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Abstract— This paper focuses on the linear quadratic control
(LQC) design of systems corrupted by both stochastic noise
and bounded noise simultaneously. When only of these noises
are considered, the LQC strategy leads to stochastic or robust
controllers, respectively. However, there is no LQC strategy
that can simultaneously handle stochastic and bounded noises
efficiently. This limits the scope where existing LQC strategies
can be applied. In this work, we look into the LQC problem for
discrete-time systems that have both stochastic and bounded
noises in its dynamics. We develop a state estimation for
such systems by efficiently combining a Kalman filter and an
ellipsoid set-membership filter. The developed state estimation
can recover the estimation optimality when the system is
subject to both kinds of noise, the stochastic and the bounded.
Upon the estimated state, we derive a robust state-feedback
optimal control law for the LQC problem. The control law
derivation takes into account both stochastic and bounded-state
estimation errors, so as to avoid over-conservativeness while
sustaining stability in the control. In this way, the developed
LQC strategy extends the range of scenarios where LQC can
be applied, especially those of real-world control systems with
diverse sensing which are subject to different kinds of noise.
We present numerical simulations, and the results demonstrate
the enhanced control performance with the proposed strategy.

Index Terms— Robust control, estimation, Kalman filter, set-
membership filter, linear quadratic control

I. INTRODUCTION

In this work, we study the linear quadratic control (LQC)
problem for discrete-time systems under process and ob-
servation noise. The construction of a control strategy for
this LQC problem depends on how the noise is modeled.
In general, noise is modeled as (i) stochastic described
by its probability distribution and (ii) bounded, depicted
by compact sets that confine all possible values for the
noise. In the case of stochastic noise, the classical linear-
quadratic-Gaussian (LQG) control strategies can be applied
to optimize the control [1]. On the other hand, for bounded
noise, min-max control approaches can provide the optimal
robust control law [2].
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However, the two categories of noise modeling and the
construction of a control strategy typically work in parallel,
and each of the two categories assumes only one type of
noise in its control design. However, this assumption does not
hold in real world scenarios [3], [4]. Taking autonomous ve-
hicles as an example, both stochastic and bounded noises are
present in vehicle path planning and obstacle avoidance [5],
[6]. I.e., the noise induced by inertia sensors, LiDAR and
camera in a vehicle is stochastic noise that can be described
by statistical models, while the noise in the tire grip and
actuators can be better modeled by a bounded set. The
existence of both stochastic and bounded noises in the same
system requires the design of an LQC strategy that can deal
with both kinds of noise simultaneously.

The existing two categories of LQC strategies - either
stochastic control or robust control - cannot work efficiently
when there are stochastic and bounded noises. Despite the
celebrated success of stochastic control for systems with
stochastic noise, such approaches are limited in their ability
to handle bounded noise [7], [8]. Most of the stochas-
tic control approaches use the Kalman filter to estimate
system states, with the assumption that the process and
observation noise are Gaussian distributed. Unfortunately,
such an assumption no longer holds in the case of bounded
noise, leading to an overoptimistic estimation that goes into
the controller [9], [10]. Such an overoptimism produces
increased state estimation errors, and the propagation of the
errors to the control loop degrades the control performance.
As a result, there is a risk of divergence from the actual
values and their desired trajectories, since the estimation
errors accumulate over time.

Unlike stochastic control that relies on the statistic distri-
bution of noise, robust control only needs the boundary infor-
mation of the noise in its control law derivation [2]. Robust
control approaches, like min-max control, seek robustness
against the most pessimistic noise within the bounded set that
has a worst impact on the control. However, the performance
of robust control becomes over-conservative in the presence
of stochastic noise [11], [12]. Robust control guarantees
robustness against all possible noise, including the extreme
noise that rarely occurs. The consideration of such extreme
noise reduces the control performance when the system
works under normal conditions, leading to very conservative
controllers. Recent studies integrated set-membership filters
into robust control to learn the noise boundary and reduce its
conservativeness [13]–[16]. However, these studies neglect
the case where the stochastic noise exceeds the learned
boundary, making the set-membership filter infeasible for the
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controller [17], [18].
This paper aims to address the challenges in linear

quadratic control for systems with the presence of both
stochastic and bounded noises. To this end, we develop the
state estimation and derive the LQC control law, where the
stochastic and bounded noises are incorporated simultane-
ously. Specifically, we propose a mixed-noise model that uni-
fies the mathematical description of stochastic and bounded
noises. We then derive the state estimation based on the
mixed-noise model. The derived state estimation considers
both kinds of noise, and leads to an estimation that is less
optimistic than the produced by the Kalman filter, while
it is still less conservative than the set-membership filter.
Finally, we integrate the state estimation in the derivation
of a robust control law, where both the stochastic and
bounded estimation errors are considered and minimized. Si-
multaneously minimizing these two estimation errors avoids
over-conservativeness and sustains stability in the control.
We demonstrate how our approach improves the estimation
and control performance compared with robust control with
Kalman filter and set-membership filter.

This paper is organized as follows. We formulate the
linear quadratic control problem with stochastic and bounded
noises in Section II. Section III derives the state estimation
that incorporates the Kalman filter and the set-membership
filter, and Section IV presents the optimal control law
derivation. In Section V, we present numerical simulations
to demonstrate the effectiveness of our approach. Finally, we
conclude our work in Section VI.

Notations:
We denote the ellipsoid set E(c,M) in the set-

membership approach as,

E(c,M) = {x ∈ Rn : (x− c)TM−1(x− c) ≤ 1}, (1)

where c is the center of the ellipsoid and M is the shape
matrix of the ellipsoid. The Minkowski sum of two sets of
vectors A and B in Euclidean space is defined by adding
each vector in A to each vector in B, written as

A⊕B = {a+ b |a ∈ A, b ∈ B}. (2)

II. PROBLEM FORMULATION

In this work, we consider the following discrete-time linear
dynamic system

xk+1 = Akxk +Bkuk +wk, (3)

zk = Hkxk + vk, (4)

where xk ∈ Rn is the state vector and cannot be measured
directly, zk ∈ Rm is the measurement, uk ∈ Rr is the
control vector, Ak ∈ Rn×n is the state matrix, Bk ∈ Rn×r

is the control matrix, and Hk ∈ Rm×n is the measurement
matrix. wk ∈ Rn and vk ∈ Rm are process and measurement
noises. Note that in real-world applications, process noise
wk and measurement noise vk typically consist of both
stochastic and bounded noises. For example, in the operation
of autonomous wheeled mobile robot, the process noise wk

induced by motor drive current fluctuations is often modeled

as Gaussian, whereas external collisions or pushing distur-
bances are better represented by bounded sets. Similarly, the
measurement noise vk in the mobile robot operation may
include Gaussian components like IMU noise and GPS jitter,
and also bounded components, such as IMU mis-calibration
and GPS position error caused by multi-path effects.

Therefore, we incorporate both stochastic and bounded
noises to better represent system uncertainties. Particularly,
we model the process and observation noises in (3) and (4)
by superposing both stochastic and bounded noises

wk = ws
k +wb

k, (5)

vk = vs
k + vb

k, (6)

where ws
k and vs

k are stochastic noises, wb
k and vb

k are
bounded noises. Here we assume the stochastic noises follow
Gaussian distributions:

ws
k ∼ N (0,Pw

k ), (7)

vs
k ∼ N (0,P v

k ), (8)

where the noises are white with their mean equal to zero, and
Qw

k and Qv
k are the associated covariances. The bounded

noises are assumed to be bounded within the following
ellipsoidal sets, respectively:

wb
k ∈ E(0,Mw

k ), (9)

vb
k ∈ E(0,Mv

k ), (10)

where Mw
k and Mv

k are the matrices defining the shape, size,
and orientation of the ellipsoids. The ellipsoidal centers are
zero. We model the initial state vector x0 for the noise as

x0 = x̄0 + es0 + eb0, (11)

where x̄0 is the center of the system state, es0 and eb0 are
stochastic and bounded uncertainties due to stochastic and
bounded noises, respectively. The distribution of es0 and the
boundary of eb0 are:

es0 ∼ N (0,P0),

eb0 ∈ E(0,M0),
(12)

where P0 is the covariance of Gaussian distribution, and M0

is the shape matrix of the ellipsoid set.
With the settings above, this work aims to control the

system (3)-(4) that seeks minimizing the following quadratic
cost function

J =xT
NQNxN +

N−1∑
k=0

(
xT
kQkxk + uT

kRkuk

)
, (13)

where the state-cost matrix Qk ∈ Rn×n and control-cost
matrix Rk ∈ Rr×r are positive semidefinite and positive
definite, respectively.

Our hypothesis is that the process noise, observation noise,
and initial state can be jointly described by a stochastic
model and a bounded set. In this way, the control will be
different from LQG control or min-max control, i.e., instead
of minimizing the expectation of the cost function as in LQG
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or the worst value of cost function as in min-max control,
we minimize the expected value and the worst value for the
stochastic noise and bounded set noises in the cost function
J (13), respectively. We formulate this control optimization
problem as

(P) : min
{uk|N−1

k=0 }
max

{wb
k,v

b
k,e

b
0}

{
E{ws

k,v
s
k,e

s
0} {J}

}
s.t. xk+1 = Akxk +Bkuk +wk,

zk = Hkxk + vk, k = 0, 1, · · · , N − 1

ws
k ∼ N (0,Pw

k ),

wb
k ∈ E(0,Mw

k ),

vs
k ∼ N (0,P v

k ),

vb
k ∈ E(0,Mv

k ),

es0 ∼ N (0,P0),

eb0 ∈ E(0,M0),

(14)

and the optimal control sequence uk|N−1
k=0 can be derived by

solving the optimization problem (P).
As defined in (13), the cost J in (P) is a function of the

system state xk. When combining the equation (3), the cost
J can be rewritten as the function of initial state x0. Then
we can gain the optimal control sequence u0, · · · ,uN−1 by
minimizing max{wb

k,v
b
k,e

b
0}

{
E{ws

k,v
s
k,e

s
0} {J(x0)}

}
in prob-

lem (14). However, the gained control sequence is overcon-
servative, because the boundary of error eb0 for the initial
state is usually set excessively wide to cover and tolerate the
worst case. This results in the over-conservatism in control,
since the worst case rarely occurs. In addition, the covariance
of stochastic error es0 is also initiated with excessively large
values, which cannot quantify the stochastic uncertainty
accurately.

In this paper, we will use the measurements zk to estimate
and update the distribution and boundary of the states, and
we present such a state estimation in detail in Section III.
Note that the update of stochastic and bounded uncertainties
in system states complicates the optimization problem in
(P), due to the high complexity calculation of the expecta-
tion and the maximum value in the cost J in (P). To address
this issue, we will reformulate problem (P) and make it
tractable to derive the optimal control law. We detail the
reformulation of problem (P) and control law derivation in
Section IV.

III. STATE ESTIMATION INCORPORATING KALMAN
FILTER AND SET-MEMBERSHIP FILTER

This section derives a recursive state estimation for the
system (3)-(4) with the presence of both stochastic and
bounded noises. In Section II, we make the assumption that
the stochastic noise follows a Gaussian distribution and the
bounded noises are within an ellipsoid set. Although Kalman
and ellipsoidal set-membership filters are effective for white
Gaussian noise and ellipsoid set bounded noises, respectively,
these two filters are no longer applicable for estimating the
stochastic and bounded uncertainties simultaneously. There-
fore, we propose the combination of Kalman and ellipsoidal

set-membership filters for the design of the optimal state
estimation. We construct the estimation by minimizing the
covariance of the stochastic estimation error and the ellipsoid
volume of the bounded estimation error simultaneously [19],
[20].

Let us show the derivation of our recursive state estima-
tion. We start by defining the estimation of state at the k-th
instant given the measurements zk as

xk ∼ X (x̂k|k,Pk|k,Mk|k), (15)

where x̂k|k is the mixed center of the estimation with
stochastic and bounded uncertainties, Pk|k is the covariance
matrix of stochastic estimation error, Mk|k is the shape
matrix of ellipsoid set estimation error. Combining the main
technique in the Kalman and the ellipsoidal set-membership
filters, we update the x̂k|k, Pk|k and Mk|k by utilizing
the measurements zk, as shown in the following formal
statement.

Proposition 1. Consider the discrete-time linear system de-
scribed by (3) and (4), which is disturbed by stochastic and
bounded noises as in (5)-(10). Let the initial state be set
as (11) and (12), with initial mixed state center x̄0, initial
covariance P0, and initial shape matrix M0. Then we update
x̂k|k, Pk|k and Mk|k recursively in the following two steps:
(i) Predict

x̂k|k−1 = Ak−1x̂k−1|k−1 +Bk−1uk−1, (16)

Pk|k−1 = Ak−1Pk−1|k−1A
T
k−1 + Pw

k−1, (17)

Mk|k−1 =(p−1
k + 1)Ak−1Mk−1|k−1A

T
k−1

+ (pk + 1)Mw
k−1,

(18)

(ii) Update

x̂k|k = x̂k|k−1 + Γk

(
zk −Hkx̂k|k−1

)
, (19)

Pk|k = (I−ΓkHk)Pk|k−1(I−ΓkHk)
T +ΓkP

v
k Γ

T
k , (20)

Mk|k =(q−1
k + 1)(I − ΓkHk)Mk|k−1(I − ΓkHk)

T

+ (qk + 1)ΓkM
v
kΓ

T
k ,

(21)

Γk =
[
Pk|k−1H

T
k + (q−1

k + 1)Mk|k−1H
T
k

][
(q−1

k + 1)HkMk|k−1H
T
k + (qk + 1)Mv

k

+HkPk|k−1H
T
k + P v

k

]−1
,

(22)

where the scalar parameters pk and qk are calculated by

pk =

(
tr(Ak−1Mk−1|k−1A

T
k−1)

tr(Mw
k )

) 1
2

, (23)

and

qk =

(
tr((I − Γk)Mk|k−1(I − Γk)

T )

tr(ΓkMw
k ΓT

k )

) 1
2

. (24)

Proof. Combine the system defined in (3) and the process
noise defined in (5), and we have

xk = Ak−1xk−1 +Bk−1uk−1 +ws
k−1 +wb

k−1, (25)
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where ws
k−1 ∼ N (0,Pw

k−1) and wb
k−1 ∈ E(0,Mw

k−1). We
use the mixed center x̂k|k defined in (15) to represent the
estimated value of the state at the instant k. Then we define
the estimated error as

ek = xk − x̂k|k, (26)

where the estimated error consists of a stochastic part and a
bounded part, shown as

ek = esk + ebk,

esk ∼ N (0,Pk),

ebk ∈ E(0,Mk).

(27)

We use the system dynamics in (25) to predict the mixed
center x̂k|k−1, as shown in (16). The predicted covariance
matrix is calculated by

Pk|k−1 = E(Ak−1e
s
k−1 +ws

k−1)
2, (28)

and then we get (17). We utilize the Minkowski sum to
calculate the predicted shape matrix of the ellipsoid set

Ak−1e
b
k−1 +wb

k−1

∈Ak−1E(0,Mk−1|k−1)⊕ E(0,Mw
k−1)

⊂E(0,Mk|k−1),

(29)

and we obtain (18). Then, we use the measurement data zk to
update the mixed center (19), where the gain Γk is obtained
by minimizing the updated estimation error ek. Substituting
the update the mixed center (19) into the error (26) yields

ek = xk − x̂k|k−1 − Γk

(
zk −Hkx̂k|k−1

)
, (30)

With the measurement zk = Hkxk +vs
k +vb

k substituted to
(30), we obtain

ek = (I − ΓkHk)(xk − x̂k|k−1)− Γk

(
vs
k + vb

k

)
. (31)

We define predicted estimation error as xk − x̂k|k−1 =
ek|k−1. Then, we rewrite the error in (31) as

ek = (I −ΓkHk)(e
s
k|k−1 + ebk|k−1)−Γk

(
vs
k + vb

k

)
(32)

According to (32), we update the covariance matrix by

Pk|k = E[(I − ΓkHk)e
s
k|k−1 − Γkv

s
k]

2, (33)

which leads to (20). We update the shape matrix of the
ellipsoid set as

(I − ΓkHk)e
b
k|k−1 − Γkv

b
k

∈(I − ΓkHk)E(0,Mk|k−1)⊕ ΓkE(0,Mv
k )

⊂E(0,Mk|k),

(34)

and get (21). For the simplicity of the calculation, we derive
the optimal Γk by minimizing the trace of covariance matrix
Pk|k and shape matrix Mk|k, and define the estimation cost
function as
Vk =tr{Pk|k}+ tr{Mk|k}

=tr{(I − ΓkHk)Pk|k−1(I − ΓkHk)
T }

+ tr{ΓkP
v
k Γ

T
k }

+ (q−1
k + 1) tr{(I − ΓkHk)Mk|k−1(I − ΓkHk)

T }
+ (qk + 1) tr{ΓkM

v
kΓ

T
k }.

(35)

Let ∂Vk/∂Γk = 0, we get the optimal gain Γk.

IV. OPTIMAL CONTROLLER DESIGN

In this section, we integrate the iterative estimated states
described in Section III into the derivation of an optimal
linear quadratic control law. The estimator updates both
stochastic and bounded estimation errors of the states at each
instant, where the stochastic error esk is calculated by the
expectation and the bounded error ebk is added as a constraint
in the optimal control problem formulation.

Let us show how we formulate the optimization problem
by defining the quadratic cost function at the k-th instant as

Jk =

k+N−1∑
t=k

xT
t+1Qt+1xt+1 + uT

t Rtut. (36)

With the state estimation integrated, the linear quadratic
optimal control problem at the k-th instant is presented as

(Pk) : min
{uk}

max
{wb

k,v
b
k,e

b
k}

{
E{ws

k,v
s
k,e

s
k} {Jk}

}
s.t. xk+1 = Akxk +Bkuk +wk,

zk = Hkxk + vk,

ws
k ∼ N (0,Pw

k ),

wb
k ∈ E(0,Mw

k ),

vs
k ∼ N (0,P v

k ),

vb
k ∈ E(0,Mv

k ),

esk ∼ N (0,Pk),

ebk ∈ E(0,Mk).

(37)

We detail the derivation of the control law uk by solving the
problem (Pk) in the following technical result.

Proposition 2. The expectation mean of the cost function Jk
in (Pk) can be written in the form

E{ws
k,v

s
k,e

s
k}{Jk} =x̂T

k Akx̂k +UT
k BkUk

+ (ηb
k)

TCkη
b
k + 2b̂TkUk

+ 2UT
k Dkη

b
k + 2ĉTk η

b
k + const,

(38)

for appropriate matrices Ak ∈ Rn×n, Bk ∈ RN ·r×N ·r, Ck ∈
R2N ·n×2N ·n, Dk ∈ RN ·r×2N ·n, vectors b̂k ∈ RN ·r, ĉk ∈
R2N ·n, and a constant const. The control vector Uk and
noise vector Wk are defined as

UT
k =

[
uT
k uT

k+1 · · · uT
k+N−1

]
, (39)

and
W T

k =
[
wT

k wT
k+1 · · · wT

k+N−1

]
. (40)

Proof. With the linear dynamic system (3), we write the state
at the instant t+ 1 as

xt+1 = Ãtxk + B̃tUk +CtWk, (41)

where

Ãt =

k∏
i=t

Ai, (42)
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B̃t =

[(
k+1∏
i=t

Ai

)
Bk · · · Bt 0n×(k+N−t−1)·r

]
,

(43)

Ct =

[
k+1∏
i=t

Ai · · · In×n 0n×(k+N−t−1)·r

]
, (44)

Substituting the estimated errors (26) and (27) into (41), we
get

xt+1 = Ãt(x̂k+esk+ebk)+ B̃tUk+Ct(W
s
k +W b

k ). (45)

Define the matrix C̃t, stochastic vector ηs
k and bounded

uncertainties vectors ηb
k as

C̃t =
[
Ãt Ct

]
, ηs

k =

[
esk
W s

k

]
, ηb

k =

[
ebk
W b

k

]
,

(46)
With (46), equation (45) can be rewritten as

xt+1 = Ãtx̂k + B̃tUk + C̃tη
b
k + C̃tη

s
k. (47)

Now the cost term at the instant t in Jk is calculated as

E{ws
k,v

s
k,e

s
k}{x

T
t+1Qt+1xt+1 + uT

t Rtut}
=x̂T

k Ã
T
t Qt+1Ãtx̂k +UT

k B̃T
t Qt+1B̃tUk

+ (ηb
k)

T C̃T
t Qt+1C̃tη

b
k + 2x̂T

k Ã
T
t Qt+1B̃tUk

+ 2UT
k B̃T

t Qt+1C̃tη
b
k + 2x̂T

k Ã
T
t Qt+1C̃tη

b
k

+ uT
t Rtut + tr{ÃT

t Qt+1ÃtPk}
+ tr{CT

t Qt+1Ct diag(P
w
k , · · · ,Pw

k+N−1)}.

(48)

Then, the expectation of cost Jk is

E{ws
k,v

s
k,e

s
k} {Jk} = x̂T

k

(
k+N−1∑

t=k

ÃT
t Qt+1Ãt

)
x̂k

+UT
k

(
k+N−1∑

t=k

B̃T
t Qt+1B̃t

)
Uk

+ (ηb
k)

T

(
k+N−1∑

t=k

C̃T
t Qt+1C̃t

)
ηb
k

+ 2x̂T
k

(
k+N−1∑

t=k

ÃT
t Qt+1B̃t

)
Uk

+ 2UT
k

(
k+N−1∑

t=k

B̃T
t Qt+1C̃t

)
ηb
k

+ 2x̂T
k

(
k+N−1∑

t=k

ÃT
t Qt+1C̃t

)
ηb
k

+UT
k diag(Rk, · · · ,Rk+N−1)Uk

+

k+N−1∑
t=k

tr{ÃT
t Qt+1ÃtPk}

+

k+N−1∑
t=k

tr{CT
t Qt+1Ct diag(P

w
k , · · · ,Pw

k+N−1)}

(49)

Thus the expectation of cost Jk is written in the form stated
above, with the following definitions

Ak =

k+N−1∑
t=k

ÃT
t Qt+1Ãt, (50)

Bk =

k+N−1∑
t=k

B̃T
t Qt+1B̃t+diag(Rk, · · · ,Rk+N−1), (51)

Ck =

k+N−1∑
t=k

C̃T
t Qt+1C̃t, (52)

Dk =

k+N−1∑
t=k

B̃T
t Qt+1C̃t, (53)

b̂k =

(
k+N−1∑

t=k

B̃T
t Qt+1Ãt

)
x̂k, (54)

ĉk =

(
k+N−1∑

t=k

C̃T
t Qt+1Ãt

)
x̂k, (55)

const =

k+N−1∑
t=k

tr{ÃT
t Qt+1ÃtPk}

+

k+N−1∑
t=k

tr{CT
t Qt+1Ct diag(P

w
k , · · · ,Pw

k+N−1)}.

(56)

Theorem 1. Problem (Pk) can be solved by the following
semidefinite programming (SDP):

(Pk) : min
yk

ρk

s.t.

 I yk Fk

yT
k ρk − τ1 − τ2 −hT

k

F T
k −hk Gk

 ≥ 0,
(57)

in decision variable yk, ρk, τ1, and τ2, where

hk = ĉk − DT
k B−1

k b̂k, (58)

Fk = B
−1/2
k Dk. (59)

Gk = −Ck + τ1M
1
k + τ2M

2
k + F T

k Fk, (60)

M1
k =

[
M−1

k 0
0 0

]
, (61)

M2
k =

[
0 0
0 (diag(Mw

k , · · · ,Mw
k+N−1))

−1

]
, (62)

so that the control law is the first component of

Uk = B
−1/2
k yk − B−1

k b̂k. (63)

Proof. Substituting the control law (63) into cost expectation
(38) yields

E{Jk} = yT
k yk + 2hT

k ηk + 2yT
k Fkηk + ηT

k Ckηk + const.
(64)
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With (64), the problem in (37) can be reformed as

(Pk) :min
yk

max
{eb

k,w
b
k}

yT
k yk + 2hT

k ηk + 2yT
k Fkηk + ηT

k Ckηk

s.t. ebk ∈ E(0,Mk),

W b
k ∈ E(0,diag(Mw

k , · · · ,Mw
k+N−1)).

(65)
We introduce the variable ρk and rewrite (65) as

(Pk) : min
yk

ρk

s.t. ρk − yT
k yk − 2hT

k ηk − 2yT
k Fkηk − ηT

k Ckηk ≥ 0,

(ebk)
TM−1

k ebk ≤ 1,

(W b
k )

T diag(Mw
k , · · · ,Mw

k+N−1)
−1W b

k ≤ 1.
(66)

The first constraint in (66) can be reformed as[
1
ηk

]T [
ρk − yT

k yk −hT
k − yT

k Fk

−hk − F T
k yk −Ck

] [
1
ηk

]
≥ 0.

(67)
The second constraint can be rewritten as[

1
ηk

]T [
1 0
0 −M1

k

] [
1
ηk

]
≥ 0 . (68)

The third constraint can be reformulated as[
1
ηk

]T [
1 0
0 −M2

k

] [
1
ηk

]
≥ 0. (69)

According to the S-procedure [21], for all ξt = [1,ηk]
T that

satisfies the constraints in (68) and (69), the constraint in
(67) also holds if there exist τ1 ≥ 0 and τ2 ≥ 0 such that[

ρk − yT
k yk −hT

k − yT
k Fk

−hk − F T
k yk −Ck

]
− τ1

[
1 0
0 −M1

k

]
− τ2

[
1 0
0 −M2

k

]
≥ 0.

(70)
Collecting all terms in (70) and we get[

ρk − τ1 − τ2 −hT
k

−hk −Ck + τ1M
1
k + τ2M

2
k + F T

k Fk

]
−
[
yk Fk

]T [
yk Fk

]
≥ 0.

(71)

According to the Schur complement theorem [21], the in-
equality can be rewritten as the constraint in (57), and then
the proof is completed.

V. SIMULATIONS AND RESULTS

In this section, we demonstrate the performance of our
approach by numerical simulations. We compare our mixed
state estimation (MIX) with the Kalman Filter (KF) and
ellipsoid set-membership filter (ESM) [19], and also compare
our proposed robust control with mixed estimation (RCMIX)
with the robust control with Kalman filter (RCKF) and
ellipsoid set-membership filter (RCESM) [11] independently.

The simulation considers the control problem (P) in (14)
with the following particulars

Ak = (1 + 0.1 sin(k))

[
0.6 0.7
0.25 0.5

]
, (72)

Bk =
[
1 0.3

]T
, Ck =

[
0.2 1

]
, (73)

ws
k ∼ N (0, 0.25), wb

k ∈ E(0, [5 2; 2 5]), (74)

vs
k ∼ N (0, 0.25), vb

k ∈ E(0, 5), (75)

Qk =

[
10 0
0 1

]
, Rk = 1, N = 100. (76)

The initial state x0 ∼ X (x̂0,P0,M0) is set as

x̂0 =

[
60
−45

]
,P0 =

[
102 0
0 102

]
,M0 =

[
202 0
0 202

]
.

(77)
In this simulation, we assume the bounded process noise wb

k

is non-symmetrically distributed, with 90% of normalized
noise in each coordinate falling uniformly in (0, 1) and 10%
in (0,−1). This assumption may arise when the process noise
contains systematic components due to neglected dynamics,
model parameter errors, or unknown but bounded input.

Fig. 1. State estimation using Kalman filter (KF).
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Fig. 2. State estimation using ellipsoid set-membership filter (ESM).
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Fig. 3. State estimation using mixed estimator (MIX).

Fig.1, Fig.2, and Fig.3 show the state estimation results
using KF, ESM, and MIX, respectively. The updated co-
variance by KF (green area in Fig. 1) is smaller than the
updated ellipsoid by MIX (ellipsoid with blue edge in Fig.3),
demonstrating that the estimation result by Kalman filter
is over-optimistic. The updated ellipsoid by ESM (ellip-
soid with blue edge in Fig.2) is larger than the updated
ellipsoid by MIX, demonstrating that the estimation result
by ellipsoid set-membership filter is over-conservative. The
estimated state value by ESM (blue line with circle mark)
and MIX (pink line with triangle mark) is closer than KF
(green line with triangle mark), reflecting that Kalman filter
is sensitive to the non-symmetric process noise, while the
ellipsoid set-membership filter and our mixed estimation are
less vulnerable.

TABLE I
COMPARISON BETWEEN ESTIMATION PERFORMANCE WITH KALMAN

FILTER(KF), ELLIPSOID SET-MEMBERSHIP FILTER(ESM), MIXED

ESTIMATOR(MIX).

Estimator KF ESM MIX

MAE 1.5689 1.0636 1.0478
MSE 4.8169 3.0427 2.9832

RMSE 2.1917 1.7432 1.7262
Volume 121.2270 1869.2 293.0740
Trace 26.0975 111.2582 44.1025

TABLE I shows the mean absolute error (MAE), mean
squared error (MSE), root mean squared error (RMSE), the
volume of the estimated ellipsoid set (the ellipsoid with the
95% confidence level of covariance estimated by KF), the
trace of ellipsoid shape matrix for the state estimation results
by KF, ESM and MIX, respectively. The MAE, MSE and
RMSE for our mixed estimation are the smallest among the
three approaches, demonstrating that our method has the least
estimation error. The value for ellipsoid shape matrix volume
and trace for our mixed estimation is greater than those of KF
and smaller than those of ESM, meaning that the estimation

result of MIX is not over-optimistic as KF and not over-
conservative as ESM.
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Fig. 4. State regulating under RCKF, RCESM and RCMIX.

TABLE II
COMPARISON BETWEEN CONTROL PERFORMANCE WITH ROBUST

CONTROL WITH KALMAN FILTER(RCKF), ROBUST CONTROL WITH

ELLIPSOID SET-MEMBERSHIP FILTER(RCESM), AND ROBUST CONTROL

WITH MIXED ESTIMATOR(RCMIX).

Controller RCKF RCESM RCMIX

MAE 3.3879 3.0334 2.9240
MSE 46.3215 43.4079 42.9013

RMSE 6.8060 6.5885 6.5499

Fig. 4 shows the 100 rounds of simulation results of
state regulating control with RCKF, RCESM and RCMIX,
respectively. The RCESM has the widest green area among
the three, demonstrating that control results of RCESM
is over-conservative. The RCKF has the most narrowed
blue area with the least conservativeness, while having a
larger deviation from the reference value zero than RCMIX.
TABLE II shows that our RCMIX has the smallest state
regulating error among three methods.

VI. CONCLUSION

We present a linear quadratic control approach for systems
where the process and observation noises are unknown, and
the system states cannot be measured directly. To account
for both types of noise—stochastic and bounded—we in-
corporate a Gaussian distribution and an ellipsoidal set for
modeling system noise in the control design. Our approach
integrates Kalman and set-membership filters to design a
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state estimation method. The designed estimator is used
to approximate the unmeasurable system states and to up-
date the covariance and shape matrix of the stochastic and
bounded estimation errors. This results in estimates that
are less optimistic than those of the Kalman filter while
being less conservative than those of the set-membership
filter. Based on this state estimation, we derive a robust
control law by jointly minimizing the performance metric
for stochastic control and the worst-case control metric.
The resulting control law mitigates over-conservativeness
while ensuring stability in the presence of both stochastic
and bounded noises. Future research will focus on reducing
the computational complexity of the control design, as the
semidefinite programming involved in deriving the control
law for noisy systems can be computationally expensive,
particularly for large system states.
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