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The measurement uncertainty attributed to gas energy measurements includes, among others, a contribution for
the calculation of the average/total from time-sampled data. The aim of this study is to establish and verify a
procedure for the evaluation of this component of uncertainty, which considers contributions related to the
deterministic and random variations of the measured data. The first step of the proposed procedure is a sepa-
ration of deterministic and random components via time-domain filtering, followed by the evaluation of the
uncertainty associated to the deterministic component by means of a decimation method and of the uncertainty
associated to the random component by statistical analysis. The procedure concludes with the calculation of the
combined uncertainty due to these effects. Basic guidelines for the optimal selection of procedure parameters
related to filtering and decimation are discussed. Demonstration and verification of the proposed procedure on
experimental time-sampled data for the superior calorific value and on artificially generated data confirms that

the proposed procedure enables reliable and robust evaluation of the uncertainty.

1. Introduction

Managing consumption of energy gases requires an appropriate
metrological infrastructure along the entire supply chain, from pro-
duction to storage and end use, with special challenges arising from the
incorporation of new renewable gases, such as hydrogen and biogas.
Typical measurands for fiscal metering are volume, mass, energy and
composition [1-3]. Calculation units convert data from measuring in-
struments (e.g., flow meters, temperature and pressure transmitters, gas
chromatographs) and calculate their average/total over certain periods
of time. In addition to the uncertainties associated with the measuring
instruments and the semi-empirical correlations for gas thermophysical
properties, the overall measurement uncertainty also includes contri-
butions due to the calculation of the average or total from the time-
sampled data [4-8]. In this paper, this component of measurement un-
certainty is referred to as the calculation uncertainty.

The calculation uncertainty shows different dependencies on the
number of samples for random and deterministic components in time-
sampled data. For random variations, this uncertainty is inversely

proportional to the square root of the number of samples, like the
standard uncertainty of an arithmetic mean computed from a series of
indications [9]. On the other hand, the error due to the numerical
integration (quadrature) of deterministic variations is inversely pro-
portional to the number of samples in the case of using the rectangle rule
approximation [10]. Consequently, random and deterministic compo-
nents require different methods for uncertainty evaluation. Time-
sampled data in gas quantity and energy measurements generally
comprises both random and deterministic variations. In the procedure
proposed by the authors of this paper, Savitzky-Golay (S-G) time-domain
filtering [11] is used to separate the two components, where the part of
the signal that passes the filtering is treated as the deterministic
component, whereas the removed part is considered as the random
component. S-G filtering represents a generalized moving average
method based on least squares polynomial fitting across a moving
window. Unlike the classic moving average, the S-G filter can better
preserve the local shape of the signal, including trends and derivatives,
so this makes it more suitable for applications where signal character-
istics like peaks, valleys, and slopes are important.
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The uncertainty associated with the deterministic component is
evaluated by the decimation method. Decimation is the process of down
sampling time-sampled data by an integer decimation factor [12]. The
decimation method implemented in this paper is based on the analysis of
changes in calculated values for different decimation factors and
through this predict the reference value, i.e. the value assigned to a
continuous signal with an infinite number of samples. The uncertainty
associated with the random component is evaluated by statistical anal-
ysis, both by considering uncorrelated and correlated data [13,14]. The
autocorrelation is partially introduced into the deterministic component
because of employing time-domain filtering for its determination. To
account for the correlation effects in the evaluation of uncertainty, there
are various methods to determine significant coefficients in the auto-
correlation function (ACF): based on the first transit through zero (FTZ
method) [13], based on the last significant nonzero element defined by
the confidence interval (LSN method) [13,14] or by the partial ACF
[15], etc. In this paper, the FTZ method is used in the uncertainty
analysis when assessing correlation effects.

The research area in this paper is connected to the field of application
of statistical models for time series in metrology, see JCGM GUM-6,
Section 11.7 [16]. The procedure that we present in the paper aims at
evaluating the whole calculation uncertainty associated with the esti-
mation of the average (or any other aggregated quantity, for what
matters) in fiscal metering. It does not make any assumption on the
stationarity of the data, and it can be applied also to non-stationary time
series. ARIMA (auto-regressive, integrated, moving average) models
mentioned in [16] are only applicable to (statistically) weakly stationary
time series, so they are useful, e.g., for determining the correlations and
thus the resulting uncertainty contribution from the separated random
component. Other parts of the presented procedure go beyond the use of
ARIMA models, especially the proposed decimation method with sub-
sequent linear regression applied to the deterministic component.

The current paper represents a significantly extended version of the
IMEKO 2024 conference paper by the same authors [17]. A completely
new study was conducted, verifying the developed procedure through
the analysis of artificially generated data sets with different frequency
contents and different magnitude ratios between deterministic and
random components. Furthermore, this paper presents an illustrative
test case analysis of an experimental data set, obtained from a different
practical scenario than in the conference paper, which further confirms
applicability of the proposed procedure. Taking into account the find-
ings from the analysis of experimental and artificial data sets, guidelines
for the selection of optimal procedure parameters have been established.

The paper is structured as follows. Section 2 outlines the basic steps
of the proposed procedure for evaluating uncertainty associated with
averaging or totalisation calculations on time-sampled data. Section 3
illustrates the procedure functionality on experimental data for the su-
perior calorific value from actual gas energy measurements. Section 4 is
focused on verifying the procedure using different artificial data sets and
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2. Procedure for evaluation of the calculation uncertainty

An outline of the proposed procedure for evaluating uncertainty
associated with calculation of average/total from time-sampled data is
presented in Fig. 1. The procedure is applied to the input data in the form
of a time series, i.e., a series of indications of a measuring instrument
over a specified period of time. The order of the indications matters, i.e.,
the indications are not assumed to be independent or exchangeable.
Although the uncertainty components due to the measuring instruments
and their calibration are not discussed in this paper, it is assumed that
the said time series is corrected for any known systematic effects, such as
those from instrument calibration.

Signal processing and other evaluations within the procedure are
performed in Mathematica, ver. 13.2. In the first step, the S-G moving
average filter (Mathematica, built-in smoothing kernel SavitzkyGolay-
Matrix) is used to separate the deterministic and random components of
the time-sampled input data, g;, i = 1 ... N. The setting parameters of the
S-G filter are the order of the smoothing polynomial (set to 2 in this
work) and the size of the smoothing window in terms of the number of
samples Ny, on either side of centre point (smoothing window contains
(2Nyin + 1) samples). The part of the signal that passes through is
considered as the deterministic component, qgeti, i = 1 + Nwin, ..., N —
Nyin, and the removed part of the signal is considered as the random
component Gran,i = g; — gdet,i» L = 1 + Nuwin, -.., N — Nyin.

The contribution to the calculation uncertainty, which is associated
with the numerical integration of the deterministic component gget;, is
estimated using the decimation method. Decimation or downsampling
with the decimation factor ng.. means that only every nfi}éc sample is
taken from the observed data qgei. The sought total or average Q is
calculated for different decimation factors, Q(ngec), Ndec = 1 ... Ngec, and
its dependence on the decimation factor is approximated by fitting the
function Qfit(Ngec) = a ngec + b using ordinary least squares (OLS)
(Mathematica, built-in function LinearModel Fit). Using a linear
regression presumes that the rectangle-rule integration error is inversely
proportional to the number of samples. The intercept b = Qit(ngec = 0) is
considered as a prediction of the reference value for the case of an
infinite sample rate. Thus, the error of the value Q(nge. = 1) obtained by
integration of the original, undecimated deterministic component is
estimated as:

eder = Q(1) — Qie(0), (@)

with its standard uncertainty equal to the standard deviation of the
parameter b = Q;¢(0) of the OLS:

u(eger) = s(Qeie(0)) )

The standard uncertainty of calculation associated with the determin-
istic component is determined as:

2
establishing guidelines for optimal selection of procedure parameters. _ €det Py
. . . . Udet = = +u (edet); (3)
The conclusions are summarized in Section 5. V3
Deterministic
component Decimation et
method
L. _ 2 2
Input data bayltzky-Gokly ] > Combined Ut = \Uger T U
— time-domain —p

filtering

> uncertainty

Random

Statistical
analysis u

ran

component

Fig. 1. Schematic diagram of the procedure for evaluating the calculation uncertainty.
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where eqe; is considered as the half-width of a rectangular distribution of
the integration error that leads to standard uncertainty of eget/ \/ 3, to
which the standard uncertainty of its estimate u(ege) is added.

The contribution to the calculation uncertainty, which is related to
the averaging of the random component, is estimated by statistical
analysis. Without taking correlations into account, it is determined as:

(uncor) _ s(q"a“-i)

4
ran \/N ( )
and with consideration of correlation effects as:
u(cor) — S(qran,i) 14+ 222’3{ (Nra.n — k)p(k) 5)
ran \/j\? Nran

where p(k) is the estimated k™ autocorrelation coefficient (Mathema-
tica, built-in function CorrelationFunction), N, is the number of
autocorrelation coefficients considered and Ny, is the number of sam-
ples of the separated random component. Using the FTZ method [13],
Neor is determined by identifying the smallest k for which p(k) > 0 and
plk +1) <0.

Combined calculation standard uncertainty, which considers the
contributions related to deterministic and random components, is
determined as:

Ucal = V udet2 + ura.n2 (6)

3. Illustrative test case using experimental time-sampled data

The evaluation of the calculation uncertainty is carried out for the
experimental time-sampled data of the superior calorific value Hy; under
reference conditions with the sampling period of tsamp = 15 min (see
data in Fig. 2 under label “Input”). The purpose is to evaluate the un-
certainty associated with the calculation of an average value of these
data. The average value is determined using the rectangle-rule numer-
ical integration, written as follows for the observed data with the con-
stant sampling period, tsamp,i = tsamp, i = 1 ... N:

N
IT _ Zilexjtsamp,i

1N
= = N2 Hsi = 40.8768 MJ/m® @
i=1tsamp,i

Fig. 2 also shows the deterministic component, which is separated from
the input data using the Savitzky-Golay filter of the 2nd order with the
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window length set to Nyi, = 5. The random component, which is
determined as the difference between the input data and the deter-
ministic component, is shown in Fig. 3. The deterministic component
captures the changes in the superior calorific value due to deterministic
changes in the properties of the gas metered. The random component
describes the noise in the data set.

Fig. 4 shows the approximation of the average values of the deci-
mated deterministic component of the superior calorific value with ngec
up to Ngec = 4. The given case leads to the following value for the
standard uncertainty of calculation for the deterministic component,
Udet:

et = Hydet(1) — Hyder,fic(0) = 0.19kJ/m3 (8)

t(eser) = $(Hogeru(0) ) = 0035 ky/m’ ©
e 2

Uger = (%) + u(eger)” = 0.12 kJ/m?® (10)

Fig. 5 shows the ACF for the random component of the superior
calorific value. It is important to note that the random component is not
what is commonly understood as random. The given ACF plot displays a
clear structure with negative correlation values regularly alternating

0.015F T T T
0.010F 3
0.005 F 3

0.000 | | ]

H, /MJm™3

-0.005 F ]

~0.010F .

~0.015F .

U S S S S S S S S S S S S S |
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Time /h

Fig. 3. Random component of the superior calorific value determined as the
difference between the input data and the deterministic component (Nyi, = 5).
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Fig. 2. Input data for the superior calorific value and its deterministic component determined by time-domain filtering (Nyin = 5).
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Fig. 4. Approximation of the average values of the decimated deterministic
component (Nyin = 5, Ngec = 4).
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Fig. 5. Autocorrelation coefficients of the random component of the superior
calorific value (Nyi, = 5); leads to N, = 1.

with positive values. Part of the correlation is due to the filtering
method, however there might be also other factors causing correlation.
As a consequence, we consider correlation effects in the evaluation of
the uncertainty. The given case leads to the following estimate of the
standard uncertainty of calculation associated with the random
component, U,,, without and with consideration of the correlation be-
tween the samples:
S(Hx.ran,i)

luneer) = N - 0.25 kJ/m? an

—k)p(k)

Hsra.ni Nior ran
(co _ $(Hszan) \/1 + 23 (N =0.30 kJ/m>. 12)

u. =
N, ran

ran \/N

By taking both contributions into account, the combined standard
calculation uncertainty can be determined:

ug ™ = \/m —0.28 kJ/m® 13)
u(cgtl)r) = m =0.32 kJ/m3 14

To show the influence of the window length of the S-G filter (Nyin)
and the number of decimation steps considered (Ngec) on the estimated
measurement uncertainty, we performed calculations for Ny, = (2 ...
10) and Ngec = (3 ... 10) (where, e.g., N4, = 3 means that the uncer-
tainty associated with the deterministic component is estimated by the
OLS fit on the datapoints obtained setting ng. = (1---3)), and the cor-
responding results are presented in Figs. 6 and 7, respectively. The
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Fig. 6. Standard uncertainty of calculation for different values of the window
length Nin (Ngec = 4, considering autocorrelation).
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Fig. 7. Standard uncertainty of calculation for different values of the decima-
tion range Ngec (Nyin = 5, considering autocorrelation).

results are presented only for calculations considering the autocorrela-
tions effects, as both trends and conclusions are not significantly
different for the uncorrelated analysis.

Fig. 6 shows that with the increase of the smoothing window length
Nyin, the estimated value of the calculation uncertainty associated with
the random component increases significantly. Such result can be ex-
pected, as the observed data also contain rapid variations (see Fig. 2
between 30 and 40 h) and therefore some of the deterministic variations
are included in the estimated random component for a wider smoothing
window. As further confirmed by the analysis of artificial data sets in the
next section, more realistic estimates of the calculation uncertainty for
the studied case are at lower Ny, values.

Fig. 7 shows that with the increase of the decimation range Nye, the
estimated value of the calculation uncertainty associated with the
deterministic component also shows a certain increasing trend. The
analysis of artificial data sets in the next section shows that the estimates
of the calculation uncertainty at lower Nge. values are more appropriate.

To conclude this analysis, let us look at another case that shows the
advantages of the proposed procedure in terms of more realistic esti-
mates of the calculation uncertainty, because the effects of the deter-
ministic and random components are treated separately. Let us assume
that someone (inappropriately) decided to evaluate the standard un-
certainty under discussion as the standard deviation of the mean of the
whole input data, i.e., without separate evaluation of the deterministic
and random components:
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uy = S(HW) =2.94kJ/m>. (15)

Such an uncertainty estimate is more than 3 times larger than all the
results presented in Figs. 6 and 7, and when considering the more
optimal values of Ny, and Ng,., which are in the left half of these graphs,
this ratio increases up to 6 to 8. The analysis of artificial data sets in the
next section confirms that the lower uncertainty obtained by the pro-
posed procedure is a realistic estimate of the calculation uncertainty.

4. Procedure verification using artificial time-sampled data

In this section, the proposed procedure for evaluating the calculation
uncertainty is applied to selected artificial input data containing both
deterministic and random variations. Since the defined artificial signals
have a known true value of the calculated quantity, it is possible to
assess the validity of the prediction of the calculation uncertainty and
define guidelines for the optimal selection of the procedure parameters.
For the study in this paper, we chose the deterministic component as an
asymmetric sinusoidal signal (absolute value of sine function) and the
random component as normally distributed data. The chosen form of
artificially generated time-sampled input data set q;, i = 1 ... N, is
expressed as:

Qi =G+ Aq[sin (22fytampi + b, ) | +.7°(0,,), a6)

where q, Ay, f, 4 and ¢, are the mean value, the amplitude, the frequency
and the initial phase of the deterministic component, respectively, and
A4°(0,64) is the random normally distributed data set with the mean of
zero and the standard deviation of 64. For each generated data set the
initial phase is determined as a random value between zero and z, ¢, =
arand(1). Table 1 presents the values of the input parameters for Eq.
(16) used in simulations in this paper. An example of a data set gener-
ated in this manner is shown in Fig. 8.

The error in determining the mean value, which is associated with
the calculation uncertainty, is:

e=Q—Qr a7
where Q is the mean value estimated using the rectangle-rule numerical
integration:

N

1
Q=>4 as)

and Q, is the reference mean value determined by integration of the
deterministic component:

1 Lsignal
Qu — G+ 4, / sin(2af,t + 9,) |at 19)
tsignal 0

Eq. (19) is also analytically solvable by separating regions where sin() is
positive or negative, however, we used high-precision numerical inte-
gration (Mathematica, built-in function NIntegrate) to estimate this

Table 1
Input parameters for generating the artificial time-sampled data
sets based on Eq. (16).

tsamp 10 min

N 144

Tignat = 24 h

Ntsamp

q 1

Aq 0.5 1.5

fa 1.25/Tsignat; 375/ Tsignal
g arand(1)

6q 0.05
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Fig. 8. An example of the generated artificial time-sampled data set based on
Eq. (16) and Table 1 (Aq = 0.5, fq = 1.25/Tsignal)-

reference value.

For further comparisons between the actual calculation errors e
determined by Eq. (17) and the range of the estimated calculation un-
certainty, the standard uncertainty determined by Eq. (6) is converted
into the expanded uncertainty with coverage probability of 95.45 %
(coverage factor of k = 2):

Ucal = 2Ucal (20)

Figs. 9 and 10 present the comparison results for the actual calcu-
lation errors and the estimated calculation expanded uncertaintiesfor
different values of the window length Ny, and the decimation range
Nyeo, respectively. The analysis is performed for 3 types of artificial time-
sampled data sets: (a) considering the nominal amplitude and frequency
of the deterministic component, (b) for the tripled frequency of the
deterministic component, and (c) for the tripled amplitude of the
deterministic component. For each selected signal type and set of the
procedure parameters, 10 simulations are performed, thus showing the
effect of changes in random signal part.

Based on the presented results in Figs. 9 and 10, it can be concluded
that the proposed procedure for estimating the calculation uncertainty
works reliably and robustly. Regardless of the large range in the
different forms of the analysed signals and varying procedure parame-
ters, the calculation errors are within the estimated expanded un-
certainties in a larger proportion than the 95 % coverage probability.
There are certain ranges of the procedure parameters where the esti-
mated uncertainties are noticeably larger than the error scatter. The
analysis of the signal with the higher-frequency deterministic compo-
nent in Fig. 9(b) shows a systematic shift in the estimated uncertainties
with increasing the smoothing window length Nyi,. Too large window
lengths Ny, cause over-filtering, which results in an excessively larger
estimated random component and associated measurement uncertainty.
There is therefore a certain limit value of the smoothing window length,
which depends on the frequency of deterministic changes in the ana-
lysed signals. The results in Fig. 9(b) show that this limit is approxi-
mately at Ny, = 5 for the signal with 19 samples in one half-period of
the deterministic component, which means that their ratio can be at
most approximately 1:4.

Certain ranges of the procedure parameters show increased random
scatter of the estimated calculation uncertainty. This effect is charac-
teristic for too small values of the smoothing window length Ny,
especially for the analysed signals with a higher-amplitude deterministic
component (Fig. 9(c)). If the value of Ny, is too small, the deterministic
component removed after filtering still retains a significant portion of
the random signal, which causes a larger scatter of the uncertainty
estimated by the decimation method. An increase of the decimation
range Ngec does not improve the quality of uncertainty estimate, as
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(c) For the increased amplitude of the deterministic component (4, = 1.5, £, = 1.25/Tyiga).

Fig. 9. Errors and predicted expanded uncertainties of calculation of the mean value of the artificial time-sampled data sets for different values of the window length
Nyin (Ngec = 4, considering autocorrelation; o — error, 4 — expanded uncertainty).
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0.5 £, = 3.75/ Tuignal)-

(c) For the increased amplitude of the deterministic component (4, = 1.5, f; = 1.25/T;gpa).

Fig. 10. Errors and predicted expanded uncertainties of calculation of the mean value of the artificial time-sampled data sets for different values of the decimation
range Ngec (Nwin = 5, considering autocorrelation; o — error, 4 — expanded uncertainty).

shown in Fig. 10. Too large Nge. can even lead to an increased scatter of 5. Conclusions
the estimated uncertainty, as is clearly seen in Fig. 10(c) for the signals

with a higher-amplitude deterministic component; the results show that
the optimal choice of the decimation range is up to Ngec = 5.

In this paper, we presented and verified a procedure for evaluating
the uncertainty associated with calculations of average/total values
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from time-sampled data in gas energy measurements. The main findings
of the study can be summarized as follows:

The developed procedure enables separate treatment of contribu-
tions to the calculation uncertainty that are related to deterministic
and random variations of the observed data.

Demonstration of this procedure on the experimental data from
actual gas energy measurements and on artificially generated signals
confirms its strong potential for reliable and robust uncertainty
estimation.

The results show a certain sensitivity to the procedure parameters, i.
e., the window length Ny, and the decimation range Ngec, but the
estimated uncertainty in the case of non-optimal selection of these
parameters is mostly on the safe side, with in a bit higher value.

e The choice of the smoothing window length Ny, can be optimized
according to the estimated dynamics of deterministic changes of the
observed data. The results show that the total width of the smoothing
window of the time-domain filter should not exceed one quarter of
the time period of data variations.

The optimal choice of the decimation range Ngec, which defines the
number of decimation steps in estimating the reference value in
averaging of the deterministic component, has been shown to lie
between three and five.

While the findings of this study are promising for applicability of the
developed procedure, future research should focus on additional veri-
fications and validations through analyses of different experimental and
artificial data sets. A challenge for future development could be an
automated, adaptive adjustment of the procedure parameters according
to the changing properties of the observed data. Another potential
challenge relates to deciding in which cases it is necessary to take into
account the contributions from both the random and deterministic
components, as presented in this paper. For example, in the final total-
isation of the gas quantity readings that are previously internally inte-
grated in the flow meter, it makes sense to consider only the random-
component uncertainty. A certain open question remains regarding
how to properly combine different components of the calculation un-
certainty for, e.g., the gas energy, which is calculated as the product of
time-sampled enthalpy values and internally integrated gas quantity
readings.
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