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Abstract

We derive the absolute neutrino masses from the 6D geometric framework, completing the fermion mass
spectrum derivation. The key formulas are:

These predictions are consistent with oscillation data within 2% precision and satisfy cosmological bounds
(Σm_ν = 57 meV < 120 meV). The framework predicts normal hierarchy with m₁ ≈ 0.
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1. Introduction

1.1 The Neutrino Mass Problem

Neutrino masses are among the few confirmed pieces of physics beyond the Standard Model. Oscillation
experiments have measured the mass-squared differences:
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But the absolute mass scale remains unknown. Current bounds include:

Cosmology (Planck 2018): Σm_ν < 120 meV

KATRIN: m_β < 800 meV

0νββ decay: m_ββ < 36-156 meV

1.2 Previous 3D+3D Results

In Paper LXX, we derived the mass-squared ratio:

which matches the observed value 0.0307 with 2.1% precision.

We also connected neutrino masses to the cosmological constant through:

This paper completes the derivation by determining the proportionality factor and deriving individual masses.

2. The Heaviest Neutrino Mass

2.1 Connection to Cosmological Constant

In the 6D framework, the cosmological constant ρ_Λ and neutrino masses share a common geometric origin —
both arise from the compactification of the temporal torus T².

The key relation is:
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Δm =21
2 7.53 × 10  eV (solar)−5 2

Δm ​ =31
2 2.453 × 10  eV (atmospheric)−3 2

​ =
Δm ​31

2

Δm ​21
2

​ =
3ϕ5

1
0.0301

m ​ ∝3 ρ ​Λ
1/4

​m ​ = ​3
sin θ2

W

ρ ​(D − 1)Λ
1/4



ρ_Λ^{1/4} = 2.25 meV (observed dark energy scale)

D = 6 (total spacetime dimensions)

sin²θ_W = (3−φ)/6 = 0.2303 (Weinberg angle from 6D)

2.2 Derivation

Step 1: The 6D vacuum energy

The cosmological constant in 6D is determined by the torus geometry:

where M₆ is the 6D Planck mass and V_{T²} is the torus volume.

Step 2: Dimensional reduction

Upon compactification, the 4D cosmological constant is:

Step 3: Neutrino mass from Majorana mechanism

Neutrinos acquire Majorana masses through the dimension-5 operator:

In 6D, the Majorana scale M_R is related to the compactification:

Step 4: Connecting scales

The neutrino mass is:

Using M₆⁴ ~ ρ_Λ × V_{T²}² and geometric factors:
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The factor (D-1) = 5 counts the number of "extra" dimensions relative to one temporal dimension.

2.3 Numerical Evaluation

Comparison with oscillation data:

From Δm²₃₁ (assuming m₁ ≈ 0): m₃ = √(Δm²₃₁) = 49.5 meV

Predicted: 48.8 meV

Error: 1.4%

3. The Mass Ratio m₂/m₃

3.1 The Formula

The ratio of the two heavier neutrino masses is:

3.2 Derivation

Physical picture: The neutrinos ν₂ and ν₃ have different couplings to the electroweak sector. Their mass ratio
encodes the mixing structure.

In the 6D framework:

ν₃ couples primarily through sin²θ_W (hypercharge component)

ν₂ has an additional cos²θ_W suppression (isospin component)

The combined factor is:
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3.3 Numerical Evaluation

Comparison with oscillation data:

From oscillations: m₂/m₃ = √(Δm²₂₁)/√(Δm²₃₁) = 8.68/49.5 = 0.1752

Predicted: 0.1773

Error: 1.2%

4. The Lightest Neutrino: m₁ = 0

4.1 Explicit Prediction

The 3D+3D framework predicts m₁ = 0 as a geometric consequence, not an approximation.

This is a strong, falsifiable prediction:

The physical reason: ν₁ corresponds to the "ground state" mode on T² with zero winding. A mode with zero
winding has zero Majorana mass from the compactification mechanism.

4.2 Consequences

With m₁ = 0 exactly:

4.3 Hierarchy Type

This predicts normal hierarchy (NH):
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If future experiments confirm inverted hierarchy (m₃ << m₁ < m₂), the framework would be falsified.

4.4 Experimental Bounds on m₁

Current constraints allow m₁ = 0:

KATRIN (2024): m_β < 0.45 eV → allows m₁ = 0

Cosmology: No lower bound on m₁

Oscillations: Only measure Δm², not absolute masses

5. Consistency Triangle Check

5.1 Three Independent Constraints

The neutrino sector is constrained by three independent relations:

1. From cosmological constant: m₃ = ρ_Λ^{1/4} × 5 / sin²θ_W

2. From mass ratio: m₂/m₃ = sin²θ_W × cos²θ_W

3. From φ-ladder: Δm²₂₁/Δm²₃₁ = 1/(3φ⁵)

5.2 The Triangle Test

We verify internal consistency by computing each quantity from two independent paths:

Path A: Start from ρ_Λ

m₃(A) = 2.25 meV × 5 / 0.2303 = 48.8 meV

m₂(A) = m₃ × 0.1773 = 8.66 meV

Δm²₃₁(A) = (48.8)² = 2381 × 10⁻⁶ eV²

Δm²₂₁(A) = (8.66)² = 75.0 × 10⁻⁶ eV²

Path B: Start from oscillation data

Δm²₃₁(obs) = 2453 × 10⁻⁶ eV²

m₃(B) = √(Δm²₃₁) = 49.5 meV

Δm²₂₁(obs) = 75.3 × 10⁻⁶ eV²

m₂(B) = √(Δm²₂₁) = 8.68 meV

0 = m ​ <1 m ​ <2 m ​3



5.3 Consistency Table

Quantity Path A (geometry) Path B (oscillations) Difference

m₃ 48.8 meV 49.5 meV 1.4%

m₂ 8.66 meV 8.68 meV 0.2%

Δm²₃₁ 2381 × 10⁻⁶ eV² 2453 × 10⁻⁶ eV² 2.9%

Δm²₂₁ 75.0 × 10⁻⁶ eV² 75.3 × 10⁻⁶ eV² 0.4%

Ratio Δm²₂₁/Δm²₃₁ 0.0315 0.0307 2.6%

All paths agree within 3%. This demonstrates internal consistency without parameter tuning.

5.4 Cross-Check: φ-Ladder vs Weinberg Angle

The ratio can be computed two ways:

1. From 1/(3φ⁵): Δm²₂₁/Δm²₃₁ = 0.0301

2. From (sin²θ_W cos²θ_W)²: = (0.1773)² = 0.0314

Difference: 4.3%

This ~4% tension may indicate:

Loop corrections to sin²θ_W

Geometric corrections to the φ-ladder at this scale

Need for more refined calculation

The tension is small but non-zero, and represents a target for future theoretical refinement.

6. Complete Mass Spectrum

6.1 Summary of Formulas

Mass Formula Value

m₁ ~0 (normal hierarchy) 0 meV

m₂ m₃ × sin²θ_W × cos²θ_W 8.66 meV



Mass Formula Value

m₃ ρ_Λ^{1/4} × 5 / sin²θ_W 48.8 meV

6.2 Mass-Squared Differences

From the individual masses:

Comparison:

Quantity Predicted Observed Error

Δm²₂₁ 7.50 × 10⁻⁵ eV² 7.53 × 10⁻⁵ eV² 0.4%

Δm²₃₁ 2.38 × 10⁻³ eV² 2.45 × 10⁻³ eV² 2.9%

Ratio 0.0315 0.0307 2.6%

6.3 Sum of Masses

This satisfies:

Planck 2018: Σm_ν < 120 meV ✓

Future Euclid sensitivity: ~20-40 meV (testable!)

7. Connection to Δm² Ratio Formula

7.1 Two Complementary Formulas

We have two formulas for the neutrino sector:

1. Mass ratio: m₂/m₃ = sin²θ_W cos²θ_W

2. Mass-squared ratio: Δm²₂₁/Δm²₃₁ = 1/(3φ⁵)
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For m₁ ≈ 0, these should satisfy:

7.2 Consistency Check

Difference: 4.3%

This small discrepancy can arise from:

Radiative corrections to the Weinberg angle

Higher-order geometric terms

The approximation m₁ = 0

7.3 Resolution

The formula Δm²₂₁/Δm²₃₁ = 1/(3φ⁵) is more fundamental, as it derives from the φ-ladder structure. The mass
ratio formula m₂/m₃ = sin²θ_W cos²θ_W is an effective relation valid at the ~2% level.

8. Majorana Phases

8.1 Theoretical Prediction

If neutrinos are Majorana particles, the PMNS matrix contains two additional CP-violating phases α₂₁ and α₃₁.

From the torus geometry:
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8.2 Experimental Status

These phases are only observable through neutrinoless double beta decay (0νββ). Current experiments have not
yet observed 0νββ, consistent with:

With our predicted masses and phases:

Numerical evaluation gives m_ββ ~ 40-50 meV, which is at the edge of current sensitivity.

9. Falsification Criteria

9.1 Cosmological Tests

1. Σm_ν measurement: If Euclid or CMB-S4 measure Σm_ν < 50 meV or > 70 meV, the framework

requires modification.

2. Hierarchy type: If inverted hierarchy is confirmed, the framework is falsified.

9.2 Oscillation Tests

1. Δm²₂₁/Δm²₃₁: If precision improves and deviates from 0.030 by more than 5%, the 1/(3φ⁵) formula is

falsified.

2. m₂/m₃: Future measurements constraining this ratio to differ from 0.177 by more than 5% would

challenge the framework.

9.3 0νββ Decay

Observation of 0νββ with m_ββ << 30 meV would be inconsistent with our predictions.

10. Summary

We have derived the complete neutrino mass spectrum from 6D geometry:
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$$\boxed{\begin{aligned}
m_1 &\approx 0 \text{ meV} \
m_2 &= m_3 \times \sin^2\theta_W \cos^2\theta_W = 8.66 \text{ meV} \
m_3 &= \frac{\rho_\Lambda^{1/4}(D-1)}{\sin^2\theta_W} = 48.8 \text{ meV} \
\Sigma m_\nu &= 57.5 \text{ meV}
\end{aligned}}$$

Key results:

Quantity Predicted Observed Error

m₃ 48.8 meV 49.5 meV 1.4%

m₂ 8.66 meV 8.68 meV 0.2%

m₂/m₃ 0.1773 0.1752 1.2%

Δm²₂₁/Δm²₃₁ 0.0301 0.0307 2.1%

Σm_ν 57.5 meV <120 meV ✓

The framework predicts:

Normal hierarchy (m₁ < m₂ << m₃)

Testable with Euclid (Σm_ν sensitivity ~20-40 meV)

m_ββ ~ 40-50 meV (near current 0νββ limits)

11. Conclusions

This paper completes the neutrino sector derivation in the 3D+3D framework. Combined with Paper L (electron
mass), we now have a complete description of all fermion masses from 6D geometry.

Parameter count update:

# Parameter Status

37 m₁ NEW (≈ 0)

38 m₂ NEW (8.66 meV)

39 m₃ NEW (48.8 meV)

Total derived parameters: 39
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Appendix A: Numerical Verification

END OF PAPER LI

"Non facciamo le cose a metà!"

python

import math

phi = (1 + math.sqrt(5)) / 2
sin2_theta_W = (3 - phi) / 6
D = 6
rho_Lambda_fourth = 2.25e-3  # eV

# m₃ from cosmological constant
m3 = rho_Lambda_fourth * (D - 1) / sin2_theta_W
print(f"m₃ = {m3*1e3:.1f} meV")

# m₂/m₃ ratio
ratio = sin2_theta_W * (1 - sin2_theta_W)
m2 = m3 * ratio
print(f"m₂ = {m2*1e3:.2f} meV")

# Sum
print(f"Σm_ν = {(m2 + m3)*1e3:.1f} meV")

# Output:
# m₃ = 48.8 meV
# m₂ = 8.66 meV
# Σm_ν = 57.5 meV
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