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Abstract

This work introduces a self-adjoint operator
Kfull = Karit QI+I® Karqy

combining an arithmetic component with discrete spectrum and an archimedean
component with continuous spectrum. We show that the Riemann explicit formula
arises canonically as an identity of regularized traces associated with the resolvent
of Ky, in the classical Titchmarsh—Mellin formulation.

Within this framework, the arithmetic operator produces the von Mangoldt
weights through the logarithmic derivative of its spectral determinant, while the
archimedean operator yields the Gamma factor via finite-part regularization of its
continuous spectrum. The non-trivial zeros of the Riemann zeta function appear as
spectral singularities of the resolvent, rather than as genuine eigenvalues.

The self-adjointness of Ky, induces a spectral symmetry corresponding to the
functional equation of the completed zeta function and singles out the critical line as
the distinguished axis in the spectral variable. No new claim regarding the Riemann
Hypothesis is made; instead, the results provide a structural operator-theoretic inter-
pretation of the explicit formula, clarifying the essential role of continuous spectrum
and spectral regularization.
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0. Introduction

The Riemann explicit formula lies at the heart of analytic number theory, expressing a
deep duality between prime numbers and the zeros of the Riemann zeta function. Since its
original formulations by Riemann and von Mangoldt, and later by Weil and Titchmarsh,
the explicit formula has appeared in many analytically equivalent forms, yet its structural
interpretation remains an object of ongoing interest.

A long-standing motivation in this direction is the Hilbert—Polya philosophy, which
suggests that the non-trivial zeros of the zeta function should admit a spectral interpre-
tation in terms of a suitable self-adjoint operator. Despite many partial insights, a fully
canonical operator-theoretic framework capturing both the arithmetic and archimedean
aspects of the explicit formula while preserving self-adjointness has remained elusive.

The purpose of this paper is not to realize the zeta zeros as discrete eigenvalues, but to
present a canonical operator-theoretic construction in which the Riemann explicit formula
itself arises as an identity of regularized traces. The central object is a global self-adjoint
operator

Kfull = Karit KI+1T® Karqa

whose resolvent encodes the explicit formula in a precise and intrinsic manner.

The arithmetic component K, has discrete spectrum given by logn, n > 1, reflect-
ing the multiplicative structure of the integers, while the archimedean component K,
defined in terms of the generator of dilations, carries continuous spectrum corresponding
to the real place. Neither component alone suffices to produce the explicit formula. The
arithmetic part yields the von Mangoldt weights through the logarithmic derivative of
its spectral determinant, whereas the continuous archimedean spectrum contributes the
Gamma factor via finite-part regularization. Within this framework, the non-trivial zeros
of the zeta function emerge naturally as spectral singularities of the resolvent, rather than
as genuine eigenvalues.

The main result shows that the Riemann explicit formula can be recovered as a reg-
ularized trace identity for the resolvent of Ky, in the classical Titchmarsh—Mellin form.
No new claim concerning the Riemann Hypothesis is made. Rather, the present work
clarifies the structural constraints imposed by self-adjointness, continuous spectrum, and
spectral regularization, and explains their inevitable role in the formulation of the explicit
formula.

The paper is organized as follows. Sections 1 and 2 introduce the arithmetic and
archimedean operators. Section 3 constructs the global operator Ky, and establishes its
self-adjointness. Section 4 derives the explicit formula as a regularized trace identity.
Section 5 discusses the spectral interpretation of the zeta zeros.



1 The Arithmetic block K.

This section isolates the pure arithmetic structure underlying the Euler product, prior to
any spectral linearization or logarithmic parametrization. No additive scale, self-adjoint
generator, or trace-level comparison is introduced here. The purpose is to identify the
canonical multiplicative degrees of freedom that will later interact with the Archimedean
component.

1.1 Prime atomicity of the multiplicative monoid

The multiplicative monoid of positive integers (N, -) is a free commutative monoid gener-
ated by the prime numbers. Every integer n € N admits a unique factorization

n = Hp””("), vp(n) € No,

peEP

with only finitely many non—zero exponents.
Under multiplication, the exponents add:

vp(mn) = vp(m) + vp(n).

Equivalently, (N,-) identifies with the set of finitely supported families (v,),ep with
v, € Ny, endowed with pointwise addition. In this sense, one has a canonical decomposi-

tion
fin

(N7 ) = @(N(J? +)7

peEP

where the direct sum denotes finitely supported sequences and each prime label defines
an independent primary component. This decomposition is purely algebraic and precedes
any analytic or spectral input.

At this level:

e 1o logarithmic parametrization is introduced;
e no additive real scale is present;

e only counting of prime powers is involved.

1.2 Canonical Hilbert—space realization without logarithms

To represent the above multiplicative structure faithfully, we use the restricted infinite
tensor product in the sense of von Neumann

Harit 1= ®(€2<N0)760)7

peEP

taken with respect to the distinguished vacuum vector ey € £2(Ny). Concretely, Ha is
the Hilbert space completion of finite linear combinations of elementary tensors that differ
from eg in only finitely many tensor factors.



This Hilbert space has a canonical orthonormal basis given by

® Cp,vp (vp) finitely supported,
peEP

which is naturally indexed by N via prime factorization.
For each prime p, define the number operator

Npepr = kepp,

acting as the identity on all other tensor factors. The operators N, are self-adjoint,
commute strongly for distinct primes, and encode only the multiplicity of prime powers.
Importantly, the numerical size of the prime p does not enter at this stage: only its role
as a label of an independent degree of freedom is retained.

The multiplicative monoid acts by commuting isometric shifts

Un) = ®Up“1’("),

peEP

where U, denotes the unilateral shift on ¢*(Ny) acting in the p-th tensor factor. This
defines a faithful representation of the monoid (N,-) on H,, depending solely on the
exponent data v,(n).

Consequently:

e the spectrum of each number operator N, is {k}ren,;
e this spectrum is identical for all primes;

e no arithmetic scale, ordering, or metric structure on the set of primes is encoded.

1.3 Absence of spectral linearization

At this stage, the arithmetic block contains no additive spectral information. In particular:
e there is no self-adjoint generator with real-valued spectrum;
e no comparison between different primes is available;
e no trace—level expression resembling the explicit formula can arise.

The arithmetic structure realized here corresponds to the Euler product prior to pass-
ing to logarithmic coordinates. Any additive spectral interpretation necessarily requires
an additional linearization step, which will be introduced later and shown to be rigid.



1.4 The Euler product as a cyclic matrix coefficient

We now show that the Euler product is already fully encoded at the representation—
theoretic level of the arithmetic block, without any spectral linearization or logarithmic
parametrization.

Let

Harit = ®(€2(N0)7 ep,o)

peEP

be the arithmetic Hilbert space introduced above, and define the canonical vacuum vector
0= ® €p.0-
pEP
The vector (2 is cyclic for the isometric representation U: (N, ) — B(Hait), and one has

U ()2 = R) €py0)-

peP

Let (ap)pep be a family of complex numbers such that > |a,[> < oo, and for each
prime p define

wp = ZO{; €p.k c 62(N0)

k=0

U= vy

peEP

The restricted tensor product

is then a well-defined vector in H ;.

Proposition 1.1. For every n € N, the matrix coefficient of the arithmetic representation
satisfies

(T, Un)Q) = [ apr™.

peEP

Proof. Using the tensor product structure and the fact that only finitely many v,(n) are
non—zero, one computes

<\Ijv U(n)Q> = H<1/}pa 6p,vp(n)> - H a;p(n)'

peP peP

In particular, choosing a, = p~° with Re(s) > 1 gives

(T, U)Q) =n"", o= —p ")) pFepm,
P k>0
and summing over the orbit of ) yields the Euler product

S, Ume) =0 =] < _1p_8.

n>1 n>1 pEP

Thus the Euler product arises as a cyclic matrix coefficient of the purely multiplicative
representation (N, -) ™ H,., prior to any additive linearization.
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1.5 Rigidity of spectral linearization

The arithmetic block constructed in the previous section encodes the full multiplica-
tive structure of the Euler product without introducing any additive spectral scale. At
this level, only prime multiplicities are represented, and no comparison between different
primes is available.

In order to pass from a purely multiplicative description to a spectral one, it is nec-
essary to introduce a linearization map transforming multiplication into addition. Con-
cretely, this amounts to postulating the existence of a map

E:(N,:) — (R,+)

satisfying
E(mn) = E(m) + E(n),

which can be interpreted as assigning a real-valued spectral parameter to each integer.

Such a map cannot be arbitrary. If the resulting parameter is to deserve the name of a
spectral scale, it must be compatible with a continuous notion of multiplicative dilation.
We therefore require that F admit an extension

E:RY —R

which is a homomorphism of multiplicative groups and satisfies a minimal regularity
condition, such as measurability or continuity.

Lemma 1.2 (Rigidity of additive linearization). Let E : RY — R be a measurable (or
continuous) homomorphism satisfying

E(zy) = E(z) + E(y).

Then there exists a constant ¢ € R such that

E(z) = clogz for all x > 0.

In particular, the restriction E = E|y satisfies E(n) = clogn.

Proof. Define f : R — R by f(t) := E (€'). Then f satisfies the additive Cauchy equation
flt+s)=ft)+ f(s),

and inherits measurability (or continuity) from E. By the classical rigidity theorem for
the additive Cauchy equation, there exists ¢ € R such that f(t) = ct, hence E(z) = clogx
for all x > 0. [l

This result shows that the logarithm is not a modeling choice but the unique additive
linearization of multiplication compatible with a continuous spectral scale. Any attempt
to represent the arithmetic block by a self-adjoint operator with real spectrum necessarily
assigns eigenvalues proportional to logn.

Accordingly, once the existence of a genuine spectral parameter is required, the arith-
metic generator is forced to be logarithmic. In the next subsection we use this rigidity to
construct the canonical arithmetic operator K.



1.6 Canonical logarithmic arithmetic generator

Having established that any additive spectral linearization compatible with a continuous
notion of scale is necessarily logarithmic, we now construct the corresponding arithmetic
generator.

We work on the purely multiplicative arithmetic Hilbert space

Heorit = ® (52 (No), 61970)

peEP

introduced in Section 1. For each prime p, let
Npep,k = k€p7k, k € Ny,

denote the number operator acting on the p-th tensor factor and as the identity on all
others. The family {NN,},ep consists of mutually strongly commuting self-adjoint opera-
tors.

By the rigidity result of the previous subsection, any self-adjoint operator implement-
ing a genuine spectral scale for the arithmetic block must assign eigenvalues proportional
to log p to each prime generator. Up to an overall normalization, this uniquely determines
the arithmetic Hamiltonian.

Definition 1.3 (Arithmetic generator). The canonical arithmetic generator is the self-
adjoint operator

Karit = Z(logp) Npa

peEP

defined on the natural domain

D(Karit) = {w € Harit Z(lng)2 ||Np¢||2 < OO} :

peP

Since only finitely many tensor components of any basis vector differ from the vacuum,
the sum defining K, is well defined on a dense core, and standard results for sums of
commuting self-adjoint operators ensure that K, is self-adjoint.

On the canonical basis vectors indexed by integers n = Hp p*»(™  one has

Karit ®€p,vp(n) = (Z Up(n) lng) ® Epup(n) = (10g n) ®€P7Up(")'
p p p p

Thus the spectrum of K, is
0(Kait) = {logn : n € N},

with multiplicities determined by the prime factorization.

This operator provides the unique logarithmic spectral realization of the purely multi-
plicative arithmetic block. No alternative assignment of spectral values is possible without
abandoning the requirement of a continuous additive scale.



2 The Archimedean block K,

This section constructs the Archimedean block

1
Karq = % lOg |A" A= — (xax + %)7

in a self-contained and operator—theoretic manner, and records the canonical steps leading
to this definition. The argument uses only Stone’s theorem, the Mellin transform, and
the spectral theorem for self-adjoint operators [9, 10].

2.1 Step 1: the canonical symmetry on R, is dilation

The Archimedean place is intrinsically continuous and multiplicative. Accordingly, the
canonical one-parameter symmetry on R, = (0, 00) is the dilation flow

T e, teR.

On the Hilbert space L*(R,, dz), the unique unitary implementation of this flow is given
by the unitary dilation group

(Uef)(z) = €% fleta), feL*R,), teR (1)

Lemma 2.1 (Unitarity and strong continuity). The family (U;)er defined in (1) is a
strongly continuous one—parameter unitary group on L*(R.).

Proof. For unitarity, compute by the change of variables y = elx:

10 f12 = / 2 f(ela)|? dx = ¢! / (el d = / F@)Pdy = 1112

Thus U, is unitary and Uy, s = U, U, is immediate. Strong continuity follows from density
of C*(R,) in L? and standard approximation arguments for translation—type groups; see
[9, Thm. VIIL7|. m

2.2 Step 2: the generator is forced, and the shift % is not optional

By Stone’s theorem, every strongly continuous unitary group has a unique self-adjoint
generator.

Theorem 1 (Stone). There exists a unique self-adjoint operator A on L*(R,) such that
Uy = e for all t € R. Moreover, for f in the domain D(A),

1d

Af=- =

== Uf (strong derivative in L?).
i

t=0

Proposition 2.2 (Explicit form of the dilation generator). On the core C*(R,), the
generator A acts as

A= —i(x&ﬁ— %)

In particular, the shift —i—% is forced by unitarity of the dilation action on L*(R,).



Proof. Let f € C*(R,). Differentiate (1):

CUS() = 5P () + e (ae) (')
At t = 0 this gives
Sl @) = @)+ (@) = (@0, + 3 ().
t=0

’t:O Uf = —i(20, + 3)f on this core.

Finally, note that the factor /2 in (1) is exactly what makes U; unitary in L?(dz)
(Lemma 2.1). Removing it would destroy unitarity, hence would change the generator.
Thus the shift is not a convention: it is imposed by the Hilbert space structure. O

Stone’s theorem yields Af =1 4

2.3 Step 3: diagonalization via Mellin transform

The dilation generator becomes diagonal after passing to logarithmic coordinates. Define

the unitary map
(V)(w):=efle),  ueR,

which sends L?(R, , dz) unitarily onto L*(R,du). A direct computation shows
(VUV " g)(u) = g(u +1),

so the dilation group becomes the translation group on L?*(R). Now apply the unitary
Fourier transform on L?(R),

(Fo)(\) = / g(u)e 2 du,

R

with inverse

o) = [ (FOe i

Lemma 2.3 (Spectral representation of A). Let M := FoV. Then M : L*(R,) — L*(R)
18 unitary and '
(MUMTR)(N) = e2™Mh(N), teR.

Consequently,

(MAMTIR)(N) = 27 Ah(N)
on the natural domain {h € L*(R) : Ah(\) € L*(R)}.
Proof. The intertwining VU,V ! with translations is immediate from the definitions. The
Fourier transform diagonalizes translations: F(g(-+t))(\) = 2 Fg()\). Thus MU M ™!

is multiplication by e?™**. By Stone’s theorem applied in the spectral representation, the
generator is multiplication by 2w A. O

Remark (Mellin viewpoint). The unitary map M = F oV is a standard unitary Mellin
transform in logarithmic coordinates. Lemma 2.3 is the spectral theorem for the dilation
generator.
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2.4 Step 4: the logarithmic Archimedean block via functional
calculus

The arithmetic block is logarithmic in nature (frequencies klogp), so the continuous
analogue is obtained by applying a logarithm to the canonical continuous generator. Since
A is self-adjoint, the Borel functional calculus defines p(A) for any Borel function ¢ :
R — R. In particular, log|A| is defined by choosing ¢(t) = log |¢|.

Definition 2.4 (Logarithm of the dilation generator). Let A be the self-adjoint dilation
generator. Define the self-adjoint operator log |A| by spectral calculus:

log 4] i= [ tog ] (i),
R

where F 4 is the spectral resolution of A. Its domain is

D(log|Al) = {f € L(Ry): / (1og |ul)? d(Ea(n)f. f) < oo}'

Proposition 2.5 (Diagonal form of log |A|). In the spectral representation of Lemma 2.3,
(M log |A] MTh)(X) = log |27A| h(N),

with domain {h € L*(R) : (log |27 \|)h(\) € L*(R)}.

Proof. This is the functional calculus applied to the multiplication operator 2w\ from

Lemma 2.3: ¢(27\) = log |27 A|. O

2.5 Step 5: definition of K, and the standard 1/(27) normaliza-
tion
We now define the Archimedean block used in the main text.

Definition 2.6 (Archimedean block). Let
A= —z'(xar + %)
be the self-adjoint generator of the unitary dilation group on L?(R,). Define
1
Korq = %log |A|

with domain D(K,,,) = D(log |A]).

Remark (Why the factor 1/(27) is standard). Under the unitary spectral representation
M, the generator A corresponds to multiplication by 27\ (Lemma 2.3). Thus log |A|
corresponds to multiplication by log |27 A| (Proposition 2.5). The factor 1/(27) in Defini-
tion 2.6 is the conventional Fourier normalization attached to the generator parameter-
ization: it separates the universal 27 factor of the translation character e from the
intrinsic logarithmic dependence. No asymptotic input is used here; the normalization is
fixed at the level of the unitary diagonalization of the dilation group.

11



2.6 Core, self-adjointness, and positivity properties

For completeness we record standard operator facts used implicitly.

Proposition 2.7 (Core and self-adjointness). The space C°(R,) is a core for A, and
A is essentially self-adjoint on C°(Ry). Consequently, log|A| and K, are self-adjoint
operators defined by functional calculus of A.

Proof. Under the unitary map V, the operator A corresponds to —id, on L*(R) (up to the
Fourier convention), whose essential self-adjointness on C2°(R) is classical [10, Sec. X.3].
Transporting back by V' gives essential self-adjointness of A on C°(R,). Functional
calculus preserves self-adjointness of log |A| and Kjyq. O

Remark (On positivity). The operator A is not positive (its spectrum is R), but log |A] is
self-adjoint and unbounded from above and below. This is consistent with its interpre-
tation as a logarithmic generator: it encodes scale rather than energy positivity. In the
main text, the full undeformed operator Ky = Karit @ Karq is self-adjoint; no positivity
assumption is required at this stage.

2.7 Summary of the construction

The Archimedean block is determined by three canonical steps:

(i) the dilation symmetry on R, has a unique unitary realization on L*(R,), forcing
the generator A = —i(z0, + 3);

(ii) the logarithmic nature of the arithmetic frequencies suggests applying log| - | to
this continuous generator;

(iii) the standard Fourier/Mellin normalization fixes the factor 1/(27). This yields
Karq = 5= log |A| as in Definition 2.6.

3 The full operator Ky

Having constructed separately the arithmetic block K, and the Archimedean block
Karq, we now combine them into a single operator acting on the full Hilbert space. No
additional structure is introduced at this stage: the form of the total operator is completely
determined by the independence of the arithmetic and Archimedean sectors and by the
canonical constructions of Sections 1 and 2.

3.1 The full Hilbert space

We consider the tensor product Hilbert space
7-[full = Harit @ Harq7

where
Harie = RQ(*(No), €9)  and  Hag = L* (R, d).
peP
The tensor product is taken in the standard Hilbert—space sense. Vectors in Hgy rep-
resent states carrying both arithmetic (prime multiplicity) and Archimedean (continuous
scale) degrees of freedom. No coupling between these sectors is assumed at the kinematical
level.

12



3.2 Definition of the full operator
Definition 3.1 (Full operator). The full operator is defined as the direct sum
Kfull = Karit & [arq + [arit ® Karqu

with domain
D(Kfull) - D(Karit ® ]) N D([ ® Karq)'

Here I, and I, denote the identity operators on Haiy and Hayq, respectively.

3.3 Self-adjointness and basic properties

Since Kyt and K, are self-adjoint operators acting on independent tensor factors, stan-
dard results on sums of commuting self-adjoint operators imply:

Proposition 3.2. The operator Ky is self-adjoint on D(Kpy).

On elementary tensor states of the form
V,®¢ € Hait @ Harqg,
where W, is the canonical arithmetic basis vector indexed by n € N, one has
Kan(¥V, ® ¢) = (logn) ¥, @ ¢ + V), @ Karq®.

Thus, Ky acts additively on the logarithmic arithmetic label and on the continuous
Archimedean scale variable, in complete analogy with the logarithmic linearization of
multiplicative structures.

3.4 Interpretation

The operator Ky, encodes the total logarithmic scale of the system, combining:
e discrete arithmetic contributions log p arising from prime multiplicities,
e continuous Archimedean contributions arising from dilation symmetry on R, .

Importantly, no interaction term between these sectors is introduced. Any coupling or
spectral deformation must therefore arise from additional dynamical or trace—level input,
not from the kinematical definition of the operator itself.

In particular, the construction of Kpy is entirely canonical once the requirements
of multiplicative covariance and logarithmic linearization are imposed. The operator
provides the natural starting point for spectral and trace—formula considerations in the
Hilbert-Poélya framework.
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4 The resolvent of K, and the explicit formula

In this section we derive the Riemann explicit formula from the operator
Kfull = Karit QI+1I® Karq;

by interpreting it as an identity of regularized traces of the resolvent. The key point is
that the correct spectral object is not a naive trace, but the logarithmic derivative of a
regularized spectral determinant.

4.1 Test function and Mellin transform
Let
g € C*(R), g even.
We introduce the shifted bilateral Laplace-Mellin transform
1

D(s) := /g(u) e =2 qu.
R
Since g has compact support, ¢ is an entire function that decays rapidly on vertical
strips. The parity of g implies the symmetry
O(s) = &(1 —s),

which will be crucial when shifting contours.

4.2 The global spectral object

We consider the global spectral function
d
=(s) = — log deteg (s + Kpun), Res > 1.

Using the Laplace representation of the resolvent,
oo
(S + Kqu)il _ / efts efthun dt,
0

and the tensor-sum decomposition of Ky, we obtain the factorization

e_thull — e_tKarit ® e_tKarq'

Thus the logarithmic derivative of the regularized determinant splits into the arithmetic
and archimedean contributions.

Regularized determinants. Throughout this section, the symbol det,., denotes a reg-
ularized spectral determinant defined via the Laplace—Mellin representation of the resol-
vent,

(s+K)'= / et gt
0

together with finite—part subtraction for the continuous spectrum. In particular, the
determinant is not defined as a convergent product of eigenvalues, but rather through its
logarithmic derivative, which is uniquely determined after removal of the Weyl (volume)
divergences. Different choices of regularization scheme modify log det,.; at most by linear
functionals of the test function g, and therefore do not affect the structure of the explicit
formula.

14



4.3 Arithmetic contribution

The arithmetic operator K, acts diagonally by
K.V, = (logn)¥,, n > 1.

Therefore,

Tr(e_tK”“) = Z —tlogn _ Zn = ((t), Ret > 1.

n>1 n>1

Hence,

Tr((s + Karie) ') = / e ((t) dt, Res > 1,

0
and, by analytic continuation,

d
- log detreg (s + Karit) = —=(5).

To evaluate its action on the test function, consider

271

Lit(9) = L /(c) (— g/(s)><1>(s) ds, c>1.

For Res > 1,

so absolute convergence allows us to interchange sum and integral:
arl A n °ds.
il Z 27rz / (©) ()
n>1
Using the definition of ® and Mellin inversion,

1 1
— | D ds = e 2 5(u — logn),
211 (c)

we obtain

Lois( Z A(n) g(logn)

n>1

Analytic justification. All exchanges of summation, integration and contour shifts
appearing below are justified by the choice of test function g € C°(R). Indeed, compact
support of g implies rapid decay of its Mellin transform ®(s) on vertical strips, ensuring
absolute convergence of the Dirichlet series for Re s > 1, as well as uniform integrability of
the Laplace-Mellin representations. Contour shifts are justified by the functional equation
of the completed zeta function together with the symmetry ®(s) = ®(1 — s).

15



4.4 Archimedean contribution

The archimedean operator is defined by
1
Karq = % log |A|7

which diagonalizes spectrally as multiplication by log |27 A|. Hence,

*tKarq

e 2|70,

The corresponding trace diverges due to spectral volume growth. We therefore adopt
a finite-part regularization with cutoff in A, as discussed previously. The regularized
contribution is equivalent to zeta-regularization and yields

d 11T 1
= log detyeg (s + Karq) = 3T (g) b log ™ + const.

We thus consider

where ¢ =T"/T.
For Rez > 0,

W(z) = —7+/0 (% - 1e__zt> dt.

Substituting z = s/2 and interchanging integrals, we obtain

1>~ 1 1
Ir(g) = — — | B(s)e /Dt ds ) dt.
r(g) = Co + 2/0 1— et (27m' /(C) (s)e °

The inner integral is computed explicitly:

1 1 13
— | B(s)e /D gs = / glu)e /2 (—/ e*(v2) ds) du
211 (c) R 211 (c)

= g(t/2) et/

Thus,

e—:c/2

0 — €

The archimedean continuous spectrum. The continuous spectrum of the archimedean
operator K, is not an artifact of the construction, but an intrinsic feature of the real
place. The divergence of the naive trace reflects the Weyl law for dilations on R, and
the finite—part subtraction precisely removes this volume contribution. The remaining
finite term is exactly the logarithmic derivative of the Gamma factor, showing that the
archimedean correction in the explicit formula arises naturally from regularized spectral

theory.
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4.5 Trivial poles

The factor s(s — 1) in the completed zeta contributes

1 1

d
——1 1)) =—— .
ds og(s(s = 1)) s s—1

Shifting the contour to Res < 0, the residues at s = 0 and s = 1 yield
Ipar(g) = —®(0) — &(1).

Since g is even, ®(0) = ®(1), hence

La(g) = —29(0).

4.6 Spectral side and contour shift

The completed zeta function £(s) is entire and satisfies {(s) = {(1 — s). By the symmetry
®(s) = ®(1 — s), the contribution from the left vertical line cancels after shifting the con-
tour. The remaining residues come from the non-trivial zeros p of {(s), each contributing

P (p).
Therefore,

> 0(p) = Luis(g) + Ir(9) + Lhai(g).

4.7 The explicit formula

Collecting all terms, we obtain the explicit formula

Z D(p) = ZA(n) g(logn) + /Ooog(x) % dr —29(0) + C,.

n>1 o

This is precisely the Riemann explicit formula in Titchmarsh form, derived as an
identity of regularized traces of the resolvent of

Kfull = Karit KI+T® Karq-

Interpretation. The explicit formula thus appears as a trace identity for the regu-
larized resolvent of Kp,. The arithmetic component produces the von Mangoldt weights
through the logarithmic derivative of the zeta function, while the archimedean component
contributes the Gamma factor via finite-—part regularization of its continuous spectrum.
In this sense, primes and zeros arise from different spectral decompositions of the same
global operator.
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5 Self-adjointness and spectral interpretation

In this section we discuss the spectral meaning of the operator
Kfull = Karit QI+T® Karq;

and explain how the non-trivial zeros of the Riemann zeta function arise naturally from
its resolvent.

5.1 Self-adjointness of the global operator

Both components of K, admit natural self-adjoint realizations. The arithmetic operator
Kt is self-adjoint on its canonical domain, being defined as a sum of commuting self-
adjoint number operators. The archimedean operator

1
Karq = % IOg |A|

is self-adjoint by functional calculus, since the generator of dilations A is essentially self-
adjoint on a natural dense core.

As the two operators act on independent tensor factors, they commute strongly. Stan-
dard results on sums of commuting self-adjoint operators therefore imply that the tensor
sum

Kfull = Karit QI+1T® Karq

admits a self-adjoint realization on the intersection of the natural domains. Throughout
the paper, K,y is understood in this sense.

5.2 Zeros as spectral singularities

The non-trivial zeros of the Riemann zeta function do not correspond to discrete eigen-
values of Kpy. Instead, they appear as spectral singularities of the resolvent

(5 + Kpa) ™ h,

or, equivalently, as poles of the logarithmic derivative of the regularized spectral determi-
nant.

This phenomenon is analogous to the appearance of resonances in scattering theory for
non-compact or partially continuous systems. The arithmetic component contributes a
discrete spectrum, while the archimedean component carries a continuous spectrum. The
zeros arise from the interaction between these two parts and should therefore be viewed
as global resonances rather than point spectrum.

5.3 Symmetry and the critical line

Since Ky, is self-adjoint, its spectrum is real in the natural spectral parameter. Under
the Mellin transform used throughout this paper, this reality corresponds to symmetry
with respect to the line Res = %

The functional equation of the completed zeta function is reflected at the operator level
by this spectral symmetry, and the critical line emerges as the natural axis of symmetry
for the resolvent. In this framework, the Riemann Hypothesis appears as the statement
that all spectral singularities compatible with self-adjointness occur exactly on this axis.
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While no new claim concerning the Riemann Hypothesis is made here, the present
construction provides a precise sense in which the critical line is forced by self-adjointness
and symmetry considerations alone.

6 Conclusion and perspective

The construction developed in this work was not guided by the search for a naive real-
ization of the Hilbert—Poélya conjecture, according to which the non-trivial zeros of the
Riemann zeta function should arise as discrete eigenvalues of a self-adjoint operator. On
the contrary, the results obtained here point in the opposite direction. Within a fully
canonical framework, based solely on the multiplicative structure of the integers, the
archimedean symmetry of dilations, and the requirement of self-adjointness, the zeros
emerge inevitably as spectral singularities of the resolvent rather than as part of the point
spectrum.

A central feature of this construction is the absence of arbitrary choices or tunable
parameters. The logarithmic form of the arithmetic generator, the presence of continuous
spectrum in the archimedean component, and the tensorial structure of the global operator
are rigid consequences of the structural hypotheses imposed from the outset. In this sense,
the present work suggests that any realization of Hilbert—Pélya type aiming to identify
the zeros as genuine eigenvalues would necessarily have to abandon, modify, or extend at
least one of these canonical structures, introducing additional dynamical ingredients not
present at the purely kinematical level considered here.

Rather than proposing a candidate for a Hilbert—Pdlya operator, this work therefore
delineates precisely what such an operator cannot be. It clarifies the unavoidable role of
continuous spectrum and spectral regularization in the formulation of the explicit formula,
and delineates the structural constraints that any operator-theoretic approach to the zeta
zeros must confront.

19



References

[1] D. Hilbert, Mathematical Problems, Bull. Amer. Math. Soc. 8 (1902), 437-479.

[2] G. Polya, On the zeros of certain trigonometric integrals, J. London Math. Soc. 1
(1926), 98-99.

[3] B. Riemann, Uber die Anzahl der Primzahlen unter einer gegebenen Grifie, Monats-
berichte der Berliner Akademie (1859).

[4] A. P. Guinand, A summation formula in the theory of prime numbers, Proc. London
Math. Soc. 50 (1948), 107-119.

[5] A. Weil, Sur les formules explicites de la théorie des nombres premiers, in Mathe-
matics Studies, University of Lund (1952), 252-265.

[6] H. Weyl, Das asymptotische Verteilungsgesetz der Eigenwerte linearer partieller Dif-
ferentialgleichungen, Math. Ann. 71 (1912), 441-479.

[7] M. H. Stone, On one-parameter unitary groups in Hilbert space, Ann. Math. 33
(1932), 643-648.

[8] G. Bennett, Schur multipliers, Duke Math. J. 44 (1977), 603-639.

[9] M. Reed and B. Simon, Methods of Modern Mathematical Physics I: Functional Anal-
ysis, Academic Press, 1980.

[10] M. Reed and B. Simon, Methods of Modern Mathematical Physics II: Fourier Anal-
ysis, Self-Adjointness, Academic Press, 1975.

[11] E. C. Titchmarsh, The Theory of the Riemann Zeta-Function, 2nd ed., Oxford Uni-
versity Press, 1986.

[12] M. A. Naimark, On a representation of additive operator set functions, Dokl. Akad.
Nauk SSSR 41 (1943), 359-361.

[13] V. 1. Paulsen, Completely Bounded Maps and Operator Algebras, Cambridge Univer-
sity Press, Cambridge, 2002.

20



	0. Introduction
	The Arithmetic block Karit
	Prime atomicity of the multiplicative monoid
	Canonical Hilbert–space realization without logarithms
	Absence of spectral linearization
	The Euler product as a cyclic matrix coefficient
	Rigidity of spectral linearization
	Canonical logarithmic arithmetic generator

	The Archimedean block Karq
	Step 1: the canonical symmetry on R+ is dilation
	Step 2: the generator is forced, and the shift  epstopdf12 is not optional
	Step 3: diagonalization via Mellin transform
	Step 4: the logarithmic Archimedean block via functional calculus
	Step 5: definition of Karq and the standard 1/(2) normalization
	Core, self–adjointness, and positivity properties
	Summary of the construction

	The full operator Kfull
	The full Hilbert space
	Definition of the full operator
	Self–adjointness and basic properties
	Interpretation

	The resolvent of Kfull and the explicit formula
	Test function and Mellin transform
	The global spectral object
	Arithmetic contribution
	Archimedean contribution
	Trivial poles
	Spectral side and contour shift
	The explicit formula

	Self-adjointness and spectral interpretation
	Self-adjointness of the global operator
	Zeros as spectral singularities
	Symmetry and the critical line

	Conclusion and perspective

