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Abstract—Steam turbines are one of the key components
of thermal power units, and any additional improvement in
their efficiency has an important economic significance. In the
case of concentrated solar plants, the steam turbines experience
rapid fluctuations in working conditions as they are subject to
multiple start-ups that lead to considerable thermal stress in
the rotor region. A two-stage system, comprised of a series
of a high-pressure (HP) and a low-pressure (LP) turbine, is
here investigated and optimized. The proposed nonlinear model
predictive control (NMPC) algorithms have a two-fold objective,
that is, the optimal regulation of the total generated electric
power and the simultaneous limitation of thermal stress on both
turbines. The proposed formulations incorporate time-varying
constraints and nonlinear disturbances that fluctuate within the
prediction horizon of the controller’s dynamic module. A suitable
collocation method is derived and compared with a traditional
multiple-shooting approach. The adoption of slack variables is
also investigated, but the peculiar benefits prove to be negatively
compensated by higher computational times. As a final result, the
collocation method without slacks demonstrates the most efficient
solution to solve the considered optimal control problem.

Index Terms—Nonlinear model predictive control, Rotor stress
control, Two-stage steam turbine system

I. INTRODUCTION

Modern power plants must handle intermittent operations
with high flexibility. Steam turbines used in modern power
generation facilities, like Concentrated Solar Power Plants
(CSPs) or Combined Cycle Power Plants (CCPPs), are more
frequently affected by load changes than in traditional appli-
cations. These variations stem from site weather conditions in
the CSP instance and by different plant operation scenarios
(i.e., from base load to peak load follower) in the CCPP case.

This study examines a CSP plant, a key solar technology for
current and future electricity needs [1]. CSPs generate power
by using solar collectors to produce high-temperature steam,
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which drives steam turbines (STs) that convert thermal energy
into electricity. STs consist of multiple blade row pairs (stators
and rotors) and typically operate at three pressure levelshigh
(HP), medium (MP), and low (LP)each defined by specific
steam pressure and temperature.

One major problem the STs in CSP plants suffer is linked to
the start-up phase, during which the high-temperature gradient
between steam (at the rotor skin) and the rotor core can
induce mechanical stress and then damage the turbines (thus,
named thermal stress). Therefore, with the primary goal of
optimizing start-up phases [2], specific control methods have
been researched and developed for limiting rotor stress [3].
Authors in [4] have shown the advantages of using an online
block for rotor stress monitoring and a control technique based
on Nonlinear Model Predictive Control (NMPC) has been put
into practice [5]. However, the proposed Sequential Quadratic
Programming (SQP) algorithm has a high computational
burden, making it uncompetitive with proprietary nonlinear
optimization solvers. This limited its use with commercial
software and affected the economics of the project.

This paper aims at extending the results already reported
in our recent work [6], where two different types of steam
turbines (high and low pressure) were analyzed and con-
trolled only separately. To this purpose, the whole two-stage
steam turbine system is now investigated and optimized. This
augmented case study requires significant computer resources
due to its comprehensive nonlinear model and the various
involved nonlinear disturbances which represent time-varying
constraints on the outputs and the control action. The open-
source MPC-code [7] is used as an algorithm; the core files are
written in Python and use IPOPT as a nonlinear programming
solver and CasADi as a symbolic framework.

The remainder of the paper is as follows: Section II details
the various components of the adopted dynamic model while
Section III describes the investigated optimization methods for
control; Section IV presents the obtained results in closed-loop



simulations. Finally, conclusions are drawn in Section V.

II. THE MODEL

First, the two-stage ST system is described. The mathemat-
ical model for the dynamics of the single two STs follows,
covering rotor temperature and the associated thermal stress.

A. Model description

A scheme of the considered two-stage steam turbine system
is shown in Figure 1. High-pressure steam is produced within
the concentrated solar plant and expanded in two consecutive
steam turbines, high (HP) and low (LP) pressure, coupled by a
gearbox system (GB). The following variables are considered:

o 2 inputs (u): the wheel chamber pressures, that is, the
pressure of first-stage region of the two turbines (P/7F;
PLP ) ’

wch’/?

o 3 outputs (y): the rotor thermal stress on the two turbines,
oHP and o7, and the total generated electric power W,
as the sum of two contributions: W = WHP 4 WLP.

o N, states (xz): i.e., the rotor temperatures 7' for the two
turbines, from the core to the skin, adopted in the spatial
discretization.

o 6 external disturbances (d): the inlet steam pressures
(PP, PLP) the inlet steam temperatures (TZE

steam>
TEP ), and the outlet steam pressures (PHF; PLE).
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Fig. 1: Simplified scheme of the considered two-stage steam
turbine system with the main variables.

B. Thermal model

The following partial differential equation (PDE), which
uses partial derivatives of temperature 1" with respect to time
t and radius 7, is used to characterize the thermal dynamics
of the rotor of each steam turbine in cylindrical coordinates:

or 10 oT
p”at r@r(rar) 1
A suitable initial condition and two boundary conditions apply
for each turbine, written in general notation as follows:

oT —
W|r:0 =0 (2)
—kIL|,_gr = HTC(t)(T(t)lr—r — Ty(t))

where p is the density [kg/m’], C, is the heat capac-
ity [J/(kgK)], HTC is the global heat transfer coefficient
[W/(m?K)], and k is the thermal conductivity [W/(mK)]
among the physical parameters of the two rotor steel. Lastly,
R, that is, RT” and RLT, is the external rotor radius, and T},
that is, T/'" and T}FP, is the bulk temperature, or the steam
temperature pertinent to the two convection phenomena.

The spatial partial derivatives are then reduced to ordinary
ones using an explicit finite difference approach once the radial
domain has been uniformly discretized over NV,.+ 1 nodes (that
is, NAP 41 and NP + 1) for each turbine:

oy Tipr —Tiq T, Ty — 2T+ T4 3)
or 2Ar or? Ar?
with Ar = r;;1 — r;. Thus, after a few steps, the following
expression for the ordinary time derivative can be achieved:
ar; kT —Ti k Tipn =21+ T
dt  pCyri  2Ar - oC, Ar?
Therefore, a system of ordinary differential equations (ODEs)

is obtained, subject to the following two corrected boundary
conditions, as reported in [8]:
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where Ty, 41 is the fictitious temperature evaluated as:
Ar
Tno41=Tn,—1— 2HTC’k—(TNT —Ty) (6)

.
Note that all the physical properties are temperature-
dependent; p, k, and C, are estimated with standard poly-
nomial functions and are evaluated at the central temperature,
i.e. T;; k, is estimated at T, and k; at the mean temperature
between Ty, and Ty, —1. The other variables, such as the heat
transfer coefficient HTC, the bulk temperature 73, and also
the generated electric power W are described by empirical
static functions of the measured variables, that is, the inlet
and outlet steam pressure, the inlet steam temperature, and
the wheel chamber pressure of each turbine, e.g., HTCLF =
f(pLP pLE TLE CpLEY - According to previously routine

in )+ outy *steam> * wch
plant data [4], the corresponding coefficients are known.

C. Stress model

The dynamic equivalent stress on the rotor’s external surface
can be estimated from the general expression of von Mises:

o(t) = Lﬁ_Ey (T(r, Dl — % OR 0, t)rdr)] )

where [ is the thermal expansion coefficient [1/C], E is the
Young modulus [MPa], and v is the Poisson ratio of the
rotor steel. Standard polynomial functions of the rotor surface
temperature are used to assess these physical parameters.
Note that the following linear relation [9] can numerically
approximate at any time instant j the integral term in Eq. (7):

o_j — OT] — [CO CNJ [TO .. -TNT};‘ (8)
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III. THE METHODS
The investigated NMPC problems are described below.
A. NMPC formulation
The original continuous-time problem is as follows:
min / Lo(x(t),u(t))dt s.t. (9a)
2(0) = xj (9b)
&= fe(z(t), u(t)) ()
G(x(t),u(t),t) <0 (9d)

in which the objective function £.(-) is integrated over the
prediction horizon 7, from the initial state xfj € RN= and
subject to the inequality constraint function G(-). This function
G(-) includes, among the others, lower and upper bounds
for the total electric power W and two nonlinear functions
involving time-varying upper bounds for two terms of stress
(P (1), oLP (1)), suitably calculated, as detailed later.

a) Standard multiple-shooting: Problem (9) is dis-
cretized, which involves the integration of both the rotor ther-
mal model f. and objective function ¢. over a finite number
N of time steps. In this framework, one popular implemen-
tation of Problem (9) employs, as optimization variables, the
sequences of states X := (:L'o, T1,... ,xN) and control actions
u := (ug,u1,...,uny—1) simultaneously, describing the so-
called multiple shooting method. The optimization problem is
thus reformulated in discrete-time as follows:

N—1
Iglun ZO (x4, uk) s.t. (10a)
Ty = T (10b)
1 = F(xg, uk), k=0,....,N—1 (10¢)
G(xp,us, k) <0, k=0,...,N—1 (10d)

where F' is the integrated state map from f., and ¢ approxi-
mates the integral of ¢, over each interval.

b) Collocation method: As a direct transcription tech-
nique, collocation methods use a polynomial function to
approximate the continuous-time state trajectory, with coeffi-
cients determined alongside the control trajectory [10]. Deriva-
tive or state representation can be used, [11] and in this work,
the state approach is adopted, introducing internal states S,; as
additional optimization variables. Suitable equality constraints
H(-) and a modified state update Fj(-) are employed to follow
an implicit integration rule, where M = 2 is the order of the
integration method, that is, the fourth-order Gauss-Legendre
method is adopted (see Ref. [6] for more details). Using a
multiple shooting approach and adding optimization variables

S := (S0,S51,...,Sv—_1), Problem (9) is reformulated as

follows:
N-1
}r(nslr& ;é(x,{,Sn,un) s.t. (11a)
Ty = T§ (11b)
ZTut1 = Fr(zy, Sk, Uk ), k=0,...,N—1 (11c)
H(x4, Sk, ux) =0, k=0,...,N—1 (11d)
G (2, Sy Ui, k) <0, k=0,...,N—-1 (11e)

The transition to the next state is indeed performed through:
Tr41 = Fﬁ(l'm Sm UK) =Xk + Bl (Sﬁl - IK) + BQ(SHQ - IN) (12)

where b derive from the Butcher tableau, as explained in [6].
Note that for the state update is not necessary to integrate
the differential system in each iteration; hence, there is a
considerable reduction in computational costs [12].

B. The optimization problem

Bounds on the control action u = [PEP PLE] are set as:
. (pLP pLP LP LP pLP

mln(Pin,n7 Pout,f-c) S chh,rc < InaX(IDin,nv Pout,ﬁ) (133)
: HP HP HP HP HP

mln(Pin,n’ Pout,n) S chh,n S max(jjin,fw Pout,n) (13b)

Vk=0,...,N—1

For the states (z), i.e., the two rotor temperatures 7', we set
0 > T > T™* where the maximum value is related to
the maximum steam temperature registered during the normal
system operation, that is, 7% = 1.05 - max(Tsteam,)-

The inequality constraint function G(-) includes:

« constant lower bound for each turbine contribution to the
total electric power (WHP, WLF);

« constant lower and upper bounds for the total power W;

« constant upper bound for the difference between the two
turbine contributions to the total power, that is, AW, <
AW™ar where AW, = |WHP — WLP|;

¢ a time-varying upper bound on the thermal stress of two
rotors, that is, cF < glIPmazr and oLP < gLPmaz,

The stress upper bound for both turbines is computed as
o' = Otenk — Ocen» Where oyep and o, are the tensile
and centrifugal stress, respectively, with o, . as a function
of rotor skin temperature and, thus, time. When slack variables
are included in the problem formulation, the following vector
is set € = [e}, €263, ¢t €260, €7, €8, €%, €10 €!l], thus, the
constraints are modified as in Eq (14): €' and €2 soften the
lower bounds on two contributions to the total power; €3 and
e soften the constraint on the minimum and maximum total
power W; € softens the constraint on the difference between
the two power contributions; €8, €7 soften the constraint on
the two components of maximum stress; € — e!! soften the
bound constraints on the control action. Note that a constraint
on the maximum total power W™ is to include eventual
limitations in the gearbox or to simulate the presence of an

external override system.



WEP > WHPmin _ 1 (14a)
W LP > pbPmin _ 2 (14b)

W, > Wmin _ ¢ (14c)

W, <Wmaer 4 ¢t (14d)
AW, < AW™ae 4 5 (14e)
UKHP < O_HHP,maa; + 8 (14f)
O LP <o, LPmaz 7 (14g)
z%mﬁ_fﬁj?”—é (14h)
Pl < Poonn® + € (14i)
chh K = P£§L7Zln - 610 (14-])
PLE < PLhmeT 4 et (14k)

Note that slack variables ensure feasibility by preventing the
optimization from avoiding infeasible regions, which could
otherwise cause significant stress violations. This approach
allows for minor temporary stress-bound breaches but ensures
a quick recovery. A more detailed discussion on their impact
will follow in the results Section. For simplicity, fixed slack
values along the prediction horizon are assumed, reflecting the
maximum violation of the corresponding constraint. If non-
fixed slack variables were adopted, the dimensionality of e
would increase, i.e., € € RIXN, impacting computational
costs.

In addition, constant hard constraints are imposed on the
input variation, as follows:

AP < APHE < AP (15a)
APEE™™ < APLE < APELmOr (15b)

Note that given the peculiar problem framework where the
variation of the control action Aw significantly impacts stress
levels, having these two constraints as soft could offer an ad-
ditional lever for manipulation. Nevertheless, by incorporating
Aw into the objective function with appropriate weighting, we
may achieve good performance without the use of additional
slack, which may further increase the computational burden.

Also note that since the difference between the power
contributions given by the two turbines can be high (i.e.,
AWm™mer — 30 MW), a relatively small negative lower bound
(WHP/LP””Z'” = —1 MW) has been assigned to allow the
turbine to temporarily absorb power and operate as a motor
device. As a matter of fact, in open-loop simulations of high-
pressure turbine [6], the empirical function for variable W
proves to assume negative values when PHP > PHP byt also
when PP — pHP « AP = 1.15 bar. Nevertheless, the lower
bound on the total power is set as positive (W™ = (0 MW)
to ensure continuous electricity generation.

C. Features
Below is a brief description of the specific parameters
adopted and the modules composing the algorithm.

« Steady-state Optimization: the adopted objective func-
tion is quadratic and minimizes the square deviation of

the output target (ys) from its set-points (y,,), weighted
by the cost matrix Qgs:

%(ys - ysp)Tst (ys

o Dynamic Optimization: the difference between the ac-
tual and set-point values (y,,) of the output y =
Fy(z,u,d), weighted by the matrix ), as well as the
input variations by matrix S and the slack variables € by
matrix Wy, over horizon N is considered as follows:

| N2
N ,;) U2, uy) = =N Z

(u — u,g_l)TS(uN — uﬁ_l)} + e Wee (17)

(16)

(= ~ Ysp)

ysp Q(ym - ysp)+

where u_1 is known. As a starting point for tuning, we adopted
values previously used for simulations performed on the two
single turbines [6]. After further refinement, we finally set
N = 30, Qss = Q = diag(0,0,1), S = diag(60, 60). Note
that since tracking a set-point for the two terms of stress is
not necessary, a good choice of parameters in () enables the
power to follow its reference. At the same time, the influence
of matrix S guarantees limited fluctuations of manipulated
variables, avoiding needless strain on the two control valves.

To improve the solver performance, calibrated weight val-
ues for the different slack variables are set, that is, W, =
diag(ws1, ..., ws11). The main idea is to give priority to
fulfilling the constraint on the power bounds while reducing
the weight on the violation of the stress limits. In other
words, the two stress limits can be exceeded if doing so
proves beneficial to avoid entering regions where the turbines
performance becomes unrealistic in terms of power generation.

IV. RESULTS

MPC-code aims to be as general a resource as feasible,
thus it is constantly being updated!. To this aim, the version
currently accessible on GitHub incorporates all the appropriate
modifications made for the analysis of the present case study.

The following closed-loop simulations are executed by
exploiting data registered from an industrial two-stage steam
turbine system; in particular, real data for PHP/ Le. ijeZ{nL P
P(ff/ L7 are treated as six external disturbances and let vary
across the prediction horizon of our controllers. Note that this
challenging scenario intends to emulate a typical industrial
start-up and is well-suited to validate the developed formu-
lations of NMPCs. Note also that the considered simulation
is a nominal scenario, with no plant/model mismatch and no

requirement for a disturbance model [11].

A. Discussion

The solution obtained from the traditional multiple shooting
(MS) approach, as in (10), is compared with the one derived
using the collocation method, as in (11), with (CM-SI) and
without (CM) the adoption of slack variables. As a general
result, it is worth noting that the responses obtained for the

Thttps://github.com/CPCLAB-UNIPI/MPC-code/wiki



three tested methods are comparable. As an example, Figure 2
shows the time trends obtained with the collocation method
(CM). The results of the other two methods are not reported
for the sake of brevity. Note also that numerical values of
variables on the y-axis are omitted for privacy reasons.

As shown by Figure 2, the controller can achieved the
required trade-off: keep the thermal stress under its upper
bound for both turbines and track the total power set-point
with sufficient performance. Note that the optimization task is
particularly challenging from 2100 seconds when PP is very
constrained, as PZF tends to PLP, until a scenario of pressure
inversion around 2300s. The two contributions to total power
are shown in the last panel of Figure 2. It is evident how the
actual total power W can reach the steady-state value of the
power (W), but leaves an offset on the set-point (Wy),) which
is higher and proves not feasible. Note also that W, after
an initial decrease at around 2300s, rapidly increases as if no
stress bound is touched. This is because the stress results from
the dynamics described by the rotor temperatures and relative
gradients. It is therefore clear that at steady-state, at which
all temperatures collide to one value, no stress can damage
the turbines. It is also worth noting that WHF < 0 from
2100 to 2400s when Pﬂf is close to Pig P in this phase, the
HP turbine absorbs power and operates as a motor device. To
quantify the differences in responses of three different adopted
methods, the Normalized Root Mean Square Error (NRMSE)
between corresponding signals is computed:

N
1|1 &
- | = M1 __ , M2)2
NRMSE = =2\ 3 ;:O(yﬁ yM2)2  (18)

where ;. are the values of the generic variable obtained by
method 1 (M1) and method 2 (M2), y™1! is the mean value for
M1, and N is the number of samples. The numerical values
for two input variables (PP PLE) the three outputs (o7 7,
olP W), and the skin temperature of two rotors (T2F and
TSLkP ) are shown in Table L.

Since the largest value between CM and MS, related to
PwHCIZ and Pqﬁgl, is around 5 - 1075, means that the developed
collocation method proves to be an excellent approximation
of the solution obtained with the traditional multiple shooting
approach. This result confirms what was already found in [6]
for a much simpler case study. In addition, since differences
between CM and CM-SI are smaller than 1073, the use of
slack proves to not alter significantly the response. In partic-
ular, the improvement in performance in terms of tracking of
W is pretty limited.

When slack variables are adopted, larger constraint viola-
tions on two terms of stress are observed, as illustrated by
Figure 3. Nevertheless, note that in the case of CM, the ob-
tained infeasibility is sparse and of moderate extent on the two
terms of stress, that is, 58 occurrences out of 2700 samples,
and an amplitude equal to a relative violation smaller than
0.05%, which is close to the set value of constraint tolerance.
Therefore, the considered case study proves a scenario not
particularly suited for the use of slack variables.
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Fig. 2: Time trends obtained with collocation method (without
slack variables).

The computational time required by the three methods is
another important aspect. Simulations were performed on a
MacBook Pro Apple M1 2021, 32 GB RAM. In particular,



TABLE I: Deviation in the responses: multiple shooting vs. collocation method.

NRMSE paP pLE  GHP  sLP w THP TLP
MS vs. CM: (x10%)  5.12 5.03 212 282 257 221 215
CM vs. CM-SL:  (x10%) 790 1176 531 121 1352 130 1.7
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Fig. 3: Comparing trends of rotor stress on two turbines:
collocation method with and without the use of slacks.

TABLE II: Computational times for different methods.

Method Min [s] Max [s] Mean [s] Std Dev [s]
MS 10.96 71.80 15.37 5.36
CM 0.42 1.03 0.65 0.156
CM-S1 1.20 1.67 1.35 0.072

the times per iteration (minimum, maximum, mean values and
corresponding standard deviations) are reported in Table II. A
significant reduction of mean computation time is obtained by
the proposed two solutions of collocation methods: 96% for
CM and 91% for CM-SI1 with respect to the traditional MS
approach. Therefore, the CM demonstrates the only solution
implementable online since the control sampling time is equal
to 2 seconds. Note that, while computation time is significantly
reduced, move-blocking techniques have not been considered
in this study but could be explored in future work for further
efficiency improvements. To sum up, all three designed NM-
PCs can guarantee the limitation of the thermal stress of the
two rotors and also track the total power set-point. In addition,
the use of slack variables does not particularly benefit the
controller’s performance for the specific case study. Note that
this last observation cannot be considered general, as analyzing
different start-up scenarios may lead to different conclusions
about the adoption of soft constraints.

V. CONCLUSION

In this work, we investigated efficient solutions of NMPC
for steam turbines in concentrated solar systems. A two-
stage system comprised of a high-pressure and a low-pressure

turbine represents a very realistic industrial scenario, more
involved with respect to our previous work where the two
turbines were optimized separately. The ultimate objective
is well achieved: total electric power is regulated to target
while physical constraints on the wheel chamber pressure
and rotor thermal stress of both machines are respected,
even in the face of time-varying operating conditions. The
developed collocation method proves to significantly reduce
computational costs for the dynamic optimization problem
while yielding results that are close to those from a traditional
multiple-shooting method.
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