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Abstract

We present ten new parameter derivations within the 3D+3D geometric framework, completing the CKM
matrix structure, establishing a comprehensive Fibonacci-Lucas pattern for quark mass ratios, and deriving
improved PMNS mixing angles. The key results include:

1. V_ts = λ²φ²/π (1.6% error)

2. V_td = λ/(φ²π²) (0.5% error)

3. m_d/m_u = 7/(2φ) (0.05% error)

4. m_s/m_d = 4×F₅ = 20 (EXACT)

5. m_b/m_s = 4×L₅ = 44 (1.7% error)

6. m_c/m_u = α⁻¹φ³ (1.3% error)

7. m_s/m_μ = (9+φ)/12 (0.10% error)

8. m_b/m_τ = 3/√φ (0.25% error)

9. sin²θ₁₂ = 1/(2φ) (0.7% error)

10. sin²θ₂₃ = φ/3 (1.1% error)

These results bring the total derived parameters to 34, all from zero free parameters.

PART I: QUARK SECTOR

1. Introduction

The 3D+3D framework proposes that spacetime has six dimensions with signature (−,+,+,+,−,−), where two
temporal dimensions are compactified on a golden torus with modular parameter τ = i/φ. This geometric
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structure generates the Standard Model parameters through Fibonacci-Lucas number theory and the golden ratio
φ = (1+√5)/2.

2. CKM Matrix Completion

2.1 The V_ts Element

Starting from the Cabibbo angle λ = 3/(12+φ) = 0.2203, the V_ts element follows from torus geometry:

Derivation:

λ² = square of Cabibbo angle (second-order mixing)

φ² = torus area factor

1/π = normalization from angular integration on T²

Comparison: |V_ts| = 0.04110 ± 0.00070 → 0.94σ deviation

2.2 The V_td Element

Derivation:

λ = single Cabibbo factor (direct 1st→3rd coupling)

1/φ² = inverse torus area (geometric suppression)

1/π² = double angular suppression

Comparison: |V_td| = 0.00857 ± 0.00020 → 0.22σ deviation (essentially exact!)

2.3 The V_ts/V_td Ratio

An elegant relation emerges:
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Observed: 0.0411/0.00857 = 4.80 ✓

3. Fibonacci-Lucas Quark Hierarchy

3.1 The Key Discovery

Down-type quark mass ratios follow a remarkable Fibonacci-Lucas duality:

where F₅ = 5 is the 5th Fibonacci number and L₅ = 11 is the 5th Lucas number.

The factor 4 = 2² arises from the Z₂×Z₂ discrete symmetry of the compactified temporal dimensions.

3.2 Numerical Verification

Using PDG 2024 values (MS-bar at μ = 2 GeV):

Ratio Predicted Observed Error

m_s/m_d 20.00 93.4/4.67 = 20.00 0.0%

m_b/m_s 44.00 4180/93.4 = 44.75 1.7%

The exact match for m_s/m_d is striking!

3.3 The m_d/m_u Ratio

Comparison: Observed 2.162 ± 0.082 → 0.01σ deviation (essentially perfect!)

The indices (3,4) are adjacent to N_gen = 3, reflecting the generational structure.
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4. Cross-Sector Mass Relations

4.1 Up-Type Quark Ratio

Comparison: Observed 588 → Error 1.3%

4.2 Strange-Muon Ratio

Comparison: Observed 0.8840 → Error 0.10%

This connects mass ratios directly to the Weinberg angle!

4.3 Bottom-Tau Ratio

Comparison: Observed 2.353 → Error 0.25%

The factor 3 is the Georgi-Jarlskog coefficient from SU(5) GUT.

PART II: LEPTON SECTOR - PMNS MIXING

5. Improved PMNS Mixing Angles

Previous derivations used tribimaximal approximations (sin²θ₁₂ = 1/3, sin²θ₂₃ = 1/2) with ~8% errors. We
present significantly improved formulas.

5.1 Solar Angle θ₁₂

Theorem 9 (Solar Mixing Angle):

​​ = α × ϕ = 137 × 4.24 = 580
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Physical interpretation: The factor 2φ represents the normalized area of the golden torus T². The solar mixing
angle is determined by the inverse of this geometric quantity.

Verification:

Predicted: sin²θ₁₂ = 1/(2 × 1.6180) = 0.3090

Observed: sin²θ₁₂ = 0.307 ± 0.013 (PDG 2024)

σ-deviation: (0.309 − 0.307)/0.013 = 0.15σ

Error: 0.7% (improved from 8% with 1/3!)

5.2 Atmospheric Angle θ₂₃

Theorem 10 (Atmospheric Mixing Angle):

Physical interpretation: The atmospheric angle is the ratio of φ (geometric structure) to N_gen = 3 (number of
generations).

Verification:

Predicted: sin²θ₂₃ = 1.6180/3 = 0.5393

Observed: sin²θ₂₃ = 0.545 ± 0.020 (PDG 2024, upper octant)

σ-deviation: (0.545 − 0.539)/0.020 = 0.30σ

Error: 1.1% (improved from 8% with 1/2!)

5.3 Octant Prediction

Critical falsifiable prediction: Since sin²θ₂₃ = φ/3 = 0.539 > 0.5, the framework predicts the UPPER
OCTANT for the atmospheric angle.

This will be tested by DUNE, Hyper-Kamiokande, and JUNO experiments.

5.4 Remarkable Product Relation

Discovery: The product of the two PMNS angles yields:
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Verification:

Predicted: 1/6 = 0.1667

Observed: 0.307 × 0.545 = 0.1673

Error: 0.4%

This provides an independent consistency check!

6. Previously Derived PMNS Parameters

For completeness:

Parameter Formula Predicted Observed Error

θ₁₃ arctan(1/φ⁴) 8.30° 8.57° 3.1%

δ_PMNS 3π/φ² 206° ~195° consistent

Δm²₂₁/Δm²₃₁ 1/(3φ⁵) 0.0301 0.0307 2.1%

7. Complete Summary: 34 Parameters

Table 1: New Derivations (This Paper)

# Parameter Formula Predicted Observed Error

1 V_ts λ²φ²/π 0.0404 0.0411 1.6%

2 V_td λ/(φ²π²) 0.00853 0.00857 0.5%

3 m_d/m_u 7/(2φ) 2.163 2.162 0.05%

4 m_s/m_d 4×F₅ = 20 20.00 20.00 0.0%

5 m_b/m_s 4×L₅ = 44 44.00 44.75 1.7%

6 m_c/m_u α⁻¹×φ³ 580 588 1.3%

7 m_s/m_μ (9+φ)/12 0.8848 0.8840 0.10%

8 m_b/m_τ 3/√φ 2.359 2.353 0.25%



# Parameter Formula Predicted Observed Error

9 sin²θ₁₂ 1/(2φ) 0.309 0.307 0.7%

10 sin²θ₂₃ φ/3 0.539 0.545 1.1%

Six parameters achieve sub-percent precision (bold).

Bonus Relations

Relation Formula Predicted Observed Error

sin²θ₁₂ × sin²θ₂₃ 1/6 0.1667 0.1673 0.4%

8. Conclusions

We have derived ten new Standard Model parameters from the 3D+3D geometric framework, bringing the total
to 34 parameters with zero free inputs.

Key Achievements:

1. Complete CKM matrix — All elements derived from golden torus geometry

2. Fibonacci-Lucas duality — Down-type quarks follow F→L pattern with exact m_s/m_d = 20

3. Cross-sector unity — Quark-lepton mass ratios connected through θ_W and GUT structure

4. Improved PMNS angles — sin²θ₁₂ = 1/(2φ) and sin²θ₂₃ = φ/3 reduce errors from 8% to ~1%

5. Octant prediction — Framework predicts upper octant for θ₂₃ (falsifiable!)

6. Six sub-percent derivations — V_td, m_d/m_u, m_s/m_d, m_s/m_μ, m_b/m_τ, sin²θ₁₂

Appendix A: Numerical Constants

φ = (1+√5)/2 = 1.6180339887...
π = 3.1415926536...
α⁻¹ = 137.035999084(21)
λ = 3/(12+φ) = 0.22033...
sin²θ_W = 0.2312



Appendix B: PDG 2024 Values

Quark masses (MS-bar, μ = 2 GeV):

Lepton masses:

CKM elements:

PMNS angles:
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Fibonacci: F₃=2, F₄=3, F₅=5, F₆=8
Lucas: L₃=4, L₄=7, L₅=11, L₆=18

m_u = 2.17 ± 0.07 MeV
m_d = 4.67 ± 0.07 MeV
m_s = 93.4 ± 0.8 MeV
m_c = 1275 ± 3 MeV
m_b = 4180 ± 20 MeV

m_μ = 105.6583755 MeV
m_τ = 1776.86 MeV

|V_td| = 0.00857 ± 0.00020
|V_ts| = 0.04110 ± 0.00070

sin²θ₁₂ = 0.307 ± 0.013
sin²θ₂₃ = 0.545 ± 0.020 (upper octant)
θ₁₃ = 8.57° ± 0.12°
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