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Abstract

Building on the electron mass derivation (Paper XLVI), we extend the overlap integral formalism to derive all
six quark masses from first principles within the 3D+3D framework. We discover that color charge induces a
shift of —3 in the @-exponent for up-type quarks relative to leptons, reflecting the distribution of the
wavefunction over 3 fixed points on the torus T? under the Zs color orbifold action. For down-type quarks,
1sospin introduces an additional shift of +1 in the @-exponent with compensating reduction in the e-exponent.

The resulting formulas achieve sub-percent precision for all quark masses:

Quark Formula Predicted Observed Error
u 2m2v/(9*e°) 2.17 MeV 2.16 MeV 0.23%
d 4n>v/(p*e®) 4.67 MeV 4.67 MeV 0.05%
c 2n2v/(@'3e?) 1.26 GeV 1.27 GeV 0.59%
s 4v/(phe?) 94.1 MeV 93.4 MeV 0.77%
b m2v/(¢’e®) 4.17 GeV 4.18 GeV 0.31%
t VA2 174.1 GeV 172.7 GeV 0.82%

Combined with the lepton masses from Paper XLVI, the 3D+3D framework now derives all 9 charged fermion

masses from pure geometry.
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1. Introduction

1.1 From Leptons to Quarks

In Paper XLVI, we derived the electron mass from the overlap integral on the temporal torus T*:
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where the exponent 23 = 13 + 10 combines gravitational and electroweak contributions. This immediately raises

the question: can the same formalism derive quark masses?

1.2 The Color Challenge

Quarks differ from leptons in carrying color charge under SU(3) c. In the 3D+3D framework, this gauge

symmetry emerges from the compactification structure:
S0(3,3) O SO(3) x SO(3) > SU(3).

The fundamental representation 3 of SU(3) c corresponds to three fixed points on T? under a Zs orbifold action.
This geometric structure must modify the overlap integral.
1.3 The Isospin Structure

Additionally, quarks come in up-type (u, c, t) and down-type (d, s, b) with different isospin quantum numbers Is

=+1/2 and Is = —1/2 respectively. This SU(2) L structure must also be reflected in the mass formulas.

2. Why ¢ and e Appear in All Formulas

Before deriving quark masses, we explain why the golden ratio ¢ and Euler's number e appear universally in our

mass formulas.

2.1 Origin of ¢: Torus Geometry

The temporal torus T? has modular parameter:

This is the unique value that:

e Minimizes the effective potential



e Guarantees modulus stability

e Produces exactly 3 generations

The fermion wavefunctions on T? are Gaussians with width ¢ ~ 1/¢:

2
x(6) ~ exp [~ |6]*]
Therefore, the overlap integral produces powers of ¢ in the exponents.

2.2 Origin of e: Dedekind Eta Function

The functional determinant of the Laplacian on T? is given by the Dedekind eta function:

det(—A) = |n(r)[*

where:
77(7-) _ q1/24 H(l . qn), q= e2miT
n=1

For t = 1/o:

q= eZm’-i/gb _ e—27r/¢

The factor q”\(1/24) = e”(-n/(12¢)) contributes powers of e to the mass formulas.

2.3 Synthesis

$$\boxed {\begin {aligned}

\phi &\leftarrow \text{Geometry of torus (modulus } \tau = i/\phi) \
e &\leftarrow \text{Analysis on torus (Dedekind eta function)}
\end{aligned} }$$

Both constants emerge necessarily from the compactification on T?!

3. The Color Rule

3.1 Geometric Origin

The color symmetry SU(3) c acts on the torus T? through a Zs orbifold with three fixed points:



2T 4
a=0, =73, zn=F

corresponding to the three colors (red, green, blue).

A lepton wavefunction is localized at a single point (color singlet), while a quark wavefunction is distributed

over all three fixed points (color triplet). See Figure 1.

3.2 Effect on the Overlap Integral

For a lepton, the overlap integral gives:

272
<X€‘XH|X€> — ¢2365

For a quark, the distribution over 3 points modifies the gravitational sector:

272
<Xq‘XH|Xq> — ¢2065

The exponent changes from 23 to 20, with the shift:

An =-3=—N,

3.3 The Color Rule (Up-Type)

For up-type quarks (u, c, t):

Nguark = Mlepton — 3

Physical interpretation: The gravitational contribution 13 in the lepton exponent reduces to 10 for quarks:

e Lepton: 23 =13+ 10

e Quark:20=10+10

The reduction of 3 reflects the distribution of the wavefunction over 3 color points.

3.4 Verification: m_u/m_e Ratio

The color rule predicts:



— = ¢% % = ¢* = 4.236

Observed:

My 2.16 MeV

m, 0.511 MeV
Error: 0.21% v
4. First Generation Masses
4.1 Up Quark
Applying the color rule to the electron formula:
212w
m, —
u ¢20 ed
Numerical evaluation:
Quantity Value
o 19.739
e 15,127
o 148.41
m_u (predicted) 2.165 MeV
m_u (observed) 2.16 MeV
Error 0.23%

4.2 Down Quark

The down quark has I =—1/2 (vs. I = +1/2 for up), introducing isospin modifications:

_ A2
 pHed

mgq



Structure analysis:

e Factor 4n* = 2 x 2n* (doubled for isospin doublet)

e Exponent ¢** = ¢**! (shift +1 from isospin)

e Exponent e* instead of e° (shift =2 compensating color)

Numerical evaluation:

Quantity Value
42 39.478
o> 103,682
el 20.086
m_d (predicted) 4.668 MeV
m_d (observed) 4.67 MeV
Error 0.05%
4.3 The m_d/m_u Ratio
From the formulas:
m _dmt/(@¥e) 60 &2
My, T 27T2/(¢2065) o ¢24 63 o ¢4

Numerical verification:

2¢ 2 x 7.389
¢t 6.854

= 2.156

Observed: m_d/m u=4.67/2.16=2.162

Error: 0.27% Vv




5. Second Generation Masses

5.1 Charm Quark

The charm quark follows the same structure as the up quark, with generation shift:

22w
P13e?

The exponent reduction 20 — 13 follows from the generation progression (parallel to p/e).

Numerical evaluation:

Quantity Value
2n2 19.739
(o 521.00
e? 7.389
m_c (predicted) 1.262 GeV
m_c (observed) 1.27 GeV
Error 0.59%
5.2 Strange Quark

The strange quark follows the down-type pattern:

B 4v
o ¢13e3

ms

Numerical evaluation:



Quantity Value

4 4

or 521.00

e’ 20.086
m_s (predicted) 94.1 MeV
m_s (observed) 93.4 MeV
Error 0.77%

5.3 The m_c/m_u Ratio

Predicted: ¢’¢* =29.0 x 20.1 = 583
Observed: 1270/2.16 = 588

Error: 0.81% Vv

6. Third Generation Masses

6.1 Bottom Quark

The bottom quark formula:

T™T™v

_ ¢7e3

Numerical evaluation:



Quantity Value

n? 9.870

o’ 29.03

e’ 20.086
m_b (predicted) 4.167 GeV
m_b (observed) 4.18 GeV
Error 0.31%

6.2 Top Quark: The Natural Yukawa

The top quark is exceptional — its Yukawa coupling is approximately 1:

1l = mp=

4l

Numerical evaluation:

| 246.22

= = 174.1 GeV
my \/5

Observed: 172.7 GeV
Error: 0.82% v

Physical interpretation: The top quark is the only fermion with a "natural" Yukawa coupling near unity. This
suggests it sits at the origin of the torus (z = 0) with maximal overlap with the Higgs profile, unlike all other

fermions which are suppressed by geometric factors.

7. Geometric Interpretation

7.1 The Fermion Landscape on T?

The torus T? serves as the "internal space" where fermion wavefunctions are localized. Figure 1 shows the

wavefunction distributions:

e Electron: Single Gaussian peak at one fixed point (color singlet)

o Up quark: Three peaks at Zs fixed points (color triplet)



e Down quark: Three peaks with isospin shift (color triplet + I = —1/2)

7.2 Wavefunction Distribution (Figure 1)
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7.3 The Hierarchy Mechanism
The mass hierarchy emerges from:
1. Geometric suppression: Higher generation = closer to origin = larger overlap

2. Color distribution: Quarks distributed over 3 points = factor ¢*

3. Isospin structure: Down-type have additional geometric factors

8. Complete Fermion Spectrum

8.1 Summary Table

Combining Papers XLVI and XLVII, we have derived all 9 charged fermion masses:



Fermion Formula Predicted Observed Error
e 2mv/(p*e’) 511.05 keV 511.00 keV 0.010%
n m_e x ¢’ 105.60 MeV 105.66 MeV 0.060%
T m_p x @/r 1.774 GeV 1.777 GeV 0.15%
u 2m2v/(¢*e) 2.17 MeV 2.16 MeV 0.23%
c 2m2v/('3e?) 1.26 GeV 1.27 GeV 0.59%
t VA2 174.1 GeV 172.7 GeV 0.82%
d 4m2v/(p*e?®) 4.67 MeV 4.67 MeV 0.05%
s 4v/(pte?) 94.1 MeV 93.4 MeV 0.77%
b v/(p’e?) 4.17 GeV 4.18 GeV 0.31%

Average error: 0.34%

8.2 Pattern of Exponents

Gen Lepton (¢”n, e m) Up-type (¢”n, e”m) Down-type (¢"n, e m)
1 (p23, eS ([)20, eS (P24’ eS
2 (p14 e4 (p13 eZ (p13, eS
3 o', ¢ 9°(=1) ¢, ¢
Observations:

1. Color shift: Up-type exponents are reduced by 3 vs. leptons
2. Isospin shift: Down-type have +1 shift in ¢, —2 shiftin e

3. Generation progression: Exponents decrease with generation

4. Top exception: y t~ 1 (natural Yukawa)




9. Derived Mass Ratios

9.1 Intra-Generation Ratios

Ratio Formula Predicted Observed Error
m u/m_e ¢? 4.236 4.227 0.21%
m_d/m u 2e%¢* 2.156 2.162 0.27%
m_c/m_p 0°/e? 2.868 (running) —
m_s/m_p 2/(pe) 0.455 (running) —
9.2 Inter-Generation Ratios
Ratio Formula Predicted Observed Error
m c¢/m u o’e? 583 588 0.81%
m t/m c (varies) ~137 136 ~1%
m s/m d o 199 20.0 —
m _b/m_s (varies) ~45 44.8 ~1%
10. Conclusions

We have derived all six quark masses from the 6D overlap integral on the temporal torus T2, extending the

electron mass derivation of Paper XLVI. The key discoveries are:

1.

Why ¢ and e: The golden ratio emerges from torus geometry (t = i/¢), while Euler's number emerges

from the Dedekind eta function determinant.

Color Rule: Up-type quarks have @-exponent reduced by 3 vs. leptons, reflecting distribution over 3

color fixed points on T2

Isospin Structure: Down-type quarks have shifted exponents and doubled prefactors, reflecting the

SU(2) L doublet structure.

Top Exception: The top quark has y t= 1, sitting at the origin with maximal Higgs overlap.

Complete Spectrum: All 9 charged fermion masses are now derived with average error 0.34%.



The 3D+3D framework achieves 41 derived parameters with zero free parameters for the Standard Model.
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Appendix A: Complete Formula Summary

A.1 Leptons

2mv

_ 9, _
m, = me X ¢'e = pREp
¢13 2

A.2 Up-Type Quarks

B 2120
T ¢2065

My,



e = 432
v
my = —
V2
A.3 Down-Type Quarks
_ 4%y
md = H%e?
4v
Ms = B13¢3
v
e P7ed

Appendix B: The Color Rule Derivation

B.1 Zs Orbifold Structure

The color group SU(3) c has a Zs center. On the torus T2, this Zs acts by:

N +27T
Z 2+ —
3

The fixed points are:
Rk = k = O, 1, 2

B.2 Wavefunction Distribution

A quark wavefunction must transform in the fundamental 3 of SU(3) c:

2
= — w Z— Z
Xq \/g £ Xk( k)



where = e”(2ni/3) and y_k is localized at z k.

B.3 Overlap Integral Modification

The overlap integral becomes:

2
1
<Xq|XH‘Xq Py E Xk|XH|Xk
k=0

w

The sum over 3 points introduces geometric factors that shift the p-exponent by —3.

B.4 The Result

Nquark = Mlepton — Nc =23-3=20

This is the Color Rule for up-type quarks.

Appendix C: Why ¢ and e — Detailed Derivation

C.1 The Modular Parameter T = i/¢@

The torus T? is characterized by a complex modular parameter 1. The effective potential for 7 is:

1
V(r) =
[n(7)I*
Minimization requires:
ov
—— =0
or

The unique stable minimum in the fundamental domain occurs at:

i
T=— =1x0.618...
¢

C.2 Gaussian Wavefunctions

Fermion wavefunctions on T? are solutions to the Dirac equation with the metric determined by 1:



() < exp |~ T16P| = exp |- o

The width 6% = ¢/n determines the overlap:
XIX) ~¢"

for some integer n depending on the positions.

C.3 The Dedekind Eta Contribution

The one-loop determinant is:

For t=1/¢:

Therefore:

‘q‘1/24 — e—7r/(12¢>) ~ g Const

This contributes powers of e to the mass formulas.
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