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102 Prof. T. R. Lyle o1~ tire Variations of 

of the theory is probably a distinct advantage to it when com- 
pared with other theories of climatic change ; but still the 
theory need not be regarded as antagonistic to other theories, 
especially to those which have reference to changes in local 
conditions. There can be no doubt that variable local con- 
ditions, such as the height of the land above sea-level, the 
distance from the sea, and the direction of prevailing winds 
and ocean currents, have a very great influence on the climate 
of any particular locality. However, it is fairly well re- 
cognized that variations in local conditions like the above 
cannot be regarded as at all sufficient to account for the facts 
observed in connexion with the climatic changes of geological 
history, and a more generally operating cause must be sought 
for, such as we have in the variability of the carbonic acid 
of the atmosphere. Though I do not venture to make any 
definite statement about any observed connexion between 
volcanic activity and geological climate, I hope that geo- 
logists will state their views on the subject ; and if it should 
be considered that there is not enough evidence to draw 
a definite conclusion, I hope that by and bye a sufficient 
amount of evidence will be obtained. In any case, as already 
remarked, the large amount of coal deposited in the earth is 
a strong argument in f~tvour of the variability of the amount 
of atmospheric carbonic acid ; and as it is usually considered 
that the periods in which large quantities of coal were 
deposited were warm periods, it is obvious that this also 
to some extent supports the view that there is a connexion 
between the amount of atmospheric carbonic acid and the 
general temperature of the atmosphere and surface of the 
earth.  

VIII.  Investigation of the Varlatio~s of Magnetic Hysteresis 
with Frequency. By T~OMAS R. LYLE, M.A., Professor 
of .hTatural Philosophy in the University of Melbourne *. 

EI)late II.J 

I N the following paper are given some results obtained by 
my wave-tracer, of which a description has been published 

in the ~ Philosophical Magazine' for November 1903. 
The workdescribed, which is of a preliminary nature, 

was in great part performed more than a year ago, but a 
severe illness has prevented me until now both from preparing 
it for publication and from continuing as intended the same 

* Communicated by the Physical Society: read November ll~ ]904. 
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Mag~tetlc tIyste~,esls with Frequency. 103 

work in a more accurate way. It  is hoped that the experi- 
mental results given below will be of sufficient interest to 
merit publication now. 

1. The experiments were made on two rings of lalninated 
annealed iron, in one of which the radial breadth of the iron 
was considerable relative to its mean radius. These rings 
were magnetized by alternating currents of different strengths 
and periods ; both /.he magnetizing-current wave and the 
magnetic-flux wave were quantitatively determined by the 
wave-tracer, using the galvanometer method described in 
the paper already quoted, and the wave-forms so obtained 
were subjected to harmonic analysis. 

The experiments were divided into series in which the 
period and wave-form of the magnetizing current were kept 
as nearly constant as possible throughout any one series, 
while its strength was varied. The analytic expressions ibr 
the associated current and flux waves for a few series are 
given in tabular form, and some of their more interesting 
amplitude and phase relations are shown by means of curves. 

From the analytic expressions for each pair of associated 
waves the total iron loss (I, say) per cubic ccntimetre per 
cycle was calculated, and it was found, when the magnetizing 
current is approximately sifiusoidal, that I is given with 
considerable accuracy by the formula 

I = ('00186 + "000026 n) ~w7 
for ring I., 

and by 
I---- ('001684+'000027"2 n) ~t.~7 

for ring II., 

where n is the number of periods per second and ~ (called 
the effective induction) is ~/2 times the root of mean square 
of dB/dt, for all wlues of n, and for all values of the induction 
between 1000 and 12,000. 

When from the total iron loss I per cm? per cycle the 
sum of the statical hysteresis (U, say) previously obtained 
by Ewing and Kla~sen's method, and E the wlue that theory 
assigns to eddy-current loss, was subtracted, a considerable 
quantity ( I - U - - E )  remained, which increased both when 
the frequency and when the flux-density increased. This 
quantity, called by Fleming the kinetic hysteresis, has been 
obtained ibr each experiment, and is given in the tables that 
are to follow, and curves are also given which show how it 
varies with the frequency and flux-density. That such a 
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104 Prof. T. R. Lyle on the Variations qf 

source of loss exists when iron is subjected to alternating 
magnetizing forces has atready been shown by Steinmetz and 
by Siemens by other means. 

An interesting case of transformation and what is cal!ed 
reflexion of energy is drawn attention to and discussed. 
If  the E.M.F. impressed on the magnetizing circuit on the 
iron ring be sinusoidal, the flux-wave produced contains 
third, fifth, &c. harmonics. These higher flux-harmonics 
induce currents in the magnetizing circuit which are dissi- 
pated as heat in it. Thus we have a transformation of electric 
energy due to alternating currents of frequency n to energy 
of currents whose frequencies are 3n, 5n, &c., which is 
reflected back into the magnetizing circuit. This the author 
believes is a hitherto unnoticed source of transformer loss. 

2. Fig. 1 (P1. II.) shows the arrangement of the apparatus. 
The magnetizing current was obtained from a four-pole rotary 
converter T supplied with direct current from storage-cells. 
By means of rheostats placed both in the armature and field- 
circuits~ the speed could be varied and adjusted. One end of 
the spindle of the commutator C was directly connected to the 
spindle of this converter, and on the other end was a screw 
thread which worked a tangent wheel. On this wheel an 
ebonite stud is fixed which momentarily breaks the circuit of 
an electric chronograph once every revolution, tlms recording 
the time of every 200 periods. 

The magnetizing cnrrent~ drawn from the slip-rings of the 
rotary converter, passed through a reoculatina resistance, a 
Kelvin balance, the primary of the air-~ircuit ~'ransfbrmer M, 
and the primary coil on the iron ring B. 

One end of the secondary of M is joined to one end of 
that of B, and the junction connected to one of the fixed 
brushes of the commutator. The other ends of the secondaries 
are connected, as shown in fig. 1, to the three-way key K, 
from the lever of' which connexion is made to the other fixed 
brush. By this means either secondary can be joined to the 
commntator~ and thence from the movable brushes of the 
latter through a reversing key and a high resistance to the 
galvanometer. 

A Clark's cell with a megohm is arranged so that it may 
be used at any time for the purpose of determining the 
reducing factor of the galvanometer. The deflexions of the 
latter were so nearly proportional to the currents producing 
them over the part of the scale used that no calibration was 
necessary. 

3. The details of the rings~ called ring I. and ring H.  
respectively, are as follows :-- 
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Magnetic Hysteresis with Frequency. 105 

RING 1. RII~G IT. 
No. of laminie . . . . . . . . . . . . . . . . . . . . . . . . . . .  18 31 
Internal diameter (r~) . . . . . . . . . . . . . . . . . . . . .  7"6 era .  15"223 
External diameter (r.2) . . . . . . . . . . . . . . . . . .  11'58 cm. 16'477 
Mean thickness (x) . . . . . . . . . . . . . . . . . . . . . . .  "0475 cm. "0443 
Section of magnetic circuit (a) . . . . . . . . . . . .  1'701 cm. ~ '861 
Length of magnetic circuit (l) . . . . . . . . . . . .  30"12 em. 49'79 
Specific resistance of iron at 12 ~ C. (p) . . . .  12590 13600 
No. of primary turns (n~) . . . . . . . . . . . . . . . .  164 406 
No. of secondary turns (n2) . . . . . . . . . . . . . .  5 or 10 10 

The laminm were well annealed, the oxide removed~ and 
they were insulated from each other by oiled paper. The 
mean thickness was determined from weight, area, and 
specific gravity. The values obtained ibr the specific re- 
sistance seemed high, so the determination was checked. 

4. The method by which the current  and flux waves were 
determined was practically the same as that described in the 
paper already quoted, except that readings of the galvano- 
me.ter which give the ordinates for a definite phase were 
only taken for every six degrees on the divided circle which 
carries the movable brushes of the commutator. This gave 
15 ordinates per half wave, and fi'om these, without plotting, 

t h e  first, third, and fifth harmonics were easily obtained 
by an arithmetical method of analysis when the seventh and 
higher harmonics could be  neglected. Whether  or not the 
latter assumption was legitilnate would appear during the 
analysis, and in all cases in which the amplitude of the 
seventh harmonic was greater than one per cent. of :that of 
~he first, it was determined, and though its values are not 
given in the tables that are to follow, its effect was allowed 
~br. 

5. In  order to explain the procedure by which the results 
arrived at were deduced, the galvanometer readings for a 
pair of associated waves will be given, and the treatment to 
which these readings were subjected will be indicated. 

The following table gives four times the galvanometer 
deflexions for a pair of associated current and flux waves, 
with the corresponding divided-clrcle readings. The latter, 
when doubled, give the corresponding phase-angles, as one 
complete revolution of the divided circle corresponds to two 
full waves, the rotary converter and the commutator both 
being four-pole. The readings for the current-wave "tre 
represented by % and those fbr the flux-wave by/3.  The 
other necessary details of the experiment are also given. 
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106 Prof. T. R. Lyle on the Variations or 

Experiment with Ring I. 

Resistance in 7' circuit= r~ =5030 o~. 
. in fl circuit=r2=lS030 ~, 

Period by chronograph = T = "0307 sec. 
Kelvin-balance reading of current C at start ----'1878 amp. 

,, ,, ,, at finish= "1868 amp. 
Reducing factor of galvanometer = h = 1"287 X 10-s amp. 
M of air-circuit transformer----0'00061 henry. 
Secondary turns on rinff=n~----5. 

]~v:ded~-. 0 6 12 18 24 30 36 42 48 54 60 66 72 78--84 

l ' I 

Each of these numbers is the sum of ibur separate readings 
of 7 or of •, two of these being at corresponding points on 
the positive and negative halves of each wa~,7% and the other 
two being a similar pair got after switching the galvanometer. 

Analysing the above, we obtain 

4 ~ =  1293 sin tot--41 sin 3 (tot--7) + 5 sin 5 (~ot-- 23"4) 
4/9---- 868 sin (0~t--51"76) + 120 sin 3 (tot--63"1) + 23 sin 5 (tot--69"2). 

6. The factors (c and f say) to be applied to the different 
values of ,y and of fl in order to obtain the corresponding 
values of current (C) and of flux (F)  are (see Phil. Mag. 
loc. cit.) 

XrlT . Xr2T 
c =  4--~--' ] -  ~-~n2' . . . .  (1) 

which become 
c='00008145, f = 2 9 " 7  

for the experiment being discussed when the figures given 
in w 5 are substituted. 

These factors can also be obtained from the Kelvin-balance 
reading C of the magnetizinp'~ current ; for if ~ be the 
R.i~I.S. of the ~/readings 

C=o'y 
and 

+ ~/~" + ~/5 + . . . }  

where ~/1, ~/3, ~/5, &c. are the amplitudes of the first, third, 
fifth, &c. harmonics of % and these have a]ready been 
obtained by analysis (w 5). 
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Magnetic Itysteresis w~th b5'equency. 107 

The factor f can then be deduced from c, as equations (1) 
above give us the relation 

rl  n2 

By this method we obtain for the experiment in hand 

c = "00008178, f =  29"8, 

which agree satisfactorily with the values obtained above by 
the other method. 

The latter method of obtaining c and f is the one usually 
adopted. 

The factors (h and b say) to be applied to 7 and 3 in order 
to obtain H and B, where H is the M.M.F. round the ring 
diyided by its mean circumference l, and B is the total flux 
F divided by the iron cross-section a, are 

h= 4~rnlc b = ' [ .  

Substituting the values of nl; l, and a given in the details of 
ring i. in w 3, and those of c and f just obtained~ we find 
that 

h='0056, b=17"52 ; 
so that 

H----'0056% B----17"52/3. 

Hence the final expressions for the pair of associated waves 
investigated are 

H = 1"81[sin cot--'0317 sin 3 (r~t-- 7) + "004 sin 5 (wt--23"4)] 

B = 3802 [sin (rot- 51"76)+ "1382 sin 3(wt--63' 1)+ "0265 sin 5 (~t--69"2)] �9 

7. It is easy to show that as the secondary (galvanometer) 
current is inappreciable, the energy (D say) dissipated per 
cycle in the iron of the ring is given by 

D=nl  J o dt dt, 

which becomes (see w 6) 

D = nlcfi[i r ~/d~. 

Hence when the galvanometer readings for B are plotted as 
ordinates against the corresponding ones for 3, as abseissm 
for a complete period a closed curve is obtained, whose area 
when multiplied by nlcf gives D the total energy dissipated 
per cycle in the" iron of the ring. 
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108 Prof. T. R. Lyle on the Variations of 

Dividing D by the volume la of iron we get for quotient 
the space average throughout the ring of the iron loss per 
cubic centimetre per cycle. In the sequel this quantity will 
be represented by I. 

I can also be obtained from the harmonic expressions for 
H a n d B i n w  

For as 
Hl=4~rnlC, B a = F ,  

l ~  ~ 
D = 4~rJ ~ HdB ; 

hence 

and it is easy to show that if 

I-I = HI [sin ~ot + h 3 sin 3(.cot-- 4~) + 1~ sin 5(r,,t-- dp~) + &c.J 

B =- B 1 ['sin (~ot - 01) + b~ sin 3 (cot--03) + b5 sin 5 (cot -- 0~) + &c.], 

then 

47rJ1 ~'ttdB H I B I _  4 {sin 0x+ 3hJ~a sin 3(Oa--~a)+5hsb~sin5(O~--*~)+&e.}. �9 

Applying tbis formula to the expressions for H and B in w 6 
we find, for the experiment being discussed, that 

I ~-- 1346. 

8. For the two rings used what has been called the static 
hysteresis (U, say) was determined ibr various induction 
densities by Ewing and Klaasen's method. It  was found 
that the Steinmetz coefficients a, where 

1'6 
U ~ o'B ~ax" , 

for them were not constant but varied with the induction, 
and that the variation was quite as great for the narrow 
ring as for the broad one:-  

In fig. 2 the Steinmetz coel~icients r for these two rings 
are plotted against maximum induction (B e say). It  will be 
seen that a tends to be very small in weak fields, possibly 
vanishing with B0, that it increases rapidly to a nmximum, 
then diminishes to a minimum, and then steadily il~vreases. 
It  is possible that the maximum a point, which is very marked, 
may give the induction at which some definite physical 
change due to magnetization begins to take place in the ironi 
perhaps that at which magnetization begins to produce 
lengthening. 
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Jtag~etic t[qsteresis with Frequency. 109 

In the case of nmgnetization by means of alternatillg 
currents, it is fair to assume that ti~e static hysteresis will 
depend on the maximum value of B, (B 0 say), during the 

Fig..'2. 

t 
b 
I 

~t 

.002C 

19 

18 

16 

.0015 

5000 /~ I00~0 - -B  ~ ^ x . -  

Steinmetz Coefficient ~ v. Max. Induction (U = ~Bl'6). 

alternation. B, is obtained from the maximmn ~ reading by 
multiplying the latter by b (see w 6), and 

U = ~B0 TM, 

in which for ~ we take from the curve in fig. 2 for the ring 
used the value corresponding to B o. 

For the experiment being discussed, 

Max. ~ = ~ o = 2 0 1  (see w 5) 
B6=17"52~0=35~ (see w 6), 

for which induction for ring I. 

a ='002012, 
hence 

U = 9 5 2 .  

9. No formula is available by means of which the eddy- 
current loss in an annular lamina can be exactly determined, 
but a fair approximation to it Can be obtained in the following 
way. 

Searle and Bedford * have shown that if X be the Sl~.ce 
average of the heat dissipated in a thin strip by eddy- 
currents, 

~ Phil. Trans. vol, cxcviii, 
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110 Prof.  T. R. Lyle on the Variations of 

where z is the thickness, y the width of the strip, p tile 
specific resistance, and b the induction, provided that db/dt 
has the same value at all points of a cross section. 

In ring laminm when magnetized in tbe usual way neither 
b nor db/dt is constant across their section, but an upper limit 
will be given to the rate of dissipation per cm? at any point 
where the induction is b by the equation 

dX x ~ [db~ ~ 
dt = i.2  \ a t ] '  

and the rate of dissipation of energy by eddy-currents in the 
whole ring will be 

- -  12p • vol. of ring • space average of \ dt] throughout the ring. 

Now it can be shown that this average will not differ much 
from (dB/dt) 2 where B has the meaning already assigned to 
it, namely, the average induction across any section. The 
latter statement is roughly indicated by the fact that though 
the amplitude of b and hence of db/bt may vary considerably 
from the inner to the outer radius of the ring, being greatest 
at the inner radius as the amplitude of the magnetizing force 
(which varies inversely as the distance from the centre of 
the ring) is greatest there, still, since the inner circumference 
is less than the outer one, there will, in making up the space 
average of (db/dt) 2, be a smaller relative volume of the iron 
at the high induction than at the low induction. Hence, 
finally, if E be the average eddy-current loss throughout the 
ring per cm2 per cycle, we have, approximately, that 

If  
B = B, [sin rot + b s sin 3(~ot-- 03) + b~ sin 5(r - 0,) + &e.] 

then f ' [  dB ~ d t -  2'r" ._,, 

where 

and 

~ = BI~{ l + 9b3: + 25b5 ~ + &c.} 

It  will be seen that ~ is a quantity of considerable 
importance in this theory, and it will be called the effective 
induction. 

It is the amplitude of the sinusoidal induction-wave that 
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Magnetic H~jsteresis with Frequency. 11 [ 

would by its variation generate in any circuit looped on it 
the same virtual E.M.F.  as would be produced in the same 
circuit by the actual induction B ; or otherwise stated, 

When we write the equation for E in the form 

E = e y  , 

e will be a constant for a particular ring and we find, using 
the values for x and p given in w 3, that, 

for Ring I. e=2"95 • 10-7, 

and for Ring II .  e=2"373 x 10-L 

In the experiment with Ring I. that is being discussed, 

~ =  17"2 • 10 c 
T = "0307 

hence E = 165. 

10. In every case with either ring it was found that the 

Fig. 3. 

5000 |0000 ~ MAX, 

Kinetic I[ysteresis v. Max. Induction. 

sum of the statical hysteresis (U) and the theoretical eddy- 
current loss (E) was less than the total iron loss (I) as 
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112 Prof. T. R. Lyle o~, tl, e Variations o f  

determined by the wave-tracer. The difference I - - ( U  + E), 
which Fleming has called the kinetic hysteresis, was deter- 
mined for each experiment, and is given in the tables that are 
to follow; and its values for different induction densities and 
frequencies for both rings are plotted in fig. 3 (p. 111) against 
B0 the maximum induction in each case. The results expressed 
by these curves seem to thoroughly verify the observations of 
Steinmetz and of Siemens both as to the existence of such a 
quantity as kinetic hysteresis and as to the general character 
of its variation with induction density and period. As this 
question has been much disputed the verification, by a new 
method, of the results obtained by previous investigators is 
not without significance. 

11. In Table I. (p. 113) are given the analytical results 
deduced as indicated in the preceding paragraphs from a series 
of experiments with Ring I., in which the period was approxi- 
mately'019 sec. The wave-forms of the magnetizing currents 
in experiments 1 to 13 were approximately sinusoidal, and 
the E.M.F. impressed on the circuit was practically of the 
sine form in all experiments with the exception of No. 15, 
Table I. 

In fig. 4 (p. 114) the more important characteristics of the 
induction-waves given in Table I. ~os. I to 13, i. e. produced 
by q.p. sine currents, are plotted against the amplitudes B~ 
of the first harmonic of these waves. These curves are 
typical of any series of induction-waves of constant period 
produced by currents of similar wave-forms. No such 
regularity, however~ would be obtained if the wave-forms of 
the magnetizing currents were allowed to vary, as will be 
seen by marking on fig. 4 the points for the characteristics 
of the induction-wave of' Experiment 15; in which the H 
wave was greatly distorted (made saddle-shaped) by artificially 
distorting the applied E.M.F. wave. 

The characteristics /~0 and 8, which are the connecting 
links between the t t  wave and the B wave it produces, both 
fall to small values for small values of BI, ~ prabably 
vanishing with Bt. Fig. 4 shows clearly how both rise to 
maxima and then diminish as B 1 increases. 

The curve for b8 the ratio of the third (B3) to the first 
harmonic B1 of B is striking, apparently issuing from the 
origin (see series 2, Table II.  p. 115, & fig. 5, p. 118), it rises 
quickly between BI=0  and B~=1000 (q.p.), from which it 
continues for larger values of :B1 as a straight line. ]:Ience 
for all values of BI greater than 1000 the amplitude B 8 of 
the third harmonic of B is of the form 

,,B, + BB! ~, 
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Maf/t~etlc Hysteresis ~olth Frequet~cy. 
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114 Prof. T. 1L Lyle on the lS~riatio,~s of 

Within the limits of experimental error 1,5 m:~y be taken 
as a straight line, so that B~ is also of file ibrm 

7B1 + 3B12~ 
The curves ibr ~8 and ~k5 show the gradual change of 

position as regards phase o f  the third and fiftll harmonics 
with respect, to B~ the first harmonic of B as B~ increases. 

Fig. 4. 

30' 

I~ f ~ - - ~ . ":: '~, . . . .  ~----~-~ ,, .~ 

1oooo. 1 ~ o o  ~ I~ 

Both 4F3 and ~5 seem to attain small limiting values for very 
high values of B1, which means that all the harmonics of B 
pass through their zero values in the same direction at nearly 
the same instant when B1 is very large. 

In Tables II. and IH.  are given the analytical results for 
two other series of experiments with Ring I. for periods 
"03 sec. and "058 sec. approximately, and in Tables IV., V., 
and u  are given the results of three series of experiments 
with Ring II. 
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118 Prof. T. R. Lyle on the Variations of 

In fig. 5 some of the characteristics of the induction-waves 
produced in Rino- I. for two different speeds are plotted 

�9 

against B 1 for the purt)ose of showing the general effect of 
change of fl'equency on these characteristics. 

Fig. 5. 

,5oo0 ioooo B. 

12. For the two rings experinlented witll I find that I, 
the total iron lass per era. 3 per cycle, is given very approxi- 
mately in terms of ~ ,  the effective induction, and n the 
number of periods per second, when ~ lies between 1000 
and 15,000, by a simple fommla analogous to that of 
Stcinmetz for statical hysteresis. 

Thus for Ring f., 

I = ('00186 + "000026 o,) ~t..~7, 
and for Ring lI., 

I =  ('001684+'0000272 ~) !!3 t''~7. 

That the same power of the effective induction ~ shouht 
appear in the formula for each ring is striking, and ~uggests 
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J[agnetic ][y~'teresis zoith 1,'requen~y. 119 

the probability that tbr any given frequency when ~he wave- 
tbrm of H is approximately sinusoidal the total iron loss per 
cm. a per cycle is proportional to 

~ L'57 

or to some power o f ~  differing little from 1"57 imlcpendently 
of' the kind of iron or the thickness of the lamim~. 

In order to show the degree of accuracy with which the 
above formulae give the iron losses, Table VII.  has been 
compiled. In it are given in parallel columns the values of 
I obtained experimentally by means of the wave-tracer trod 
those determined from the above tbrmula for Ring I[. for 
different values of n and ~ .  

TABL~ VII. 

Comparing observed values of I ibr Ring [I. with those 
given by tbrmnla I =  ('001684 +'00002717 ~t) ~1.57. 

J/. 

49'07 
48'71 
47'24 
47"91 
49"O2 
49'02 
48'03 
48"54 
49"21 
27 "90 
27"76 
27'81 

1410 
2430 
3435 
4450 
5350 
6356 
7956 
0050 
2165 
2854 
3990 
4970 

I .  
Obs. 

260 
621 

1055 
1604 
2110 
2824 
3948 
5707 

1120 
155tl 

I .  
Calc. 

265 
621 

1056 
1596 
2153 
2819 
3975 
5760 

1098 
1551 

l, 

"77 
"90 
"86 
?03 
~'22 
~'66 
~'91 
1.49 
"62 
"45 
'.~ 

677O 2513 
750O 2948 

1074O 5 

3780 1080 
4770 1569 
5818 2[39 
7536 3165 
2795 573 
5170 1400 
7.[20 2350 

10770 [ 4550 

I~ 
Cale. 

2517 
2962 
5200 

1568 
2145 
3170 

557 
1459 
2409 
4625 

13. In the tables giving the analytical results of the 
different experiments, it will be seen that as H 1 gets large 
the wave-form of H differs more and more from the sine 
form, and that in the slower speeds the range over which it 
was possible to obtain magnetizing currents o4 approximately 
sine wave-form was less. This was due to the reaction of 
the iron in the ring and may be explained as follows : - -  

" ~ " * 1 If  we assume that the applied E.M.I~. was smusolda [it 
was nearly so], a current would flow which" would produce a 
flux wave that contained 1st, 3rd, 5th, &c. harmonics. The 

rd 5th &c harmonics m'oduced would induce in the mag- 
uetizing circmt currents of periods 3n, an, &c., which would 
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120 Prof. T. R. Lyle on the Variations o/ 

appear as 3rd, 5th, &e., harmonics in the nmgnetizing current, 
and would be greater as the impedances of the primary 
circuit for currents of these different periods were less, if we 
assume that the amplitudes of the upper harmonics of the 
flux are fixed. 

Now in order to obtain the larger magnetizing currents it 
was necessary to reduce the impedance, and hence in these 
cases the higher harmonics produced as above by the reaction 
of the ring became greater and the magnetizing current 
more distorted. Also in order to get the slower speeds 
fewer cells were used to supply current to the rotary con- 
verter, thus reducing the applied E.M.F., and in order to get 
the same cun'ents as betbre the impedances used had to be 
proportionally reduced. Hence, in the slower speeds the 
upper harmonics of the current due to the reaction of the 
ring would be relatively greater and the distortion of its 
wave-form more marked. 

This phenomenon is an interesting case of transibrnlation 
and what may be called reflexion of energy. Thus the iron 
receives energy from the first harmonic (frequency n) of the 
exciting current, some of which it transforms to vibratory 
energy of frequencies 3~, 5n, &e., and sends back energy to 
the primary circuit by means of currents of these higher 
frequeneies~ where in general this reflected energy will be 
dissipated as heat. 

This reflexion of energy occurred in nearly all tile ex- 
periments recorded in this paper, and the amount in each 
case ibr each harmonic is obtained when calculating the iron 
loss by the analytical method given in w 7. 

Thus the energy D received per cycle by the iron and 
dissipated as heat in it is given by 

D=n,  ~,1' C 
d E  
-d~- dt 

,do 

-~,q Ul--dt +13.~--~ + 5 - ~  + &c. dt 
o 

=D,  I-D3+D,-,+ &e. (say'), 

where C,, C:. C~, F1, F~, F,~ are the 1st, 3rd, and 5th 
harmonics of current and flux respectively. 

Now if, tbr instance, 
t ~ dF3 , 

D,~ or  ~ ! U 3 - - - d t  
' ~.]o dt 

is negative, tlm iron by lneans of the third harmonics is 
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31agnetir H~ ste.Yesis wlt]~ ~Zrequenc y. 121 

al~ount 
sendln - back pel cycle to the ma netizing cirenR enero" ~ to 
the --D~, and slmtlarly if D5 &c. are negattve. 

We have (see w 7) 

= I----- ~BA {sin 01 + 3/t~b.,~ sin 3 (O~ - q~a) + 5h~.b~, sin 5(05 - Ca) + &c. } t~ 
= i1 + I~ + I~ + &c. (say), 

where v is the volume of' iron in the ring : 

H1B1 
hence D l = I l v = v  ~ , _ d .  01 

~ 1  , " O  

D~ = I~v = v ~  x 5hzb~, sin 5(0~, ~ 6~)- 

For example, in calculating I by means of the above 
~ormula ibr experiment 14 (Table I.) in which 

H =  9"42{sin ~ t - ' 1635  sin 3(a)t--8'72) 
- -  "0565 ~in 5(~t -- 29"78) + "0159 si~l 7 (o~t-- 15"86) } 

B = 15860{sin (~ot-- 34"94) + "1865 sin 3 (cot-- 39'71) 
+ "0434 sin 5(r + "0117 sin 7(~t--47"9)} 

we find that 

I =  37350{'5727--'0914--'0116--'0009} 
=21390--3414--434--34 

= 17508~ 

O1" I1=21390~ Ia=  --3414~ 

I~= --434, I7= --34, 

which shows that per cm2 of iron per cycle 21390 ergs 
entered,- the ring by means of the first harmonics, and of this 
there was sent back or reflected to the primary circuit 3414 
ergs by means of the third~ 434 ergs by means of the fifth, 
and 3a ergs by means of the seventh harmonic, while the 
remainder, = I = 1 7 5 0 8  ergs, was dissipated as heat in the 
iron of the ring. 

These reflected current harmonics will obviously, if of 
sufficient magnitude, greatly modify the wave-form of C, 
and they will also by their reaction reduce the amplitudes 
and change the phases of the corresponding harmonies of F 
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122 ProL T. R. Lyle on the Variations of 

from which they arise, thus modifying the wave-form o [ F  
(the flux). 

Now I find that when the upper harmonics of the flux are 
damped as above, t~0 or B1/H1 becomes greater, and the iron 
loss I for the same value of ~ ,  or even of BI~ becomes 
greater. To make up for this greater iron loss as well as to 
supply the energy that is reflected, more energy must enter 
the iron by means of the first harmonic of C, and this is 
effected by a considerable increase in 01, the angle of lag of 
F 1 behind" C~. 

[f the applied E.M.F. (supposed sinusoidal) and the circuit 
be so controlled that while F, or aB 1 is kept constant the 
impedance is regularly diminished, the reflected energy due to 
any of the upper harmonics (C:~, F:~, say) will not go on 
increasing as the impedance diminishes, but will at first 
increase to a maximum and then diminish, in the limit 
vanishing when the impedance becomes zero. This would 
follow if we assumed that on account of some property of the 
iron there is always associated with a given primary sinu- 
soidal flux oscillation F1 or aB 1 of frequency n a series of 
magneto-motive forces M3, M~, &c., of frequencies 3n, 5n, &c. 
given in amplitude and fixed in phase relative to F1. 

F3 would then, [or a given impedanc% be the flux pro- 
duced by the vector resultant of M s and 4:~nlC3, where C:~ is 
the reflected current produced in the circuit by variation 
of F s. 

In the simple case in which the circuit outside the ring is 
non-inductive, and when magnetic lag is neglected, the re- 
lations between M3, Ca, F~, and the reflected energy can be 
shown by means of a vector right-angled triangle of which 
the hypotenuse is proportional to M3 and is fixed. One of 
its sides is proportiomd to C3 and the other to Fa, while the 
area of the triangle is proportional to the reflected enero'v. 
The locus of the right-angled vertex is thus a semicircle, and 
as C~ increases from zero until the triang!~ beconles isosceles, 
the reflected energy increases from zero to a maximum, af~er 
which any further increase of (~ causes a diminution in the 
reflected energy, which finally vanishes with Fa. 

If we took account of magnetic lag and of the inductance 
of' the circuit the vector dia,4'ram would he more complicated, 
but the general result would be similar. 

The ibllowing results of' three experiments with Ring I. 
will illustrate the preceding. 

The ring was rewound with two layers of 207 turns each, 
one or both of which could be used, thus enabling me to 
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3[affnetie Itystere,.is with Freqaency. 123 

obtain for the same values of F 1 two series of values, one 
double the other, for the reaction E.M.F.'s due to variation 
of the upper harmonics of F. 

.EXPERIMENT 1. 

T='0295 sec. Magnetizing current sent through 207 
turns. Full pressure of secondary battery on to rotary 
converter, and current in magnetizing circuit cut down by 
iron-less inductances to keep the reflected currents due to 
higher harmonies of F as small as possible. 

H =  4"53{sin cot--'0443 ~in 3(cot--29"11) 
+'0124 sin 5(~ot-- 7"41) } 

B----11720{sin (eot--39'89) + "1814 sin 3(cat--42"23) 
+ '042 sin 5(cot--43"8)}, 

it0 = B1/H~= 2587. ~ =  13580. Max. B=I0120.  
I1=8541, I3= --203, I5= - 1 ,  
I = I 1  +L2+I3=8310,  
I I~  1"~7 ='0027. 

EXPERIMENT 2. 
T----'02957 sec. n1=414 turns. 

E.M,F. the same as in Exp. 1, but eurrent cut down by 
non-inductive resistances. 

H = 4"4{ sin o)t- '1758 sin 3(cot-- 22"56) 
+ '039 sin 5(~t-- 1488) } 

B =  11850{sln (cot--48'04) + "1246 sin 3 (~t--56"82) 
+ "0164 sin 5(cot-- 66"73) }. 

/~o = 2693. ~ =  12700. ){ax. B = 10840. 
Iz= 9692. Ia= --830. I5---- - 4 2 .  
I=8820.  I/~V~7='00318. 

EXPERIMENT 3, 

T= '0294  sec. n 1 : 4 1 4  turns. 
Impressed E.M.F. reduced and non-inductive resistances 

proportionally reduced. 

H - -  4'23{sino)t--'25 sin 3(~t--30'25) 
+ "0572 sin 5(~ot - 32"24-) } 

B = l1560{sin (cot-- 50"77) + "0718 sin 3 (cot-- 62"19) 
+'0096 sin 5(cot--82"7) }. 
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12:l Variations" of Ma;jnetic llyste~'esis with J,'reque~,cj. 

tto=2734. 3----11840. Max. B=10900.  

1i----9465. Ia---- --654. L,= --32. 

I--- 8780. [/!B I'~7 = "00353. 

Though the applied E.M.F.'s in these experiments were 
only approximately sinusoidal, they illustrate the main 
features of the phenomenon being discussed. Thus we have 
with diminution of the impedance of the circuit while B1 
is kept approximately constant, the increase in the reflected 
ul)per harmonics of C and the diminution of the corre- 
sponding harmonics of F, the increase of/~0 and of I and the 
increase and subsequent decrease of the reflected energies I~ 
and I~. 

Attention is drawn to the great variation in the ratio 0i' 
I to !~ r~7 with change of wave-form of H~ and therefore of 
B, thus showing that the formula given in w 12 for I can 
only apply to a series in which the wave-form of H is nearly 
sinusoidal. 

In order to full), investigate the phenomenon drawn 
attention to in this paragraph, it would be necessary to de= 
termine the impressed E.M.F. wave as well as that of H and 
of B. This is being =-,=2,~n% and will form the subject of a 
tuture communication. 

Finally, the matter dealt with in this section seems to xne 
to have an important practical significance in the case of 
transformers. In calculating their losses all that has hitherto 
been counted as iron loss is the energy that is dissipated as 
heat in the iron. But now we see that it is possible for the 
iron to send back a considerable amount of energy to the 
primary circuit, where it also is dissipated as heat. This 
reflected energy should be counted against the iron. 

Thus Experiment 2 above may~ for the sake of illustration, 
be supposed to refer to a transformer on open secondary. 
The true dissipation of energy associated with its operation 
per cm3 of iron per cycle is I1 or 9692 ergs, of which 
i-----8820 ergs, hitherto called the total iron loss, is dissipated 
as heat in the iron, and - - ( I8+I~)=872  ergs is reflected by 
the iron to the primary circuit, where it also is dissipated as 
heat. 

I desire to thank Mr. K. S. Cross and Mr. E. Machin for 
valuable assistance in carrying out the experimenVs discussed 
in this paper. 
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