SUMS OF POWERS VIA BACKWARD FINITE DIFFERENCES AND
NEWTON’S FORMULA

PETRO KOLOSOV

ABSTRACT. We obtain formulas for sums of powers via Newton’s interpolation formula
based on backward finite differences of powers. In addition, we note that backward dif-
ferences are closely related to Eulerian numbers, and Stirling numbers of the second kind.
Thus, we express formulas for sums of powers in terms of Eulerian numbers, and Stirling

numbers of the second kind.
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1. INTRODUCTION AND MAIN RESULTS

In this manuscript, we obtain formulas for sums of powers via Newton’s interpolation

formula based on backward finite differences of powers. The idea to derive sums of powers
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using difference operator and Newton’s series is quite generic, thus, formulas for sums of
powers using forward and central differences can be found in the works [1, 2].

Define multifold sums of powers in Knuth’s [3] notation
20 nm = pm
Zlnm2201m+202m++20nm
ErJrlnm:2r1m+2r2m+'”+2rnm
The book Interpolation by Steffensen [4, chapter 2, eq. (19)] gives Newton’s formula for

backward differences evaluated in zero f(z) =3, _, (”Z_l) VE£(0).

In general,

Proposition 1.1 (Newton formula via backward differences).

) =3 (x‘a;"f‘l)vkﬂa)

k=0

where V(@) = (19 () fla — ).

Thus, by setting f(n) = n™

i n—t—l—j—l) .
n™ = ) AV AR
>(""

=0
where Vit = izo(—l)k(i) (t — k)™. Therefore, ordinary sums of powers is equivalent to
zlnm:Zwth< I )
=0 k=1 J

We notice that the sum »,_, (kit?’ 71) is a good candidate for hockey stick identity for
binomial coefficients >, _, (lj) = (7]‘111) Thus, by settinga =7 —tandb=j—t—1+n, we
get

2 (- 20)

k=1 m=j—t



SUMS OF POWERS VIA BACKWARD FINITE DIFFERENCES AND NEWTON’S FORMULA

= (—t+j—1+k)_<j—t+n)_(j—t>
— j o\ j+1 j+1

Thus,

k

Because,

Lemma 1.2 (Generalized hockey stick identity).

> (7)-00) ()

m=a

Applying the identity for binomial coefficients (’]k) =(-1) (j H;*l), we obtain

3

integers n,m and an arbitrary integer t

S )+ (5]

Proposition 1.3 (Ordinary sums of powers via backward differences). For non-negative

For example, by setting t =2 and m = 1,2, 3,4, we get formulas for sums of cubes

w20 () ) ()

el () () ol (1)
2 6)+ )]
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e For t = 0 the coefficients are 1,0,1,0,—1,2,0,1,—6,6,... and registered in the
OEIS [5] as A278075.

e For ¢t =1 the coefficients are 1,1,1,1,1,2,1,1,0,6,... and registered in the OEIS [5]
as A389570.

e For t = 2 the coefficients are 1,2,1,4,3,2,8,7,6,6, ... and registered in the OEIS [5]
as A391068.

e For t = 3 the coefficients are 1,3,1,9,5,2,27,19,12,6,... and registered in the

OEIS [5] as A391210.

Lemma 1.4 (Backward differences in Eulerian numbers).
, Ttk — j) <m>
A = ( |
kz:; m—j k
Proof. By Worpitzky identity t™ = > " (t;k) (") and binomial recurrence (/') = (1) +
("), see [6]. O

k—1

Thus, let be a formula for ordinary sums of powers in terms of Fulerian numbers <7]Z>

Proposition 1.5 (Ordinary sums of powers in Eulerian numbers). For  non-negative

integers n,m and an arbitrary integer t
T ot j—t+n t+k:—j)<m>
S = -1)7( . +(7 ‘
ZZ[( )<y+1> (JH )](m—y k

Remarkable that having ¢ = 0 formula for sums of powers turns into double binomial view

Proposition 1.6 (Ordinary Eulerian sums of powers in zero). For non-negative inte-

gers n,m

Lemma 1.7 (Backward differences in Stirling numbers).

e-£ ()

k=j


https://oeis.org/A278075
https://oeis.org/A389570
https://oeis.org/A391068
https://oeis.org/A391210
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Proof. By the identity ™ = S"7" (1) {"*} k! and binomial recurrence (") = (1)+(,",). O

Thus, let be a formula for ordinary sums of powers in terms of Stirling numbers {7:}

Proposition 1.8 (Ordinary sums of powers in Stirling numbers). For non-negative in-

tegers n,m and an arbitrary integer t

=23 v (1) (5 o)

J= =J

By setting t = 0 yields

Proposition 1.9 (Ordinary Stirling sums of powers in zero). For mnon-negative inte-

=35 (G ()

0 k=j

gers n,m

Q

By (_]k) = (=1)7(’ +’;_1) yields another binomial form for sums of powers

Proposition 1.10 (Ordinary Stirling sums of powers in zero altered). For non-negative

mtegers n,m

me-EEer ()R

Formula for double sums of powers can be derived in a similar manner, by applying

summation to the proposition (1.3), test testsad which in turn implies generalized hockey-

(—1V(. ) 1+ (7. " )
i+ o\ gt
By applying generalized hockey stick identity (1.2), we obtain

ji j—t+k :Jifl B\ _ (i—t+n+1\  (i-t+1
j+1 j+1 j+2 j+2

k=1 k=j—t+1

stick identity, thus

m

Yipm = vatm

J=0
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Therefore,

oo [ (L) (07557 -08)

j=0

By applying the identity for negative binomial coefficients (;k) =(-1) (jH;.*l), we get
—(t—j-1) = (—1)i+2 t
Jj+2 J+2

Proposition 1.11 (Double sums of powers via backward differences). For non-negative

Hence,

integers n,m and an arbitrary integer t

sar=3ow () e (s (70

J=0

In general,

Theorem 1.12 (Multifold sums of powers via backward difference). For non-negative

. t
(_1)j+s< . )Er—l—s nO
’ J+s+1

integers r,n,m and an arbitrary integer t

rm SN~ | (F—t+ntr—1 -
SO o [( ey

]:O sS=

We may observe that

Proposition 1.13 (Multifold sum of zero powers). For integers r and n

Yn® = rn-l
B T

Proof. By hockey stick identity >;_, (/**) = (7T, O

J Jj+1

By Lrt=snl = (" 2t"0?), we get

r—s—1
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Proposition 1.14 (Multifold sums of powers binomial form). For non-negative inte-
gers r,n,m and an arbitrary integer t

m . r—1
, j—t4+n+r—1 - t r—s+n—2
¥'n™= E VI E —1)7*s
! [( j+r )+ DI (j+s+1)( r—s—1

Jj=0

By setting r = r+1

Corollary 1.15 (Multifold sums of powers binomial form shifted). For  non-negative
integers r,n,m and an arbitrary integer t

J—t+n+r —i—i(—l)j“ t r—s+n-—1
j+r+1 Jj+s+1 r—s

s=0

yrlpm — Zm: vigm
i—0

By lemma (1.7), we get formula for multifold sums of powers in terms of Stirling numbers

of the second kind

Proposition 1.16 (Multifold sums of powers in Stirling numbers). For non-negative

integers r,n,m and an arbitrary integer t

ErJrl nm = ii

(et IO o A erse | [ ALV

k!

By lemma (1.4), we get formula for multifold sums of powers in terms of Eulerian numbers

Proposition 1.17 (Multifold sums of powers in Eulerian numbers). For non-negative

t+k—j
m—j

integers r,n,m and an arbitrary integer t

AL ) —t+n+r : . t r—s+n-—1
Er—i—l mo__ J —1)/ts
= () e (L)Y

s=0

i

m
k

)

CONCLUSIONS

In this manuscript, we derived formula for sums of powers (1.12) by utilizing Newton’s
interpolation series for backward finite differences of powers. In addition, we noticed that

backward differences are closely related to Stirling numbers of the second kind, and Eulerian
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numbers. Thus, we expressed formulas for sums of powers in terms of Stirling numbers of

the second kind (1.16) and Eulerian numbers (1.17).

Future research directions are discussed and proposed at [1], which includes development

of generalized algorithm for sums of powers using interpolation formulas combined with

hockey-stick family identities for binomial coefficients.

1]

All the results are validated using Mathematica programs, see section (2).
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2. MATHEMATICA PROGRAMS

Use the Mathematica package [7] to validate the results

Mathematica Function

Validates / Prints

MultifoldSumOfPowersRecurrence[r, n, m]
ValidateOrdinarySumsOfPowersViaBackwardDifferences[20]
ValidateBackwardDifferencesInEulerianNumbers [20]
ValidateOrdinarySumsOfPowersInEulerianNumbers[10]
ValidateBackwardDifferencesInStirlingNumbers [20]
ValidateOrdinarySumsO0fPowersInStirlingNumbers [20]
ValidateOrdinaryStirlingSumsOfPowersInZero [20]
ValidateOrdinaryStirlingSumsOfPowersInZeroAltered[20]
ValidateDoubleSumsOfPowersViaBackwardDifferences[10]
ValidateMultifoldSumsOfPowersViaBackwardDifference [5]
ValidateMultifoldSumsOfPowersBackwardDiffBinomialForm[5]
ValidateMultifoldSumsOfPowersBinomialFormShifted[5]
ValidateMultifoldSumsOfPowersInStirlingNumbers [5]

ValidateMultifoldSumsOfPowersInFulerianNumbers [5]

Computes X" n™

Validates Proposition (1.3)
Validates Lemma (1.4)
Validates Proposition (1.5)
Validates Lemma (1.7)
Validates Proposition (1.8)
Validates Proposition (1.9)
Validates Proposition (1.10)
Validates Proposition (1.11)
Validates Theorem (1.12)
Validates Proposition (1.14)
Validates Proposition (1.15)
Validates Proposition (1.16)

Validates Proposition (1.17)
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