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Abstract

We introduce Structural Manifold Compression (SMC), a framework mapping Boolean
circuit size to the spectral volume of multilinear Hessians. By establishing a rigorous bound
on Metric Tension (τ) using the Frobenius-Sparsity relation, we prove that polynomial-
sized circuits are restricted to a sub-factorial curvature envelope. This geometric approach
bypasses the Natural Proofs barrier by utilizing global spectral invariants.

1 The SMC Manifold and Metric Tension

Definition 1.1 (Multilinear Lifting). For f : {0, 1}n → {0, 1}, the multilinear extension (MLE)
Pf (x) is the unique polynomial in R[x1, . . . , xn] such that Pf (e) = f(e) for all e ∈ {0, 1}n. The
SMC Manifold Mf is the graph of Pf over the unit hypercube U = [0, 1]n.

Definition 1.2 (Metric Tension τ as Spectral Volume). We define the Metric Tension τ(f) as
the integral of the absolute Hessian determinant:

τ(f) =

∫
U
| det(H(Pf ))| dV (1)

where Hi,j =
∂2Pf

∂xi∂xj
for i ̸= j and Hi,i = 0. τ measures the total interaction volume between

input variables.

2 Rigor: Stability and Spectral Bounds

Lemma 2.1 (Perturbation Stability and Derivation). Let f, f ′ be Boolean functions differing
by a single bit. The Hessian perturbation ∆H has entries ∆Hi,j = ±

∏
k ̸=i,j x̃k. On the compact

set U = [0, 1]n, the Frobenius norm satisfies ∥∆H∥F ≤
√
n(n− 1) ≤ n. The change in Metric

Tension satisfies:

|τ(f)− τ(f ′)| ≤
∫
U
∥adj(H)∥F · ∥∆H∥F dV (2)

Since all entries of H are multilinear and bounded on U , the adjugate norm ∥adj(H)∥F is finite,
ensuring τ is an analytically stable functional for any finite n.

Proposition 2.2 (The Spectral Ceiling). For any multilinear Hessian H, the trace Tr(H) = 0.
Applying the AM-GM inequality to the squared eigenvalues λ2

i , we obtain the following universal
upper bound for the determinant:

| det(H)| ≤
(
∥H∥2F
n

)n/2

(3)

This inequality serves as the analytic bridge connecting the quadratic coupling energy (Frobenius
norm) to the Metric Tension τ .
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3 Foundational Complexity Lemmas

Lemma 3.1 (Capacity Mapping: Interaction Entropy vs. Circuit Size). Let C be an arithmetic
circuit of size S and depth d computing a polynomial f over n variables. The Interaction Entropy
IE(f) satisfies:

ln(IE(f)) ≤ O(S · d · lnn) (4)

For any circuit family where S = poly(n), IE(f) is bounded by a polynomial in n, precluding
factorial growth.

Proof. 1. Gate-Level Recurrence: The Interaction Entropy is determined by the propaga-
tion of variable-coupling paths through the circuit graph. Let IE(u) denote the interaction
capacity of a sub-circuit rooted at gate u:

• Addition Gates: For g = u + v, the Hessian is additive, Hg = Hu +Hv. Due to
the multilinearity of variable couplings, IE(u+ v) ≤ IE(u) + IE(v).

• Multiplication Gates: For g = u ·v, the product rule for second derivatives creates
a superposition of interactions. The interaction entropy follows the product bound:
IE(u · v) ≤ IE(u) · IE(v) · poly(n).

2. Cumulative Ceiling: Summing over S gates across d layers of the circuit, the total
interaction entropy scales at most as a polynomial product of gate capacities. This yields
the logarithmic upper bound ln(IE(f)) ≤ O(S · d · lnn).

3. Hessian Permanent Constraint: Each entry Hij in the Hessian counts distinct com-
putational paths between xi and xj . In a polynomial-sized circuit, the number of such
paths is bounded by the DAG connectivity. By Hadamard’s inequality or the Brégman
upper bound for sparse matrices, Perm(H) is constrained by the row-product of these
polynomial path counts.

As n → ∞, for any fixed c where S = nc, the circuit’s Interaction Entropy remains O(n2c),
which is strictly dominated by the Ω(n!) requirement of the Permanent function.

Lemma 3.2 (Continuum-to-Discrete Correspondence). The Interaction Entropy IE =
∫
U Perm(H) dV

is a faithful, global measure of discrete computational complexity on {0, 1}n2
and captures all

variable interactions realized by Boolean circuit logic.

Proof. 1. Unique Multilinear Extension: For any Boolean function f : {0, 1}n2 → {0, 1},
there exists a unique multilinear polynomial extension fML : Rn2 → R that interpolates f
exactly at every vertex of the hypercube. This extension serves as the coordinate manifold
for the interaction analysis.

2. Exact Vertex Interpolation: The space of multilinear polynomials on [0, 1]n
2
is spanned

by monomials
∏

i∈S xi. Consequently, the value of the Hessian permanent Perm(H) at
any interior point is an exact convex combination of its values at the discrete vertices
{0, 1}n2

. No approximation is required; the continuous geometry is strictly determined by
the discrete assignments.

3. Vertex-Maximal Property: Since the Hessian of the Permanent has strictly non-
negative coefficients, Perm(H) is a non-negative multilinear form. Such forms attain
their extrema at the vertices of the unit hypercube. Therefore, the continuous integral IE
is rigorously lower-bounded by the discrete combinatorial contributions at the vertices.

4. Interaction Synthesis: Each vertex corresponds to a specific Boolean assignment. At
these points, the Permanent of the Hessian counts all possible variable interactions realized
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by the circuit’s gate logic. The Lebesgue integral over U thus aggregates the complete
discrete combinatorial complexity into a single geometric invariant.

By the Mean Value Theorem for integrals, the factorial scaling Ω(n!) observed at xc neces-
sitates that the discrete variable-coupling count at the vertices must also satisfy the factorial
floor.

Lemma 3.3 (Monotonicity and Validity of the Hessian Metric). The functional IE(f) =
Perm(Hf ) is a valid, monotonic, and non-negative measure of the combinatorial work required
to compute a function f .

Proof. 1. Non-Negativity of the Hessian: For any multilinear polynomial f with coeffi-
cients in R≥0 (representing the non-negative count of computational paths), the Hessian
matrix Hf is strictly non-negative (Hij ≥ 0 for all i, j). This ensures that the permanent
of Hf is a well-defined, non-vanishing sum of non-negative variable-coupling terms.

2. Path-to-Coupling Correspondence: Each entry Hij = ∂2f
∂xi∂xj

represents the density

of computational paths linking variables xi and xj . Each permutation in the expansion
of Perm(Hf ) represents a disjoint set of n variable-coupling paths that span the entire
input space. Therefore, the permanent serves as a global ”path-counter” for the total
combinatorial connectivity of the function.

3. Monotonicity Under Sub-structures: Let f be a sub-structure of g, defined such that
the difference matrix D = Hg − Hf is entry-wise non-negative (Dij ≥ 0). This occurs
when g contains all computational paths present in f plus additional interactions.

4. Rigidity of the Metric: By the monotonicity property of the permanent for non-
negative matrices, Perm(Hg) ≥ Perm(Hf ). This confirms that IE rigorously tracks the
accumulation of variable-coupling ”work.” No algorithm can reduce the required Interac-
tion Entropy without omitting necessary combinatorial paths.

4 The Law of Bounded Curvature

We establish the rigorous link between the combinatorial size of a circuit C and the geometric
energy of its associated manifold.

4.1 Hessian Induction and Gate Sparsity

Lemma 4.1 (Gate-Norm Mapping). Let C be a Boolean circuit of size S = nc (for some
constant c) and constant maximum gate fan-in k = O(1). The second-order sensitivity of the
manifold is determined by the variable-variable couplings. For a circuit in Class P , the number
of non-zero entries in the Hessian H(PC) is bounded by:

|supp(H)| = O(S · k2) = O(nc) (5)

Since S is polynomial in n, the Hessian matrix is asymptotically sparse, containing O(nc) non-
zero entries out of n2 possible interactions.

4.2 The Frobenius Upper Bound

Theorem 4.2 (Polynomial Curvature Bound). For any L ∈ P decided by a circuit family {Cn},
the Frobenius norm of the Hessian on the unit hypercube U satisfies:

∥H(PCn)∥2F ≤ poly(n) (6)
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Proof. The Frobenius norm is defined as ∥H∥2F =
∑

i,j |Hij |2. In the multilinear extension PC ,

each mixed partial derivative Hij = ∂2PC
∂xi∂xj

is a sum of derivatives of multilinear monomials.

On the unit hypercube U = [0, 1]n, the magnitude of any multilinear monomial and its partial
derivatives is uniformly bounded by 1. Since the number of non-zero entries (couplings) is
O(nc) and each entry magnitude |Hij | is bounded by the constant-depth accumulation of gate
activations, the total sum of squares remains poly(n).

4.3 The Sub-Factorial Ceiling

Proposition 4.3 (Formal Asymptotic Separation). Combining Theorem 4.2 with the spectral
bound (Eq. 3), the Metric Tension τ(Cn) for a polynomial circuit is bounded by:

τ(Cn) ≤
(
poly(n)

n

)n/2

= (poly(n))n/2 (7)

To establish the complexity gap, we invoke the following formal separation:

∃n0 ∈ N s.t. ∀n > n0, (poly(n))n/2 < n! (8)

This holds because ln((poly(n))n/2) = n
2 ln(poly(n)) = O(n lnn) with a coefficient determined

by the polynomial degree, whereas ln(n!) ∼ n lnn − n. As n → ∞, the factorial growth rate
eventually dominates any fixed-degree polynomial spectral volume.

5 The Factorial Mandate: Interaction Entropy Floor

We formalize the separation of P and NP by demonstrating that the Permanent possesses a re-
quired Interaction Entropy (IE) that asymptotically dominates the capacity of any polynomial-
sized architecture.

5.1 Formalization of Interaction Entropy

Definition 5.1 (Interaction Entropy). The Interaction Entropy IE(f) is defined as the integral
of the permanent of the Hessian over the unit hypercube U ⊂ [0, 1]n

2
:

IE(f) =

∫
U
Perm(Hf (x)) dV (9)

As Perm(H) is a multilinear polynomial with non-negative coefficients, IE(f) is a well-defined,
monotone invariant. Since Vol(U) = 1, the factorial scaling of the integrand at any interior
point is preserved exactly under Lebesgue integration.

5.2 The Brégman-Minc Permanent Floor

Theorem 5.2 (Rigorous Factorial Scaling). The Interaction Entropy of Permn satisfies:

ln(IE(Permn)) ≥ n lnn− n+
1

2
ln(2πn)− C (10)

where C = O(1) is a constant that absorbs all lower-order terms in the Stirling expansion.

Proof. By applying Brégman’s Theorem to the Hessian H at xc: each entry Hab is an (n− 2)-
order sub-permanent. Since Perm(H) counts all valid n2-variable couplings (derangements
of the Symmetric Group), we utilize Stirling’s approximation to establish factorial growth.
Measure Stability: Because Perm(H) is positive and multilinear, it cannot vanish on any
open set within U . Given Vol(U) = 1, the integral inherits the Ω((n − 2)!)n scaling of the
Hessian center xc.
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5.3 The Complexity Separation Theorem

Theorem 5.3 (P ⊊ NP ). No polynomial-time Turing machine can compute the Permanent.

Proof. 1. Discretization and Model Independence: Any polynomial-time Turing machine
implies a circuit family Cn of size S = nc. By Valiant-Strassen simulation, Boolean and arith-
metic models are entropy-equivalent up to a polynomial factor. 2. Capacity Ceiling: The
circuit capacity mapping yields ln(IE(Cn)) ≤ c · n lnn+O(n). This ceiling is derived from the
gate-sparsity of the interaction manifold, which limits the number of algebraically independent
coupling paths. 3. Unbounded Separation: For any fixed constant c, let n0 = ⌈ec⌉. For all
n > n0, the Permanent’s entropy requirement exceeds circuit capacity. Consequently:

lim
n→∞

IE(Permn)

IE(Cn)
= ∞ (11)

The divergence proves that Permn /∈ P . Consequently, P ⊊ NP .

6 Conclusion

By establishing a global spectral invariant, the Interaction Entropy IE , we have demonstrated
that polynomial-sized circuits occupy a low-entropy sub-manifold. The ”Tension Gap” between
the sub-factorial capacity of P and the factorial requirement of the Permanent provides a
structural obstruction that prevents the former from computing the latter. This geometric
separation confirms P ̸= NP .
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