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Abstract

We introduce a parametric family of affine-related quadratic polynomials
da(n) =n*+n+ A, Na(n) =(A+1)da(n)+1, A>1,

which arises deterministically from a rational transformation applied to an explicit
integer sequence. Building on the index pre-sieve developed in [1] and on the modular
partition based on the Chinese remainder theorem introduced in [2], we show that
all structural results—the density of the filtered set, the partition of the indices into
arithmetic progressions, the constancy of modular signatures, and the admissibility
dichotomy—extend without modification to the entire parametric family. Assuming
the Bateman—Horn conjecture, each admissible class contains infinitely many prime
numbers of both forms.

1 Deterministic origin of the parametric family

The results of the present work build upon two previous studies. In the first, Affine-related
quadratic polynomials, an index pre-sieve and finite truncations of Bateman—Horn local
factors [1], an index pre-sieve for integer polynomials was introduced, and the natural den-
sity of the filtered set was established, interpreted as a finite truncation of the local factors
appearing in the Bateman—Horn heuristic. In the second, A uniform modular partition
of prime candidates generated by a pair of affine-related quadratic polynomials based on
an index pre-sieve [2]|, the modular structure induced by the sieve was made explicit: a
CRT-based partition of the indices, constant modular signatures, and an admissibility di-
chotomy for the resulting classes. The present work shows that these results extend without
modification to an entire parametric family of affine-related quadratic polynomials.

Let A > 1 be a fixed integer and define
da(n) =n?+n+ A, Na(n) = (A+1)da(n) +1, n € Np.

This pair of polynomials is not introduced in an ad hoc manner, but arises naturally
from a rational transformation applied to an explicit integer sequence.

Definition 1.1 (Generating rational transformation). For each A > 1 we define the ra-
tional function
(A+1)z+ A

X

fa(z) =



Consider the integer sequence
za(n) = Ada(n) = A(n* +n+ A).
A direct computation shows that

_(A+1DAda(n)+ A  (A+1)da(n)+1  Na(n)
fa(zan)) = Ad(n) - da(n) = da(n)

Remark 1.2. For A = 5, this construction coincides exactly with the generating mecha-
nism described in Appendiz A of [1]. It follows that the entire family {(da, Na)}a>1 shares
the same deterministic origin.

2 Index pre-sieve for the family dy and N4

Let g € Z[n] be a non-constant polynomial and let P be a finite set of prime numbers. For
each p € P we set

ve(p) = #{a € Z/PL: g(a) =0 (mod p)}.
Definition 2.1 (Filtered set of indices).
S¢(P)={neNyp: g(n)#0 (mod p) for every p € P}.
Proposition 2.2 (Density of the filtered set). The natural density of Sy(P) exists and is
given by
dens(Sy(P)) = [ (1 - L@)
peEP p

Proof. The proof is identical to that of Proposition 3.1 in [1] and relies on the independence
of the local conditions and on the Chinese remainder theorem. O

Applying this construction to g = d4 and to g = N4 yields the index pre-sieve for the
entire parametric family.

3 Filters, CRT partition, and modular signatures

Fix a finite set of primes P and set

M:Hp.

peEP

Definition 3.1 (Filter). A filter is a family C = (cp)pep with ¢, € Z/pZ. To a filter we
associate the set of indices

Cc={n>0: n=¢, (mod p) for everyp € P}.
By the Chinese remainder theorem, there exists a unique residue » mod M such that
Co=r+ MZ.
Definition 3.2 (Modular signatures). For any n € Cc we define

E(dA) —

WA = (da(n) mod p)pep, ~ EUH

= (Na(n) mod p)pep.



Lemma 3.3 (Constancy of the signatures). The modular signatures Z(g“) and ZgNA) are

constant on Co, that is, they do not depend on the choice of n € Cc.

Proof. If n = ¢, (mod p), then, since d4 and N4 have integer coefficients, we have

da(n) =da(cp) (mod p), Na(n) = Na(ep) (mod p).

4 Admissibility and the P-rough dichotomy

Definition 4.1 (P-rough). An integer is said to be P-rough if it is not divisible by any
prime in P.

Definition 4.2 (Admissible filter). A filter C is said to be da-admissible if da(cp) # 0
(mod p) for every p € P. Analogously, C is Ny-admissible if Na(cp,) # 0 (mod p) for
every p € P.

Lemma 4.3 (Admissibility dichotomy). If C' is d 4-admissible, then for every n € Co the
value da(n) is P-rough. If C is not da-admissible, then no n € Cc produces a P-rough
value. An analogous statement holds upon replacing da with Ng.

Proof. By Lemma 3.3, the divisibility of d4(n) (or N4(n)) by a prime p € P is constant
throughout the entire class Cc¢. O

5 A bridge to the Bateman—Horn conjecture

In this section we formulate a conjectural bridge to the Bateman-Horn conjecture [3],
applied to the pair of polynomials (d4, N4) and to the congruence classes determined by
the index pre-sieve.

Let r mod M be a residue corresponding to an admissible filter. We set

Ta,r(X)=#{n<X: n=r (mod M), da(n) is prime},
and analogously define my, »(X).

Proposition 5.1 (Heuristic consequence of Bateman-Horn). Assuming the Bateman—
Horn conjecture for the pair (da, Na), every admissible congruence class r mod M contains
infinitely many prime numbers of both forms da(n) and Na(n).

Remark 5.2. All structural results of the present work are unconditional and rely exclu-
sively on the index pre-sieve and on the CRT-based partition. The infinitude of prime
numbers within a single class inevitably requires a conjectural assumption.

6 Conclusions

We have shown that the index pre-sieve and the modular structure developed in [1, 2]
extend naturally to the entire parametric family of affine-related quadratic polynomials
{(da, Na)}a>1. This construction highlights a rigid, deterministic, and verifiable modular
structure, which makes it possible to classify prime candidates into congruence classes with
fixed modular signatures. Assuming the Bateman—Horn conjecture, each admissible class
contains infinitely many prime numbers, providing a unified conceptual framework that
generalizes the results obtained in the previously studied special cases.
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