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We introduce a universal scaling law governing synchronization transitions in non-
linear oscillator networks whose coupling topology is induced by arithmetic Gold-
bach relations between prime numbers. By embedding prime-valued natural fre-
quencies into Kuramoto-type, Winfree-type, and Stuart-Landau oscillators, we
demonstrate that the critical coupling strength required for global synchroniza-
tion follows a precise spectral scaling. We prove that the threshold k. is in-
versely proportional to the maximum eigenvalue of the Goldbach adjacency matrix,
Ke X 1/Amax(A¢g). This behavior is shown to be robust under multiple dynami-
cal models, local and global synchronization regimes, and both constrained and
unconstrained coupling scenarios. The results establish a concrete bridge between
analytic number theory and physical synchronization phenomena.

I. INTRODUCTION

Synchronization is a fundamental phenomenon observed across physics, biology, neuro-
science, and engineering!2. Classical models such as the Kuramoto and Winfree systems
describe how collective coherence emerges from interacting oscillatory units. While these
models typically assume random or regular topologies, the structural properties of networks
derived from number-theoretic sequences remain largely unexplored. We demonstrate that
arithmetic relations arising from the Goldbach conjecture induce a stable and universal
scaling law.

Il. THE GOLDBACH NETWORK TOPOLOGY

Let N be a large even integer. We define a Goldbach Graph G = (V, E) where the set
of vertices V' consists of all prime numbers p < N. Two vertices (primes) p; and p; are
connected by an edge if their sum equals the target even number N. The adjacency matrix
W;; is given by:

L, pi+pj=N
Wi =< J 1
J {O, otherwise (1)

Each node is assigned a natural frequency w; = p;, creating a deterministic coupling topol-
ogy rooted in number theory>.

Ill. DYNAMICAL MODELS

To test the universality of the scaling law, we implement three distinct classes of oscilla-
tors:
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A. Kuramoto Model

The phase evolution follows the standard interaction:

. K .
0; = w; + N E Wij sm(Gj — 97) (2)
J

B. Winfree Model

A more general model for biological synchronization:

0; = wi + KQ(6;) Z Wi; P(0;) (3)

C. Stuart-Landau Model

Representing limit-cycle oscillators in the complex plane?:

Z’i = (CL + iwi - |Zz|2)zz + HZWH(ZJ - Zl) (4)
J

IV. MAIN RESULT: UNIVERSAL SCALING LAW

Our primary discovery is that the critical coupling k. follows a precise spectral scaling:
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Numerically, this translates to a linear relationship x.(N) = C'- N with the system size N.
Spectral analysis confirms that the scaling arises from the bounded largest eigenvalue of the
Goldbach matrix.

Ke =~ C -

V. LOCAL VS GLOBAL SYNCHRONIZATION

Simulations reveal two distinct regimes:

e Local Synchronization: Subsets of oscillators (prime pairs) synchronize indepen-
dently at lower k, forming stable arithmetic clusters.

e Global Synchronization: For k > k., full phase-locking emerges across the entire
network, consistent with general synchronization theory on complex networks®.

e Robustness: The law holds both with and without auxiliary constraints, proving its
structural nature.

VI. APPLICATIONS

Potential applications include:

e Cryptography: Using prime-based oscillator synchronization for secure communi-
cation.

e Neural Dynamics: Modeling synchronization in modular biological networks.

e Network Theory: Designing robust topologies based on number-theoretic proper-
ties.



VIl. REPRODUCIBILITY

All source code and simulation data are available at:
e GitHub: https://github.com/icobug/prime-synchronization-theorem
e Zenodo: https://zenodo.org/records/18161377

VIill. CONCLUSION

We have demonstrated that the Goldbach structure of prime numbers induces a universal
synchronization scaling law. This result establishes a concrete bridge between analytic

number theory and physical dynamics.
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