of €, when rolled upon these planes, theiv
centre being fixed at O.

If a quadric surface, coaxial with the deformable hyperboloid, is
to roll on the invariable plane of @, so that the points of contact
form the locus of I in this plane, then, denoting the distance Of¢
by é, and by P,, P,, P, the points in which the generating line I1./,
perpendicular to the invariable plane of @, meets the principal planes,
it follows, by well-known theorems of Solid Geometry, that the
squares of the semi-axesiof the rolling quadric are

§.1p, §.1P, §.IID,

the line HJ being the normal at If to the rolling qnadric; and these
semi-axes ave constant, since & and the lengths I[P, HP,, 110D,
remain constant while the hyperboloid is deformed.

27. Write the cquations of the polhode on this rolling quadric,
with Dr. Roath’s notation, in the form

A + By + 02 =D& ... (113),
AR+ 1P PP = D% (114),
where D=GT .....c..ovvviiiiinnnnn. (115);
or, in M. Darboux’s notation,
2 2 3
P e D= h (116),
« b c
" 2 2 .
Pyl b =1 i, (117),
o’ b ¢
where, to identify the notations, we put
&= 177[), :l/ = ’Hl(l, S = mr,
and then Do* = at'Tl, Do = (i
Then the squares of the semi-axes.of the volling quadrie are
D & = m'ah, D 0* = m*bh, -I? ot =l ......... (118),
A B ¢
while C=m (119),
D a D _b D_ ¢
] ¢ = - = ST e 120
so Lhat L= = (120)
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Darboux’s a, b, ¢, and %, or the reciprocals of Routh's 4, B, 0, and
D, are thus proportional to

HP, HP, HP, and HY.

Now, when the hyperboloid is flattened in the plane of the focal

ellipse

'3 ’ Z=01

[

corresponding to u = wy, then (Fig. 2)

HpP; = HP,
and . gﬁ’ = m’ch = HY . HP,
D_c 1P '
or G WSy e (121).

But, from a property of the ellipse,

pys=4=%.¢ ‘ﬁ Y Ll BV Ll NN T
= pr—c,
D_(V_(c _{\'_PY _ ;mfr,c, _ Ty
so that (0 1) _(h 1) YT T e, T e,
or c—h =\/(— "_"Zz) ........................ (123),
aa .
Y]
with . m? = %7 ___éﬂ_(‘zv__flj ....... e eesaeans (124),
B=L h=«+L ...... v eereriieaa, (125),

‘according as L is positive or negative.

Similarly, “— _\/ 7 "8 v (126),
—-h_.\/ "*"l ........................ (127),

or (b—h)(c-——h) Dm0 i (128),
(c—=h)(a—h) = =04 rvriiieeeniinnnn. (129),

(u—h)(b—1) = =0y ... (130).
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28. Denote by accented letters the corresponding quantities for
the coaxial quadric which rolls on the invariable plane of C, and of
which HI, the other generating line through H of the -deformable
“hyperboloid, is the normal at H.

Then the locus of H on this quadric is the same polhode as before,
but now determined by the equations

AT + By +C2 =D& .. (131),

W4 B+ 0% = D’3’ ..................... (132),
3 3 3
or -I{,- + -77 +I7 =k il (133),
i (2 15 &
’.l
,_, + ;1 =1 i (134),
with S om=mp, y=nq, = m,

D =m", D' =mfl.

If the generating line HI cuts the plincipn,l planes of the deform-
uble hyperboloid in @Q,, @, (), then, as in §Z7 the squares of the
semi-axes of this volling gquadric are

-D~, FP=mlah =8 HQ, .oooviivevienen . (130),

D 8= N = 8y e (136),

2 =il = 8. HQy ceoevenreeeen . (137),

#o that Darboux’s - o, b, ¢, and W, ‘
or the reciprocals of Routh’s
4, B, ¢, and D=GYT,
arc proportional to 1HQ,, HQ, HQ, and IIZ,
where 0% is the perpendicular from O on the generating line IT1.
Denoting gaw—-e,' by r,,

then, as for the first rolling quadric, we find

a——h—\/ Tz’u ’ —h__\/ T"T' ) c—-h—\/(—r—;-:!)
............... (138),

VOL, XXVE.—N0. 015 R
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242
and (&'=k)(—k) =—r

(=)@ —=K) = =13 brvvirersernranseen e (138%),
(@—K)(6'—=kK) = —r,

Thus, for instance, with the hyperboloid flattened in the plane of
tho focal ellipse, the ratio of the squares of the corresponding axes of
the rolling quadrics

D 5
C i _QH.NZ _QH ¥

Dy ek POHY POH’

C ,
¢ _QH __0Y a, .
g —=———=—= 1 ... cevevene 139),
o ¢ . PO 0% 75 (139)

hecause the triangles OPII, OQH ave of equal arca.

29. Also A o+l =403 i (140) 5

these and the other various relations connecting the quantities
A, B, 0, D, d,and 4, B, 0", D, &, ora,b,c bk and ,V, ¢, ', are dis-
cussed in the avticles of M. Darboux and Dr. Routh, making use of
the algebraical relations; and from their equations some additional
results can be deduced, for instance,

A=— (\/%'I + \/.33; + \/i":) ............... (141),

o’ a T

— ==t & e (142),
a a o
h(b4e)—be= b (B +6)=bC oo (143),
1,1\ @ _ 1 1\ @G
on T ('E + "d)" =T (—B~, + 0) . (144),
(h—=a)(b—c) ==YV =C) .evvveniinin (145),
a a o a
B e & i, 6),
b c b + ¢ (146)
n-C -
. = e 47),
o a A (147)
DY QT R 7 s (148),
Qb = QWP =20k = QI*=2RL ...l (149),
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(PQ—R) 18— (@' + PR) 12 + 2QRh — I

= n gimilar expression with accented letters ............(151),

{/( 1)+\/("‘Tl)](\/”2+ \/"9)(\/"3‘*"/"3) ..(152),

Bh= s X
Wp = - LY ()= /("')..]”.(;‘/;"*‘ (V= V) s,

and so forth.

30. Bat it will be instructive to bring out the gecometrical inter-
pretation of these relations; and, first of all, we examine the

geometrical properties of the herpolhode.
2 2 2
We notice that =, I—, %
a'tp Fp op

arc constant during the deformation of the hyperboloid by variation
of u ; and that we can put

142’ = (B—=O)(d*+ ), VA2 = (I¥=C)(*+p)
g = (O ) 4u), EBy = (=AY +p) | (158,
= (4-DB) p, U0 == p

so that, in consequence of

2 2

2 /A
(t"+/1+/:i2+p+ P 1,
we find
1= B-C + C—-A4 + A—B _ (B- (’)(C’ A)(4-=-1)
A D U ABO !
) B '__GI U’___{l' -3 _”! (nl ((17 I)(AI I
==y + 5 +4 o A '
and ‘
m! — ]}Q _ .RIO' \
o'+ p (C—A)(A-1D) - (U =A")(A'=D)
'_.._1’_2;~ S, CA;_._“ — ,A’ (] rj)
Fip (A=iB=C)~ T @=mar=oy [ V7
_'?QA — ;A B - _ A’]I o
g - (jf-—(/')((} ) . (/f'—-(_,")((_,";}l’)J

)
&
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, B-C\'_ (B—=C\* , .
Therefore ( yi ) = ( Vi ) , &e.;

and taking the square roots with opposite signs, because like signs
lead merely to the result

A=4, B=1, 0=0,
we find, as before, in (147),
B-0_ R-C

i iy
and l==0 i geesrerenaens (156).
Also D8 = (B=C)a*+ (C—A)Bocrenn.... (157,
D = A(B—0) &'+ B (0—A)......... e (158),

C—A)(B—D) 1

s0 that = L_Td)ig_o————) D&,

s_ _(B=0)(A=D) s

F= ABC e,

== — (4=DB)(C—=D) D&

_ABU ...... revener RAXERERN

Fia. 3.

31. From the two equations (113) and (114) which give the
polhode, we deduce, by differentiation,
Aw_de_ By dy_ C: ds
B-Cdt C—Adt A-DB dt""""""'"(mo)’
and thercfore, in the corresponding herpolhode described by H in the
invariable plane of G, the common tangent IIK of the polhode and
licrpolhode at I is parallel to OF, the central radius of (113) which
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i8 conjugate to the plane GOH, or parallel to the tangent line at I
in the plane FOF parallel to the invariable plane of G, OF being the
radius of the quadric (113) which is parallel to GH (Fig. ).

This theorem can also be proved, in Poinsot’s manner, from purely
geometrical conditions ; for, as the ellipsoid turns about OII in rolling
on the plane GHK, the line OF is the ultimate intersection of the
plane OEF with its consecutive position in the body; so that as O11
moves to OII" in the body, the planc OIIII" is conjugate to OF, and
LTI’ is thus ultimately parallel to OF.

The three radii OFF, OF, OH of the quadric (113) thus form a
conjugate system, and the plane OGK is perpendicular to I ; and
therefore, by the theorems of Solid Geometry for conjngale dia-
meters (Salmon, Solid Geometry, §97),

. 3 ge_ (1 .1 1Y pe X
O+ OF* + OII* = (/1 +ogt U)I)o ............ (161),

O, OF*. sin® EOF+ OK®. OL*+ OF*. 0G*

11 L
==+ -+ ) Pt 162
(BU+UA + ) - (162),
3368
OG*. OF. OI™. sin? HOK = f;;‘o ............... (163).

32. Putting Gll=p, GK=p, 0G =24,

then these equations give

101 1y o
m 3 — s el b 2 __ SN2
O+ OF _(A + B + G)D( 0°—p’,
ST, Loy ., TN
24 5 2 o= (.- . . -‘..__,.4.,
(p'+9) OB +¢". O (m,'+(,,'11+1w)b" Ad!
o A=D.B=D.C=D 4\ . :
. 1 12— [k T P T80 gt
so that PLOB = (,, + o 5)0 . (164),

2 12 _}__ »_1__ } N2 8t 51 2
p*. OF —{(Jl +]',+ C)Du S=p'yp

A- D_azg O=D =0t (165).
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, ‘ C D
From (163), ()53 OF’.% = 50
834
or . OF*. OF" = %}% R TR (166);

and therefore

Toom[{(4+ ho b)ov-rosl

_A-D.B-D.0- DB‘ o9 ]
A4B0

{\-D.B—D.C—D
(" T 5,) %
9, A—D.B—D.0-D 95’
. (v+ ABC )
A ]_‘ Q_ S22 2 A—D.]f—D.U—DaQ ___1.)36*0’l
{(D+D+D‘ 1) o=r'f o+ ABO )~ w6
....(167),
and this is the relation connecting p and p in the herpolhode.
Thence
2 7S
(PE;)Z’? ) =1 tan? GHK = } }7“];7’
A-D.B—D.C-D
Bi
_ (e =205 ) (168)
T E— RO ,
where
B—-D.C-D C—D.A-D
R=—4 (o4 B=D. : D.A=D &
(4 =52 8 (P =600 9)
s, A=—D.B~D
% (" A ° )’
and
da _ 0 -D.B-D.C—D &
W= 1isC 2 R (169),

the differential equation of the herpolhode, employed in the previous
investigations.
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33, But the relation connecting
O’ =p*+& and OK'=p'+&

should be the same for both herpolhodes described by H, the one in
the plane of & and the other in the plane of C.

Putting, then,
p’+5’ =1 and p’-{-(’,’: qa

for the moment, we find

where =g 1 (170),
== {r=(5+5-50)} "~ (G+7-24) 7]
GeER

H=(1?10+(71;4‘+11§)D’ 2A]1);0 ............... (171),

= (=) (- 3) (- 5) (5o + &+ 25~ 70)

D D Do D s 172).
The expression in (170) should be unaltered when
A B, C, D, and &

are replaced by the corresponding accented letters ; and therefore

D,D_DVu_ (D D _ D%\sn 173
(F+5-25) 0= (F+5—77) ¥ &onn(73),
or, forming the differences

(B=CY(A=D) pss _ (B=0VA'=D') pysn
4o = A'BU D3

each of them being in fact —£? from (159).

B—0_ _B-C"

Since (147) 1 = T
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this last relation (174) becomes

A—Dpu_ _A'=D pon 5
P08 == AD p (175)
or (§27) - AT-G AT =G (176),

BC BC
with two similar relations, and these can be written

A(AT=G") _ B(BT—@") _ C(CT—G")

A(AT=a% " BFBT—-6% " C(UT-6%  ABC

, as required for the coincidence of the polhode cones
A(AT-@) 2+ B(BT-@) y'+ C(CT-F) 2 =0,
A (AT -G)2+B (BT-G") 4+ C(CT'-G% = 0.
So also the comparison of the two ‘forms '
HY = H' ..oooovvvinvivececerie e (177)
and K@= K3 werrvssvosrsessssiens (178)
will lead to relations implied in the preceding equations.

In Darboux’s notation, with & = m?A?

2
fr’-—-qi

el o
HMZ, 4+ KN
m .

-a{”%—(b+c)h+bc} {%——(c+a) h+ca} {%;-(a+b) h+ab}

. ‘ \
wd L e (179),

Hh = (be+ca+ab) h*—2abch = QL'—2RA

_ = O = QR —2R'E ool (180),
while

E# = (h—a)(h—b) (h—c) (Qh—R) —1* (Qh—2R)
= (B—PQ) I*+ (Q+PR) I*=2QRh+1! ............(181),

and this remains unaltered when the letters are accented. as in (151).
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34. In Jacobi's notation, we put
= pK’i, = K+K%... . ...(182),

and changing to the complementary modulus «’, the excentricity of
the focal ellipse, we can put

dtr=al B = ot TPK x=aau ..(183),
sn’ pK

2 pK”’ snépk”’

a’+v=«"asn' 7K’, ﬁ’+v=-—-x"’cn R, v =—d'dn’7K

e -...{(184),

and the coordinates of H are
oK genpldnsR (185).

ksnrK

We now find that the excentric angles, measured from the minor

axis, of P and @, the points of conta.ct of the tangents drawn from
H to the focal ellipse, are

am {(l——p—7) K,«} and am {(1—p+r) K, '} ...(186),

while OY and OZ make angles

am {(p+7) K, ¢} and am {(p=r) K, «} ......... (187)

with the méjor axis, so that
6, = am {(p+7) K’, «’ }—am {(p—-7) K, Y (188);
also OY = adn {(p+7) K\ x}evererieeenen, (189),
0Z =adn {(p—r)K', &} .ccvveeinn (190).

35. As an application, take p+r = % as in §8; then
OY=adn iK' =ay/e=/(af)cccniinn.n. (a91n).
If at the same time the secular term attached to the azimuth Y, or

to the angle o in the herpolhode described by H in the invariable
plane of &, is made.to vanish,

= d e (192),

and the algebraical herpolhode discussed by Halphen (Fonctions
elliptiques, 11., p. 282) is obtained.
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We may write its equation, connecting the coordinates &, n,

E+F)(P+b) =ab o (193),
or Lptsin® 20 +0%p' + 64 —a* =0 .. oo, (194),
or p* sin® 2w +20° = 2 V/(a*sin’ 2o + b cos? 2w) ......(195),
at—b*
and 5 >p' > 2 (af—1Y),

and it is produced by rolling the hyperboloid of two sheets

+ i TEt ==l (196)
upon a fixed plane at a distance b from its centre.

The squared modulus «* is now equal to the anharmonic ratio of

the four quantities @, b%, —¥%, —a*; so that

’_z’ 2 2
K= (Z’-t-l;’) = % ........................ (197),
414

while ab’ b =af i, (198),

_ (@) . (a :

80 that b == B (b’ +1)
(@=B) _gefa )T (199),

@ p(d ) |

.and the equation of the focal ellipse is
1

(—— +1) B (_ -1)

The equation of the tangent IIP is

xen K 4y sn JK = /()

or \/ T +./ \/ I“+~K = /(af3) .
- a0 yfat=Dt
’v\/( 2a’ )+y\/( 2 )_\/(wb’ >
and therefore, at the point of contact P,

o= 31)7:' ( 'lb: +1)’, )= 2”:( ;f’ _1>" ........... (203).

.................. (201),

...(202);

4
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At the point H,

I&

3 d+N. a4y

BN B4y

%

Y
6 — RV . 6 — PV,
— Py PV —€

_ cosh 6,+1.cosh§,—1 _ sinh’6,
" cosf,+1.1—cos b, sin’ 0,

and from §8, with the parameter a employed there (which must be
distinguished from a® as employed here)

_2a—1
241’
sinh? 9. 2a+1 __ 1

sin'd, 2a—1 «’

- - . 3
go that - —%:Z:i:: RN (1) B

and therefore at H, the point of intersection of OH with the
tangent P,

= "; (-‘;—: +1), y= ';i (% ~1) i (206).

Similarly, we find that, at Q,
d=L (L) (L-2), p=L (8 1) (& +2) .o

3
Replacing the value of @ in §8 by 2%-'—,‘, 80 as to agree with the

notation of this article, we find that the cone described by the axis
of the top is given by

2 .
5in? 6 cos 2 = 4 /2 (7%57’\/ { 2;(:3}:81)‘) —cos 0} ‘ ]
Bin’f)sin.2¢/= {W%E—cosﬂ} J’
al =4} o+ 4b?
X \/ { ,\/( +8b‘) 038 . 7(0"—;—8—17) + cos 8}

but 0 is now measured from the downward vertical through 0
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Thus, for instance, if .
a' =20, «= % ’
the point @ is at an end of the minor axis of the focal ellipse, and
the spherical curve described by O has cusps.

If =3, r=1;
the curve of O has loops, and Halphen’s
inflexion, where

herpolhode has points of

p' = 22b,
and , 807 > p* > 4b*;
the coordinates of H are +/6b, 1v/30b;
of P are 4+./6b, %x/3b%
of @ are +/6b, '2/3b;
the equation of the focal ellipse being '
1?511,’ Z;* 1 covoeerercees e anee e (209).

- These givé snitablé dimeénsions for a model, like the one constructed
by Chateau of Paris, according to M. Darboux’s instructions.

86. The results for the motion of the top when
v=w+iw;, and w +ju,

and when, in addition, the secular term associated with 3y is made to
disappear, as in §§ 10 and 11, so that the path of the axis O0is given
algebraically, may be stated here in conclusion; expressed in the
notation defined above. :

With v = -";l+%“’a»
we must put h==L=1} (2—-c)(1—2c) ;
=20 = 2e—d), =P =(1-0), — 22 = (12,
o, a, f’s

and thus Darboux's a, b, ¢ (his ¢ being replaced by [o] to distinguish

it) are given by
a= }(1+)(2—o),

=3 (I=cte),
[c]=—3% (1 +e)(1—20),
and for the rolling quadric
D_a _ l+¢ D_b __  l—ct+d D_{c¢]_ 1l+c¢

A" LT 1=2" b % @—a(l=2)" ¢ & . 2-¢
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The herpolhode of H in the invariable plane of G is now an alge-
braical curve, given by (§ 9)

I(“’l+'!i“’a) = 31”

and p* = m? {2 (1—c)*—s};
so that (—&)acos 3o
m
¢t 2
= (2—5042¢") \/{(l—c)’ (=20 + 5. (=)' @o=e) - 25},
\® :
(1—1:) cos 3w

= {(l—c)’(2-—5c+2c’)+ f;,}\/{—c (2—5c+2c") + ,‘,':,}

With . v = 0+ 3wy,
we must put h=<L=1}(1+c)(1-2c),

—D%= g DN (1), — DT (1-2)*
ay ! Ty ! Ty ’

and e=1 (1—c+c’)? b=—=3c(l+c), [c]=1c(1-—2¢).
For the rolling quadric
D _ a _ l—ec+d

The algebraical herpolhode of H in the invariable plane of @ is
now given by I (0, +30) = 3w,
and P =m! (2 —2c—s) ;

so that
(2) wose = {ea+aga~20- £} [{a-na-20+£),

| (;g.)’sin Sar = (140)(1—26) \/{_ 1(1-20) + 5; .c’(l—cs)—gi} :
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_ [37. Wo can utilize other results of the article on Pseudo-Elliptic
Integrals,” Vol. xxv.; thus, from p. 288, with
v =0, + fuy, ‘
oe=c(1—c)®* (1—=2c)* (1—-2¢+2¢%,
oy=—}(1-2c)* (1—2¢+28) (1 —4c+2c%),
o, =¢(1=¢)® (1 = 2c+2¢") (1 —4c+2c),
0y =6 (1—¢)® (1—-2¢)%,
V(=3)=c(1l-c)*(1—2)* (1 =2 +2c%) (1 —4c+2¢%),
p = (8—8c+6c*)(1—4c+2c".
With v = o+ 5wy,
o = ¢ (1—e)(1—-2¢)(1—2¢ +2¢%),
o, = — 3 (1—20) (1—20+2¢") (1 — 40+ 2¢%),
o= ¢ (1—c)(1 —2c+2¢°) (1 —4c+2¢%),
oy =c* (1—c)(1—2¢),
J/(=3) = & (L—e) (1 —20) (1 —2+2¢") (1 — 4o +2¢"),
p= (1+2¢)(1—4c+2c%.

The cone described b); the axis of the top in the corresponding
states of motion will now have eight loops, given by equations of the
form sin* @ cos (4y —pt)
= (P cos® 8+ Qcos? 6+ F cos 8 + 8) /(cos 6~ cos 6;),

sin*# sin (44 —pt)
= (cos*d+ C cos’@ + D cos 8§+ F) ./ (cosh 8, —cosb cos6,— cos 6) ;

with P=yv2L= %ﬂ%gg
38. Again, from p. 290, with
V= 0t oy,
o=8c(c+1) (¢c—1),
J(=3) =8¢ (c+1)® (c—=1)(—=c"+4c+1),
b= (c+3)(=de=1);
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and with v = w+ 3wy,
o =4c(c+1)(c—1)}
V(=2)=8c(c+1)(c—1)*(=c'+4c+1), |
p= (Bc—1)(*—4c—-1);
and the cone described by t‘né axis of the top has ten loops, given

by equations of the form
' 8in® 6 cos (54 —pt)

= (P cos* 6+ cos®# + R cos* 0+ S cos 0+ 1) /(cos 8;—cos B),
 sin®0sin (59 —pt)
= (cos*0 + Ccos®d + Dcos’t + Ecos b + F) ,/(cosh ), —cos . cos O —coshy),
So also, with parameters of the form
' v=wtde, or o +du,

when the cone described by the axis will have five loops, given by
~equations of the form
sin® 0 cos (54 —pt)
= (Pcos* 0+ Qcos® 0+ R cos? 0 + S cos 0+ T') /(cosh 8, —cos 6),

sin® @ sin (5¢—pt)
= (cos* 0+ Ccos® 6+ Dcos*0+ Ecos 0+ F) /(cosf,— cosf.cos 0 —cosby),

39. It is readily proved that the angle between GH and the 'pro-
" jection of Oz on the tangent plane GUK (Fig. 3)

= tan B=C ¥2 _ tan (_rsv—en-m—cb-w:cc)
—D 8 Pu—c,.pv—e,. pPrv—ec

from (91), (119), and (123) ; so that, if p,, &, denote the polar coor-
dinates of the projection on the invariable plane of G of a point fixed
in Oz at a distance k, from O, then, from (68),

- _ Gt +%j_i§o_'y_fhg +mn_.\/(_pp—e,,.gou—c.,.g:m—n,)
o

pr—pu Pr—e,. pv—e,.Pu~e,

v

Gt Yo L[ (v—w,) du
LN L1 R {emwa)
24, pr—e, wr—w)—p"
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This is of the form

_ 1 [elpv—w.) —pu} +ip’ (v—u.) |
©, = 2[ P (o) —pu du......... (210),
. 4 Py ‘3_ e _ __A’a:’
while ( kﬂ) = sin'200 = 1— 2%,
But, from (154),

.'I:? = -—ﬁ__.
(C—A4)(4=-D)

and, from (168),
1y B=D)(C—D)
[ o 50 Ly

F(pru—e), .ous

=m} (e,—pu), ....

Also Cpt=m? (pv—pu),
so that, putting w=v, p'=0,

Q:-—%(GC—:—D) » =‘m’ (ea—PV), .oy

! (e—e) m (e, —e,)

and m? {59 (v—w,) ‘_"a} = m? (pv—e,)

=(0=A=B) D"y
- A*BC '

Therefor o\’ =y A’BOw’ (pu—e,)
Therefore (ku) =1 C-DA-B D&
=1— Pl ‘
P (v—w,) —¢,
—pl=w)zpu -, (211),

o (U—w“)—({”
and (210), (211) prove that (p,, w.) describes a herpolhode, denoted

by o, in Poinsot's Lhéorie nouvelle de la rotation des corps, p. 1217.
In the curve o, described by the point 4’, in which Oz cuts the
invariable plane of G,
ot = G4 = 047— 06" = P¥ _
a A'.!w"
= (0—4)(A—B) D3 =0 (”—wa)_:'_ﬂa N
A*BOw? (pu—e,) pu—e,

)t e () =gy
590—"0'" "7 v—e,





