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[ 379 ] 

X L  V I. The Application of Solid Hypergeometrlcal Series t~ 
Frequency .Distributions in Space. By L. ISSERLIS, B.A.  + 

[Plate VII.] 

w T H E  connexien between the frequency distribution or" 
Ak one variable character, and the hypergeometrical 

series is well known. I t  has been discussed exhaustively 
by Professor Karl Pearson in a series of memoirs in the 
Phil. Trans. from 1895 on, where a series of frequency 
curves are studied which may be described as parallels to 
the hypergeometrical series. 

In a paper entitled " On certain properties of the hyper- 
geometrical series, and on the fitting of such series to 
observation polygons in the theory of chance," Phil. Mag. 
1899, pp. 236-246, Pearson showed how to determine from 
a given frequency distribution the constants of the eorre* 
spending hypergeometrical series. The method of moments 
was employed, and the fitting of the series was equivalent to 
the statement of a problem of chance with a theoretical 
distribution of events similar to the actual distribution. 

Although much progress has been made with the study 
of the normal surface, no general theory of frequency 
surfaces analogous to Pearson's Skew frequency curves 
exists at present, and this paper is an attempt to make a 
first step towards such a theory by solving the problem of 
fitting a double hypergeometrieal series to a frequency 
distribution with two variable characters. 

w 2. The corresponding chance problem may be stated as 
follows : - -  

A bag contains n balls of which pn are white and qn are 
black ; r balls are drawn and not replaced ; a second draw 
of r' balls is made. This is repeated N times. If  N is a 
large number, the theoretical frequency of s black balls in 
the first draw and s' in the second is 

~ ( : ) ( : : ) ( q n L ( ' L , '  . . . .  ' 

(n)r+,, 
We may denote this by ~Nz(s, g), 

where 
[ ( t ~  ~ ' t ( h - - 1 ) ( [ t - -  ~ )  . . . (h - - ]~ . -b  1 )  

k! 
and 

(h)k-- - -h(h--1)(h--2) . . .  (h- -k+1) .  

* Communicated by Prof. Karl Pearson, F.R.S. 
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380 Mr. L. Isserlis : Application of Solid Hgpergeometrical 

The " fitting" of a double hypergeometrical series to a set 
of statistics, say the frequency of a certain ago of husband 
and a certain age of wife, in a large number of marriages 
will involve among the other things the determination of 
r, ~,', n, and q in the corresponding chance problem. The 
value of q and the ratios of ~, and r'  to n will be numbers 
characteristic of the particular type of frequency distribution. 

w 3. Let 

DJk--7,(h+l)(h+~)... (h+k--1), 
then 

( m )  ~+,, , ,  n 
8 8 + s '  �9 

If  we put 

--r-~=, - -r '=d,  --(tn=~, pn--r--r~ + l-~7, 
then 

(pn)~+,., [~G["']~' [~]~+.' 
~("' ~') = (~)r+,-,  ;TT'T[v],+,----7 " 

Let F(~, d ,  t3, 7, x, !/) denote the double hypergeometri- 
cal series 

~ [<.  [,.'3., [,G+ ~, . , j .  
�9 , '  , !  s ' !  [VJ,+,' 

So that 

s s') = (/on)(n),+,.,r+,, F(a, d, B, 7, 1, 1), 

or say =AFI (a ,  -/,/3~ 7)- 

w 4. We will begin by finding two partial differential 
equations satisfied by F(a, ~', fl, x, y) as a preliminary to 
the calculation of the moments of the series. 

s t l 

The coefficient of -!/ s'![~ ], '[Z] ~,[7] , ,  in F(~, ~', f}, 7, x, y) 

is ~ [ q . [ Z + r  = ~(o~, ,8+r v+r  *) 
,~ [ 7 + , ' ] ,  

= X~, say. 

Similarly write u = F ( s  + s, 7 + s, y). 
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Series to Frequency Dlstrlbntlons in Space. 381 

Then F(a,  a'~ B, % .vU) 

= Xo + X ~ ' - ~ "  ~ r ' v d(~,' + 1~/~(B* 1) o,  
�9 , , A ~  ~ . ~ ,  ~ i V c i ) ~ -  . . . .  

= Y0 + Y1 ~ , ~ :  + Y~ ~(~ + I )~(B + 1) ~. 
1 . 2  : ~ 4 + 1 3  "~'* . . . .  

or F = Z Xs,y*' = E Y.,Y. 
8' 8 - -  

Now F(a,/~, % x) satisfies the equation 

d~z 
x(i - ~ ) d ~  + (~--(~ + #  + 1).,:) it.~d~ -- ~ -  = 0, 

�9 5~X'~' ~ i ~  ... 4 i - ~ ) ~ Z  + ((v + , 0 - ( ~  + # +  J + i)~ ) - ~ ( ~ +  s')x,, =o 

~ul t ip ly  this by y"' and sum with respect to s ';  writing 
z for F (a, s  % x, y) we obtain 

~ "z (~ +13 + l )x) ~ ;  _at3z + ( l _ x) Es, ~v (X~,,r �9 ( 1 - . ~ , )  a ~  + ( ~ -  

-~Es 'X~,y ,r =0 .  

But ~j~-=z~s z~.~,y , 

"" ~"  - ~ ~:;~ + ( ~ -  r  ~+  1)'~) ~ - ~z" + ( ~ -  ~ ~-L#-~ / '  ~ ,~,~ ~yz - v ~  = 0; 

or finally z satisfies the two partial differential equations 

~ ' z + { 7 - - ( a + f l T 1 ) X } ~ x + ' q  x" ~ ' z - - a y ~ - - a / ~ z = O  x ( 1 - - x ) ~  ' :~k - ) ~ x ~  . (1) 

~ z  ~z  , ~ z  , , ,  ,, 
y(i _,~A b-~ + {,~- (=' + Z + i)} ?~ + ~ ( t - y )  ?=~ . - = ~ - ~ ,  ~ .= , ,  . (~) 

w 5. The moments of Fl(=, ai, B, ~'). We imagine an 
ordinate of magnitude z(s, s') erected at the point 

Cr ~ x=cs, y =  , where e, c' are constants to be determined in 
the fitting. Let V be the volume of the polyhedron of which 
the tops of the ordinates are vortices, i. e. a polyhedron 
made up of elementary prisms on base cc', and of height 
z(s, s'), and letpa, denote the (t, t ')th product moment about 
the centroid vertical, the elements of volume of the polyhedron 
being concentrated along the o~'dlnates. Let 2")'tt. be the corre- 
sponding moment about the planes 

~V--'~- --C, ~]~ - - C  t .  
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382 Mr. L. Isserlis : Application of Solid Itypergeometrlcal 

Thus V = cc'F1 = cc'EZA,, ,, say, 
P',e V = cc'Z2A~, ,,(s 4-1)t(s' + 1)%tc 'e. 

Let F(a, a', fl, 7, x ,y)=ZZA,, .  ,~y~' 

.and let Xt, t '= t?tCt'Xoo, 

h b ~vhere t?(u) = ~ (xu) and ~b(u) = (y~,), 

so that 

We have then 
V 

~nd. 

~vriting m ~ = a + B ,  " h ' = s  
noting that 7 - a - ~ ' - - f l - - l = n .  

(3) 

p ' . , V  = c~ J . ete't' (Xt,,, )x=v = ~, 

t t , ~ CfCCt, ~ ~' i t  o (4) 

Xoo satisfies the differential equations (1) and (2). 

bz bz 
X l o = S z = x ~ 7  ~ + z,  . ' . . v ~ = X l o - ~ o o .  

b z  

Similarly Y ~ = %ol- Xoo, 

xo~=by\ ~ + ~  5-~+~. 
Solving these equations, we find 

x ~ * =X~o-- 3Xio+ 2Xoo, 

Y ~ ---- Xo~-- 3Xol 4- 2Xoo, 

xy ~ =Xo~-- 3Xol + 2Xoo- 

Multiply equations (1) and (2) by x, y respectively after 
,~Tr ~ ~ ~ ~ , m~ =tt/3, and 
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Series to FrequencgD istrlbutlons i~ Space.  383 

The equations (1), (2) lead to the following : 

, oS~z 5 ~- ~z 5z ( 1 - , v . -  ~ + ( 1 - . ) . v  5 ~  + ( ~ - ~ i  + 1~) ~ - . . y  ~ - , . , . ~  = o, 

t - - y ) y  ~ y 2 + ( l _ y ) x y ~  + ( ~ l _ m i , + l y ) ~ Z  , ~ z  , ~, . 
--,~ x g ~  --m2 y z = u ;  

and substituting for the differential coefficients their values 
as above, we get the difference equations 

(1 --x)(U2o- 3Xlo + 2Xoo ) + ( 1 -  x ) [ X I I  - XOl- UlO 71-UO0] 

+ ( ,y - -  ;n l  + ix ) (X~o--Xoo)  - -  =x(Xol--Xoo) --m~XXoo = 0 . (5 )  

<:t - y )  (xo~ - 3xo~ + 2zoo) + (1 - y ) ( x ~  - x ~ o -  xol + zoo) 

-~- (~ - - ' n l  ! -~- ] V)(~){~O1 + ZOO) --a'ff(~)~'O - -  ZOO) - -?n: 'YXO0 = O. (6) 
Put x = y =  1, 
.'. (V--ml-.1)(XlO-UOO)l-C~(XOl-XOO)l--Yt, ,~(XOO)l = O  , 

(~[ - ,,Zlt - - 1 )  (~l~ol - Xoo ) l - . t  (Xlg - Xoo )l  - TI22t (XOO )l = O, 
,or 

Hence 

(~  - ,") (x,o) ,  + r (xo , ) l  = ( - -  ," + ,. + .~:) (xooh 

(,~-,') (xo~h +,"(X~o)~ = (,~-," +,"+,,~;)(xoo),.  

.o r  

pqo=~(l+ - ( ~ _ ~  )=~,,+rq). (7) 
Similarly 

p'ol=C'(1 +,,'q) . . . . . .  (s) 
These values agree with those found by Pearson (Phil. 

Nag. 1899, p. 238, eqn. 7). This must be true in general, 
�9 ~ o "  " / l l ~.e. the marginal moments plo, p2o, . . . p r o  must have 
the same values as Pearson's vl, v2, �9 . .  vt found for the single 
hypergeometrical series. 

For let 

S~-- A, o + A81 + A~:. . .  + A~e 

_ [ 4 Z # ] . ~ .  . . . . .  + D;ZcB, ,Es] , . , .  + . . .  
�9 ! b ' ] ,  * ! *'! [ v ] , + , ,  

[=],[#3, D'],,[#+4,, 
- +"} 

[ ~ ] , [ / ~ , ]  1I(,,/+ s - -  1 ) H ( , , / -  = ' - - , 8  - -  I )  

- ~! I v ] ,  n ( v - # - - 1 ) H ( v - r  
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384 Mr. L. Isserlis : Application q/Solid Hjpergeometrical 
which reduces to 

(n - - r )  ! [,z],,[/3], 1 
s ' = ( n - . ~ - r  ~! [~]~ [~+~]~, 

( . -~ . )  ~ i [=,].[~], 
- 0 , - ~ - r  ! [~],.,'~! [~,+r 

�9 '. p',o V=cc'[ So~'+ s1(2~)'+...] 
or tiSo'+ S1(2)~'+ S~(3)t+ �9 

p',o=~ ~ So+S~4S_~... .  ' )  
r_ ~( '2)  t ~(~ + i ) ~ ( #  + i)(3)' 
L '+  + 1.2.  + I )  +'" "]._ 

1 +  t .  (~,+r + . . . .  

Now our a ----Pearson's a, 

our ~ = Pearson's ~,  

and our ~/+ r '  ---- Pearson's 7; 

.'. our prt0=Pearson's yr. 
w 6. To find the higher moments and product moments we 

write equations (5) (6) in the form 

(1 - -  X) IX20 + X l  1 + '~IO('Y#~I - -  3) - -  X01 ('P -{- 1) + XO0 ('n~2 --'D'~1-11" 'P + 2) ] 

Jr (n--*')Xio + ~'XOl + Xoo(--  r--7112 -[- ~J - -  . )  = 0 (9) 

(1 -- ~) IX02 Jl- XlI -[- ~)~01(~"1 ' -  3) - -  ~)~10(' j ~- 1) Jv ~)~O0(?Tt2t - -  ~r~ ,! J~ p' -4- 2)  ] 

-~- (n--r)XOl- l-r t  XlO-{-Xoo(--~'--m2' + r - - n  ) toO, (10) 

or ( 1 - x ) e + Q = O  . . . . . .  0 1 )  

( 1 - - y ) R +  S = 0  . . . . . .  (12) 

No w 0 (~u) = ~ ( i  + ~) u, 

m ( ~ )  = 4i + 0)% 
o~(i -.~)u = [o~- (i + o~] ~ + (i -~)(i + e?~. 

6 ' , ( i - y ) ~  = [@~-  ( i  + @)~1~ + ( i - y ) ( i  + r 
~tnd . ' ,  

Similarly 

Hence 

e, , r  [ (z - .~) u] = [ ( x , -  (z + e),,],/,k~ + (z - . ~ ) ( 1  + e) ~,/,,,~ 
e,.C,k [ ( 1 - y ) u ]  -- [,/,~- (z + ,/,)~] e,~,~ + (1-~,) (1 + r 

... [8.h~Bk(l-- x )u ] ,=y=~:  { [9~-- (1 Jr 0)~] ~bku}~ (13) 
[~bk(1  --y)u] ,=,=i = { ~ - -  (1 + ~b) ~) ~hU}l, , (14) 

Also OXt ~, =X~+I,~', 4)Xtt'=Xt, t '+. 
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Series to l~:requenc# Distrib~dions in Space. 385 

Operating on each of equations 11, 12 with 0 and ~b and 
putting x = y = l  in the result, we obtain, since by (13), (14) 

[ o ( 1 - x I ' +  Q)]~= [ - P +  OQ]~ 

Lr  + Q]:= (r 

[O(l-~R+ s)],=(os), 
[ ~ ( : - - ~ a  + S ) ] ~ =  [ - - R  + ~S]~,  

the following equations : - -  

' X . 2 o _ X i l _ X m ( m i _ 3 )  4.Xo~(r+ l ) _ X o o ( m 2 _ n h  + r +  2 ) 
-[- (;I--9 )~)~90-~-9~)~11-{-~)(~lO(--T-}-~gt2-[- r - - ? L ) = O ,  , . . . .  ( [ 5 )  

(n-C))/::  +rXo~ + Xo: ( - r -m~ + r  =o,  . . . . .  (16) 
( 7 1 -  r )X l l  "t-~r ( -  7/--~lZZ' + r--~l)-----0, . . . . .  (17) 

- - X ~ 1 7 6 1 7 6 1 7 6 1 7 6  . (18) 
-{- ( '~-- 9")X02 "~9~/Xll + ) ~ 0 1 ( - - / ' " - - m  2 --~ ?'--9/)------0 . . . .  "/x--y--1 

Solving theso equations, we find after some reductions, 

(Xn~ = [(l+rq)(l+r'q)n--q(rr'+r+F)--l], (19) i 

Xoo/: n - -  1 

& o ~ _  1 [ n ( l + 3 r q + r ( r _ l ) q ~ ) _ l _ r ( r + 2 ) q ] ,  (20) 
Xoo/l n - -  I 

a~d these ~re the values of P'~_A and P'~-_2 
C(: ~ C 2 " 

We can transfer these to the mean, since p2o=p'~o--p'~o ~ 
and pll -----P'll--P'olP/lo �9 

The results are 

P~o = ~q(i-- q)(n--r) 
(n--i) ' 

c ' ~ / q ( 1 - - q ) ( n - - r  ') 
po2 = ( n  - 1 )  ' 

cc' rr'  q (1 - -q )  
Pli= 0 ~ - 1 )  

As shown in w 5 we may use Pearson's 
whence 

c~ qr ( 1 --  q) ( 1 --  2q) ( n - -  r) (n.-- 2 r) 
p~o= (,.-i)(.-~) , 

. . . .  (~z) 

�9 (22) 

. . . .  (~a) 

v~ for our P~o, 

(24) 

po3 = c'3qr'(1 - -  q) (1 --  2q) (n--  r') (n--  2r') 
( ~ - 1 ) ( ~ - 2 )  (~5) 

Phi l .  Mag.  S. 6. Vol. 28. No, 165. Sept. 1914. 2 C 
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386 Mr. L. Isserlis : Application of Solid Hypergeometr{cal 

To find pp~ and P~2 we again apply (13) and (14), and 
obtain 

[ q ) O ( 1 - x P + Q J ~ = [ - 6 P + O 6 Q ] , ,  . (26) 
[0(~ (1 - -  ff R 3t- S )~  1 =  E- -  0 R  -3!- 0(~S] 1 , ( 2 7 )  

leading to the equations 

I +(n--r')X~l+rxlp+Xn(--r--mp-l-r'--n)~---O. (28) 

x = ~ = l  --~12--X~-l--~,1(m1'--3) +Xpo(r"4- l)--X,o(mp'--ml' +v' + 2) 
+(n--r)Xx2+r'x:14.Xn(-~'--mp' +r-n)-----O. (29) 

These equations are equivalent to the following for the 
~g r a w  ~; ] Y l o m e n t s  

c: c ,P'~l(n--r' -- 1) + ~ ( r - - 1 ) - - - u  P n.ccc, L* ' - -n+ 3+qn--rqn)+ ~ ( r +  1) 

- -  P'~ (r'qn + qn + 2r' + 2) = O, (:30) 
C t 

' _ _  p'2o (r' + 1)  p'21, , ~ , _ p L : ( n _ r _  1 ) + P ' n  ( r - - n + 3 + q n - - r ' q n )  + 
C2C! ~ - -  .1_) __ r 2 CC ! 

p'~o (rqn+qn+2r+2)=O. (:31) 
C 

~ow if d =  (1 + rq)c, d'----- (1 + r'q)c' denote the position of 
the mean, the raw moments can be expressed in terms of the 
moments about the mean by means of the equations 

P'~ = P~ + 2dpl~ + d ' P 2~ + c{'d 
p'a~ =pl~ + 2d'px~ + dpo2 + dd '~ [ 
P':: =Pn + dd' 
P'o~----Po: + s 
p':o =io~o + d ~ 

Makin.g these substitutions 
rearranging 

o 
I 

J 
(3~)  

~ d '  n - - r ' - - i  r + l ' ~  

-{-2911 2 ( ~  ( n - - r ' - - l ) +  2d~-'cc,~ ( v - - l ) +  ~"--n+3+qn--rqn)cc, 

+ dPd"c.%r (n -- r ' -- 1)-" + dd'2 ( r - - l )  + c c , - - ~ .  z dd~(r'--n+3+qn--~qn)+cc-~- d" ( r+  1 ) c - - -  ~ 

- -c , ( rqn+qn+2r+2)=O,  �9 . . . . . . . . . . .  (33) 

and a similar equation'with suffixes and accents inter-changed. 

in (:30), (31) we get after 
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Series to Frequency Distributions in Spate. 387 

Put t ing d =  (1 + rq)c, dr= (1 + r'q) c', we obtain after some 
reduction 

J'~'~ v~-," ' - n  + P'~ ( r - n + L ~ ( l + / q ) ( ~ - / - 1 ) +  ;P,~ + ~ - l q )  

+ J~ ~ q(,,,.- 2, . -  2 / +  n) + (,,-- 1)--,.' + "2r] 
(,'C ~ -  

- (1 + / q )  ~r(L - q ) ( .  - r - / )  = o, (3.4) 

P~-" ( , , , -  r - 1) + ~2~,, ( / - -  1 ) -4-. po~__ (1 + r 9 ) O ~ -  r - 1) + V:o7 ~'-''~ C(/2 C t2 

+ P'--~ [q( , ,~ ' -2, . ' -2~ + ,,) + ( i , -1 )  - r +  2 / ]  
C 6  ~" 

- -  (1 + rq)q/(1 - -  q) ( n - -  r - - / )  = O. (35)  

We now substitute the previously obtained values for 
Ps0, P02, Yll, and after some more reduction obtain 

~)2~1' (n _ r _ 1) + cc '~pl~ ( r - -  1) = re'q(1--q)(1--2q)(n--~'--r -- 1 " (36)  

p_2_, 0 " -  i )  + -p*= ( n - - r - - l ) =  -- r / q ( 1 - - q ) ( l - -  2q)(n- ~'--/) (37) 
C'2C t CC t2 ~1, - -  1 

Solving these equations we find 

c%',',.' q(1--q)(1--  Zq)(,,-- 2,') (38) 
Wl= - ( ~ - 1 ) ( , , - 2 )  

cc",.,.'q(t-q)(i-eq)(,,-2/) (39) 
P~ = - (,~ - 1) (,~- 2) 

Four  additional marginal moments will be required~ these 
,can be deduced from Pearson I. c. : 

c~,.q(1- q) (1-  ~q) (,~-,.) (,~- 2,.) (40) 
p~o = (,~_ ~) (,~_ .~) . . . . . .  

c%'q(1-- q) (1 --2q) (n--,-')(n ~ 2r') (M) 
2 ~ (~,- i) ~,~-  2) . . . . .  

r'z"(l+ 3qi-q r-:~) 1 c4q(1--q)(n--r) 
] + , ~ ( a q ~ , . 6 - : ; + l - ~ , .  (,t2) 

P~~ <,z--1)(u--~)(~--3) L + 6, ' (1--3q1~) )J  

c,~q(l_q)Oz_/) /,~'(1 + 3(/1- q r } 
.p0~= (~-1)(,~-2)(,~-3) J +'<3~g:-- q/d:7'~+ i -  6/) (43) 

+ 6/'(1 -aq~ Z~q) 
2 0 2  
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388 Mr. L. Isserlis : Application of Solid TIjf, ergeomet~'ical 

I f  the values for the moments be examined it will be seen 
that  a frequency distribution is not hypergeometrical in type 
unless certain conditions are fulfilled. For  example 

io~1 p:o iOo3 -- i~ iVo~ Pso . . . .  (44) 

Po2 P2o psi Pl~ = pli: po3 p~o . . . .  (45) 

Other identities will appear later. This explains why we 
have to use more moments than there are unknowns to be 
determined. 

w 7. The solution. 

and let 

From (21), (22), (23) we get 

1 _ V~opo~ _ ( ~ - s O  ( , , - r  

and using (38), (39) 

Let p denote the correlation so that 

p ~ = - P ~  - . . . . . . .  ( ~ 6 )  
P~o Po~ 

X~__ P~o P12 ~ (47) 
--p~o p:12 . . . . . . .  

. . . .  (~8) 

~ - ~ ( . -  2,%'~ (49) 
x~ = ~ ~-{- r' k ~:- 2r] . . . . . .  

Put  ~ _ 1 = $ ,  

and 

whence 

n _  1 ~, =V, then 

~ V = ~  . . . . . . . .  (50) 

~(~-- Z)~ -3 . . . . . .  (51) 

1 + pX . . . . . . .  (52) ~= p(p+X)' 

X being taken of the same sign as p. 
Equations (50) and (52) give $ and V. 
Next from (21), (22), (40), and (41) we have 

~.~ = (1 -2q ) ,  ~ - 1  (n--2r)~ 
p~o 3 q(1--q) in--2) '2 v ( n - r )  

pea ~ _  (1--2q) ~ n - -1  (n- -2r ' )  ~ 
po~* - ~ l - q )  ( ~ - 2 )  3 r 1 6 2  ' 

, (53) 

(5 i )  
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Series to FrequencTj Distributions in Space. 389 

while from (38) and (39) 

~,~,: ( 1 - 2 q ) :  , , - 1  ( . - 2 , ) ~ '  
p:o'~po2-- q(1--q) (n--2)  ~ ( n - r ) ~ ( n - r  ') " (55) 

p0.. p~o ~ ( i - q )  ( n - 2 ) '  (~-~')~(~-~) 

These last four equations involve three more identities as 
we have four values for the product 

(1--2q): ( n - - l )  
q ( i - q )  0~-2) ~. 

The best value of this quantity which plays an important 
part in the numerical fitting is found from (55) and (56) 
which involve the body of the table, and we shall take 

(1--2q) 2 (n- - l )  _ P12P~1~I2V312 ( 5 7 )  

which is obtained by multiplying equations (55) and (56) 
and writing as is usual a and a'  for v/pT0 and x/PoT2. 

I f  we remember that  p=p11/acr' by (48), we can write 
(57) in the form 

(1--2q) 2 ( n - - l )  p21p12 =t~, say . (58) 
q ( l  - q) 0~-'a)~ - p ~ ( ~ -  1) ( v -  1) 

These identities necessitate the use of higher moment~ for 
the determination of n. 

For  this purpose we use (42), (43). 
Following the usual notation we write 

fll=Pa~ /~2=P4- o, 
p20 a' p~0 ~ 

ill '  =P-~ /32' = p 0 ~ ,  
p0~ a ' p03 

and as in Pearson's paper write 

e=n(n--r)(1--q) 1 
g = , ,( ,~-, . ' )  ( ~ - q )  

~.~, =~.,q~, }- 

zl----~ + j 
z 1 + r'qn 

so that -- n -- r ~ and-= = _ n~- -  r '  

. . . . .  (59) 
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390 Mr. L. Isserlis : Application q~ Solid t-Tsupergeometrica[ 

Hence (21), (22), (40), (41), (42), (43) give 

~F r (3n-6)] =,~4+~+6(:,~-~.~1) . (60) 

z ~ i  (~_2)~,~_1 _ n 4 + 4 ( ~ ? - ~ )  . . . . . . . .  (61) 

z~ B2 n -  1 

(6~), 

Eliminat ing zl, zl' we obtain 

z~L3BI  - h - ~ i  . . . .  ~ -  1 - -  + 6 n -  

But z~' r ' n - - r '  is known from (50), (52) ; 

3 B , ( ~ - 2 )  - 2B , ( , , -  3) + 6 ~ - 6  (65) 
"'" 3 ~ , ' ( ~ - ' - ) ) - 2 Z 2 ( n - 3 )  + 6 . -  6 = ~  

n_6_{ '/(~1'-- ]~2' "4-1) -- (~ 1 - /~ - t -  1) } (66) or . . . . . . .  .----, - -  ~ - . - . ,) t. 7 ( 3 ~  - s ~  + ~) - ( 3 ~ , -  ~ . ~ +  6) 
n being known, q is given by (58) since 

(1--2q)  2 ( n - 2 )  ~ . 
~q(1--qi =o ~ _ ~  

The values of r and rr are given by 

n ! n 
~ = ~ 4 - i ,  r = ~ -  

Equations (21) and (22) will give c and c' and (7), (8) will 
give the position of the mean. 

Le t  N be the total number of observations, then to obtain 
the various ordinates of the hypergeometrical  f requency 
polyhedron we must take the various terms of 

~ ,n ) r+r ,  s t \ ~ / "  ~ /  

which is equivalent to the double series AF,  (a, ~', ~, ~/)of w 
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Series to Frequency Distributions in Space. 39I 

w This solution fails for symmetrical distributions. 
If r-~r', it follows that $=V and from (64) that 7 = 1 ,  so 

that the value of n given by (66) becmnes 

(BI'-B:' + !) - ( t ~ l - ~ +  1) ) 
n ~ 6  (67) 

t ( a ~ , ~ - ~ ' T ~ ~ 6 )  S " " 
Now for nearly symmetrical distributions /~1 would be 

nearly----/~l' and B~=/~', so that it would be the ratio of twc~ 
very small numbers and liable to an exceedingly high error;: 
in fact n is quite indeterminate in the exactly symmetricat 
c a s e .  

In this cast, however, the solution can be completed by 
the use of marginal moments alone, and the formula given 
by Pearson for n (eqn. 32 1. c.) can be adopted. In fact let 
18a = Pso/P3oI)2o, /3a'= pos/Poo.poa, we must have approximately 

4fia'-- 10/~' + 6/3t' + 2 4fia-- 10/~ + 6/3~ + 2 
~ ' - 4 5 , '  + 35,' + ~ = - ~ - - - 4 ~ ;  + a ~ i u  =n" 

We may therefore use 

_ . / g z = ' 7 ~  ioz~' + 6z, '+ 2)(4Z~- 10V,+ 6~, +'2) 

The other constants can be determined as before, or if we 
are at an early stage of the calculations convinced of the 
symmetry of the distribution, the heavy work of calculating 
the product moments may be omitted and the whole solution 
carried out by Pearson's method. 

I t  may be observed that the solution by marginal mo- 
ments only can be used even in unsymmetrical cases if (68) 
is approximately true. On the other hand, the higher 
moments being subject to very high variations in individual 
samples, a more accurate fit is to be expected from the use 
of p=,,pl~,pn than from ~a, ~a' which depend on ps0, P05 
and which replace these moments in the " marginal" 
solution. 

By whichever of the above methods n is determined, its 
probable error, since it depends on the higher moments (the 
fourth or fifth), is much greater than the probable errors 

r ~'! . 
of - ,  - m  the determination of which no moment higher 

9t n 

than the third is employed. The quantities q, c, c r are 
derived from , and are subject to similar variations. 

w Another solution involving no moments higher than 
the third can be obtained for distributions of discrete 
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392 Mr. L. Isserlls : Application qfSol id  HyTergeometrlcal 

variables where we know a priori that approximately 

Let  us assume that ccI=1. Multiplying equations (21)7 
(22) we have 

( n  - 1 ) ~p2opo~ 
O t _ r ) ( n _ r , ) r r ,  q~( l_q) ,  z -- 1, 

(n--  1)o'o" 
or q(I---q) = ,~ f f (n- -r ) (n- -r ' ) rr '  " (69) 

Now from (58) wo have easily 
1 

- -  , ~ . . , 

q(1- -q )  4 + 0 ( ~ )  ~ (70) 

n n for r, r' in (69) and equating Substituting $ +  1 '  v + l  

the two values of q(1--q)  we find 

[4 (n-- 1) + O in--  2)2-1 o'a' = n:~/~-~ / (~ + 1) (, + 1). 

1 
Or, since ~ , /=  p~, n is given by 

4 ( . -  1) + o ( n -  2)  2 - ,~.o 1 p ~ '  (~:+ 1)(n+ 1)" (71) 
:Now p .-~- pn/O'cr'. 

Hence if 1/r  = p ~ ( ~ : + l ) ( v + I ) ,  . . . . (72) 

~(0-r + 4 0 - 4  = o .  (73) 

The rest of the solution follows as in w w and 8. I t  is to 
be remarked thai; this solution applies to symmetrical dis- 
tributions as well. For convenience in numerical applications 
a tame is appended, giving the various constants in the order 
of calculation. 

w nmnerical application% we begin by 
calculating the moments about some convenient origin and 
transferring them to the mean by the fornmlm : - -  

.Po2 ---- p'oe--/)'ot2~ 
Po3 = P'o3-- 3p'o2~)'ol + 2p'ol 3, 
1'o4 ---- p'o4-- 4~V'oap'o~ + 6p'o2Pto12 - -  3jDtO14, 

Po~ = P'oa-- 5p'o4P'o, + lOp'o3P'o~ 2 -  lOp'o2p'o~ 3 + 4P'o1 ~, 
1)11 = P'n--P'olP'Jo, 
2)21 --= _P'~l--p'20P'01-- 2p'11p110 + 2p'10~p'01, 

and similar formalin obtained by interchanging the suffixes. 
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Series to _Freque~c~ Dis tr ibut ions  in Space.  393 

For all three forms of solutions we calculate 

= , / } 2  ~' = ,/~, 
p ~ 2~11/0"0 "r) 

X ----- O'pl2/OJp:l (o[ same sign as p), 
1 

= ( l + p X ) / p ( p + X ) ,  rl = p~, 

e = p~ip~o.lp~(~- i)(,7-1). 
n is deternfined by the methods of w 7, 8, and 9 by the group 
of equations A, B, C, respectively, 

~l.-.~pao/p,):, t ~ l '  ~-/O032//'O023 , "~ 
| 

V = ( l+~)= , / ( l+v) '$ ,  }- (A) 
I 

,~ v ( ~ ' - ~ ' +  1)-  (Z~-Z~+ 1) ] 
(~ - -  " / ( 3 f l 1 '  - -  2 /92 '  --}- 6 )  - -  ( 3 / 9 1  - -  2 /92  + 6 )  .J  

/93 = Pso/po.oPso, /9a' = Po~/Po~Poa, 

(4/9a-- 10/92-{- 6/~1 q- 2)(4~a t -  10Fp' -k 6/91' ar 2)}" (B) 

1/(/) ~--- ./)11 (~'~- ~) (, "{- 1), } 
, , ' ( e - - r  0 (C) 

l lq(1-q)  = 4 + e(,~-2)V(,~- 1) 

, . =  ~ / ( e + l ) ,  ~ ' =  n/(~+l). 

C ~ -  C r - -  

v6 .~ ,~ - , . )~ (1 -q )  v6 . ' u~ -v )~ (1 -q )"  

Equations (C) will in general give the best value of n 
when they are applicable, since She errors of the lower 
moments are less, but they may fail to give a real value of n. 
This is due to the fact that it is not always possible to fit an 
arbitrary distribution with a hypergeometric series on the 
assumption ec' = 1. 

(A) and (B) on the other hand always give a real n, for 
right-hand side of (B) mnst always be positive, as the 
equation is only used for symmetrical distributions. 
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394 Mr. L. Isserlis: : Application of Solid Hypergeometricat 

w Example 1. 
As a first numerical example we will take the following 

table : - -  

0 1 2 3 4 

4 

- - " T  36 

12 54 36 

-7-2-7 
[ 

0 �84 

1. 

2 

3 

This table is the theoretical frequency distribution of black 
balls in a draw of 4 balls followed by one of 3 out of a bag 
containing 4 white and 6 black balls, the draw being repeated 
210 times. 

Taking moments about (0, O) we find 

T'lo = 2"4, P'~o---- 6"4, t)'3o=18"4, p'~o=56"1143, 
t ~ )r . P / m = l ' 8 ,  Po~ =3" , I oa = 8  8, p'o~=21"8, 

P t l l - - - - ~ 4  , p '~l= 10, 2~12=8. 

Transferring to the mean at 2"4, 1"8 we find 

p2o = '64 ,  23o= --"032, _,%o = 1"1254857, 

_po~ = '56 ,  2)03= -- '056, po~='8192, 

l ) n =  -- '32,  p~t='O16, pr~='032.  

Whence we obtain 

0 = - - ' 5 3 4 5 ,  /3l= "00390625, /~1'= "01785714, 

t9.=2"747768, /32' =2"6122449. 

The formulae of w give 

X-=-2"138, ~-=1"5, V=2"3333,  7 = ~ ;  

so that, if  we use 

= g, 7(~, '  -- ~2' +1 )  -- (/31-- /32 + 1 )  
+ ( 3 Z l -  + 

16"741074 
we find ~, -- -- 10. 

1"674106 
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Series to Frequency Distributions in Space. 395 
3 

Hence r = 4 ~  r'----3, O =  
128' 

and . (1--2q) 2 1 
�9 " q(1--q) = (i' so that q = ' 6  or "4. 

We take q = ' 6  for equation (41) shows that  since pz0 is 
negative q >p.  

From (21) and (22) we find c = c ' = l .  
Finally 

N 210 1 L X =  
~<,~-- i ) ( n - -  2 ) . .  (,~ - -  ~'-- ~" + 1 )  - -  i0"  9 . . .  5"4 - -  288(~ ~ 

.'. the given table is equivalent to the series 
1 2 a ~  F ~  

2680 ~ ~, 

2gumerical Example 2. 
The following table, based on the Registrar General's. 

report for 1910, gives the distribution according to ages of 
the 233,232 bachelors and the same nmnber of spinsters 
who intermarried in 1910 and whose ages were stated. 

Taking an arbitrary origin at 22"5 years of age for eaeb 
sex, we obtain the following values for the raw moments : ~  

P'io----"5227798 p'oi = "8860797 p ' n = l ' 0 7 5 5 6 6  
p'20= 1"1860516 p'o2= 1"888826 p'21=2'7207547 
p'3o=2"8226710 p'03=3"343313 p'n=3"1404579 

p'40= 10"5105716 p'0~= 22"63546 
Thus the mean age at marriage of spinsters Is 25"113901 

and of bachelors 26"93040. When transferring to the mean 
we diminish p20 by -1\i and P~o by �89 to allow for the 
grouping of the material (c/: W. F.  Sheppard, Proc. Lond. 
Math. Soe. vol. xxix. pp. 333-380). The moments about the 
mean are : - -  
P~0----- "8294195, p0~=1"020356, pu  = "612341, o'----'910725, 
p.~o=1"2482896, po3=1"9137522, p2i=1"0295785, ~r'----1"010126, 

P~0 = 5"9016221, 2)0t= 9"3141106, Pn = 1"067845. 

The distribution is decidedly unsymmetrical.  We will 
first attempt a fit by moments of 3rd order. 

The constants are as follows : - -  
p= '673016,  X='935105,  ~=1"505454, V----1"46650, 

0=20"308, 4)='26427 ; 

whence n "2- 3"8532,~ + 3"8532 = 0, 

giving an imaginary n. Thus it is impossible to fit this 
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396 Mr. L. Isserlis : Application of Solid Hypeweometrical 
table with ~ series whose terms are spaced equidistantly with 
the entries of the table. 

I 

l 

I 

i 

1 
C~ 

I 

I 

l 

c i  

I 
C~ 
@I 

l 

@I 

, . , - i  

c,[ 

I I I I I I F I I I I I I 

�9 s . lOlOqOu ~ 
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Series to Frequencj Distrib~etlons in Space. 397 

I f  we comple te  the  solut ion by  means  of equa t ions  (A) 
we find 

f~ t=  2"730913 ~t'----3"44769 ~ = 1 " 0 0 5 1 3  
~2----8"77876 / ~ J =  9"13828 

n = 1"4888 
q='0745 

---- "59422 

~,,__.60362 
c = 3 " 3 2 5 9  
d = 3 " 6 7 9 3  

The s t a r t i n g  po in t  of  the  series  is a t  c(1 +~'q) to the  l e f t  
and  cr(l+rrq) above  the  mean  oC our  tab le ,  i .e . ,  a t  age  
12"7474 for  sp ins te rs  and  12"7079 for bachelors .  

55~umerical Example 3. 

The  fo l lowing  ~able g ives  the  actual dis t r ibu t ions  in  25,000 
deals  of  the  t r u m p s  in the  first  two hands ,  in whis t  wi th  
o r d i n a r y  shuffl ing ~ 

D i s t r i b u t i o n  of 25,000. 
First l:Iand. 

I 0 1 2 3 4 5 6 7 8 

I 
0 3 22 I 

1 5 43 159 

2 20 183 746 

42 360 1451 

54 542 1588 

45 378 906 

6 34 166 312 

7 10 47 69 

5 [ 2 9 8 

. 3  

~ 4  
g 
m 5 

38 76 

38O 531 

1458i1590 

2297 2059 

2048 1497 

I 

65 26 i 12 

i 

358 I 153 54 
I. t 

926 323 49 

934 222 34 

505 101 14 

926 506 139 25 3 

255 96 21 2 

34 16 2 

4 

4 246 

4 1687 

7 5302 

4 7403 

1 6350 

2928 

886 

178 

20 

215 1724 5262 7440 6371 2950 852 166 20 25,000 

* Unpublished material of Professor Karl Pearson. 
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398 

Arbitrary origin at (3, 3) 

p':o = "24944 
p'2o= 1"72352 
ff~o = 1"64960 
P'4o= 9"11360 
p'5o= 17"10464 

Mr. L. Isserlis : Applicat ion o f  Solid Hypergeometrical 

fro: = "25048 
P'o, = 1"74592 
p'o3= 1"68592 
p'o~= 9"41008 
p'05= 17"64208 

p'~1='020404, 

Mean at x =  3"24944, 

Transferring to mean 

p~o= 1"66130 po:= 1"68318 
p3o ='39094 po3='40545 
p4o=8"0995 jOo4= 8"36635 
/%o = 6"5004 Po5 : 6"7460 

p' :2='02244,  p ' : : =  --'49036. 

i f=  3"25048. 

/3:='03333 /3,'='034462 
/~ = 2"9347 /~J =2"9530 
/~3 = 10"009 ,~ /=  9"8864 

p~a= --'13242 
p:~= --'13611 p =  --'2559. 
pn= --'42788 

X=--1"02152, $=3"8588, V=3"9570, 7--'9878. 

Using the value of n for a symmetrical distribution 

. / ( 4 p ~ -  lO~ + 6p: + 2)(4B3'- lO&' + 6~:' + 2) 
n = " V  (-t~? ~4-4fl,J ~ 1 3 i '  + 2)(/33 -- 4fi~+-'Jfi~-+~)2) = 49" 161. 

we complete the solution by equations B and obtain 

r=10"117, r'=9"9159, q='25557, c=1"0319, c'=1"0465. 

If  we determine n from moments of the first 3 orders by 
equations (C), we obtain 0 ='027218, ~b ='097035, so that the 
equation 

(0 - -  r  ~ + (4  - 4 0 ) n - -  ( 4 - -  4 0 )  = 0 

becomes 

giving 

n : -  55"737n + 55"737 = 0 

n=54"723 
q='24485 
r=11"263 
r ' =  11"040 
c='99436 
c r = 1"0090. 

The starting point oFffiis semes is at ('487, "486). 
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Series to F~equency Distributions in Space. 399 

The various terms of the double series are given by 

[When r + r' is not an integer the value of Z (s, s') given in 
.w 7 is written in the form 

N(pn)r+,, \ s ] \ s  / 
- a  

(,~),%, [ p ~ - r - r  + i].+~, 

The factor N~(-Pn)~§ can be evaluated by Gamma Functions (~);.+,., 
.or by treating it as a constant which is to be determined by 
�9 equating the total of the calculated values to N. Gamma 
functions were employed to obtain 5"897.] 

In comparing the actual frequencies with the theoretical 
frequencies deduced from this formula, we must not forget 
tba~ the starting points are different. 

In the annexed table the actual frequencies are given in 
small type, the calculated terms of the series in large type. 
They cannot be compared directly as the start of the 
theoretical values is at ('487~ "486) and the c, c ~ differ 
slightly from unity. 

Some idea of the goodness of fit can be obtained by an 
examination of the model of which photographs are given 
in P1. VII .  

The white rectangles represent the actual frequencies, and 
the black the calculated ones. The theoretical frequencies 
interpolate with the actual ones in a very continuous manner. 
This is particularly noticeable in diagonal sections where 
theoretical and actual frequency ordinates are very nearly 
eoplanar. 

w 12. When the starting point of the double series is 
known a priori, the solution admits of much simplification. 
Consider the case of discrete data, like the whist table, 
where (with perfect shuffling) we would expect the starting 
point to be at (0, 0) and c = c '=  1. 

Let m, m' be the means of the actual data. 
From (7) and (8) we obtain 

c(l +r~) = c + m ,  
d(1 + r'q) = c' + r'~*', 

or r q = m ,  r 'q=m'  . . . . . . .  (74) 
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By (21) 

and by (24) 

Applicatio~t o/' Solid Hypergeometricat Series. 
.,(1 -q) (w- , , , )  

p2o = q ( ~ -  1)  ' 

401 

. , (1-  q ) ( t -  2q)(,~q -, , ,)( ,~q- 2,,,) 
p ~ o -  q~i,~-l)(n-2) 

These equations lead to a quadratic for q, 

_ - -  ~ ~[-,,p3o p~o P3o ] q2F2P~~ 2 p3~ + 7 " - -  -- 4p2o + 2 3 ~  
- m P:o [- p2o m m p~o 

(75) 
I,,,- p20  

A similar quadratic can he obtained from tile other 
marginal values. If q, 9' are tim "r of q obtained from 
the quadratics we may adopt v/qq ~ for the value in the 
fitting ; denoting this by Q, we have 

77~ ?)I. I 

and n is given by (23), since 
~ " q ( 1  - q)  

T11 . . . . . . .  ~5---l-- " 

A simplified solution of this character in which a prlori 
values are assigned to certain constants has to be employed 
with great care. In the case of the 25000 deals at whist 
(ordinary shuffling) dealt with above, ghe two quadratics 
tire 

q~--'62330q+'11628=0 and 9"~--'61221q+'11217=0. 

Both have imaginary roots. It is thus impossible to fit this 
table with a double hypergeometric series whose start is 
at (0, 0). 

It  is a matter of interest to observe that the roots are 
imaginary because P20 and P0~ have values 1"66130 and 
1"68318, differing by about 10 per cent. from the corre- 
sponding theoretical value 1"8640 deduced from the theory 
of chance on the hypothesis of perfect shuffling. The effect 
of the faulty shuffling is to dinfinish the " standard 
deviations" in the table, i.e. to crowd the table closer to 
the mean values. There is a deficiency of high frequencies 
and of very low frequencies, so that the actual table cannot 
be fitted with a theoretical double series which allows for the 
occurrence of " no t rumps"  in the hands of both partners. 
I t  will be observed that the general solution of the preceding 
paragraph gave a start at about ('5, "5). 

Phil .  May. S. 6. Vol. 28. No. 165. Sept. 1914, 2 D 
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402 Application of Solid Hypergeometrical Series. 

w 13. Note to Phil. ]Vlag., Feb. 1899, pp. 236-246. 
In fitting a hypergeometrical series to a frequency polygon 

~)v the method described in Professor Pearson's paper, certain 
a~nbiguities of sign may be removed by the following con- 
siderations. The terms of the series (1) are the chances of 
uelecting 1, 2, 3, &c. black balls out of a bag containing Tn  
white and qn black balls in a draw of r balls. By equation (2) 
ml- - - - - - r -qn  must be negative, also in the real case 
r < p n  or qn .'. - - m l < n  and a is .'. numerically less than ft. 
Again, by (22) e = n 2 + n m l T m ~  .'. in general ~>m~. By 
(23) v / ~ = ~ / ~ - ~ - i ~ ( ~ , - - n g / ( n - - ~ ) r  but ~ / ~ = , 3 1  ~ 

~ -  according where ~r is the positive sciuare root of/a~, .'. z~ > 2 
:as/~ ~ O. 

Hence (34) should be written 

- v  ~ ] '  
~he + sign occurring when /za~0 and the -- sign when 
/~a~0. 

(35) becomes:--m~, e are roots of ~2~Z1~+ z2~O , ~ being the 
#reater root, and (37) becomes a,/~ are roots of ~ - -  ml~+ m2---- 0, 
:where o~ is numerically less than 1~. 

As an illustration we may apply the formulae to the series 

1 + 2 4 + 9 0 + 8 0 + 1 5 ,  

which is really F ( - 4 ,  - 6 ,  1, 1), i. e. we should obtain 

a-------4, f~-~--6, ~/=1,T----0"4, q=0"6, r---~4, n----lO, c--~1, d---2"4. 

We find 
vl - 2"4,/~2 = '64,  ~a---- --'032,/z~---- 1"1254~./~5= --'21961+. 

fl~1----'00390625,/92= 2"747768,/~3= 10"72321. 

~vhence (32) gives 
4B~- 10B~ + 6B~ + 2 

=10.  n = - B 3 -  4B~ + 3fll + 2 
From (33) 

~3(n-- l) 
~ =  4 ( n - l ) + 2 ~ ( n - - 2 ) - - ~ n - -  ~) =57~. 

~he minus sign corresponding to the negative value of /~. 
Thus z~ ~- 48. 
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Surface-tenslons of Liquids in contact with Gases. 403 

By (35) in~ and 6 are the roots of 

~"--zl~*+z2=0 or ~--48~'+576----0, 
,so that m~=~----24. 

Using (36) 

m l=  -- 10, 
n 

and ~,/9 are given as roots of 

~--nh~*+m~=0 or ~ + 1 0 ~ ' + 2 4 = 0  
by (37). 

Since a is the numerically smaller root, a =  --4, /~---- --6. 
The remaining constants are now given without any 

ambiguity by (38) to (41), viz.: 7 = n - ' - a + / g + l = l ,  

__ - = 7 - ~ - I  r = - - ~ = 4 ,  q =  /9 "6~ p =  --'4, 

c = n , v / ~ ' 2 ( - n T 1 ) = l  , and d=~em2=2"4"n 

*fhe Series 
F ( - -3 ,  --6, 2, 1 ) = 7 + 6 3 + 1 0 5 + 3 5  

leads to n=10 ,  z2=504. The neg~ttive sign is required in 
the a|nbiguity which occurs in the determination of zl since 
/~3<0. eandm are Riven by ~ - - 4 6 ~ + 5 0 4 = 0  and ~ must 
be taken =28,  m~=18 since e>In2. The equation for ~,/9 is 
found to be ~*u+9~+18----0, so that a = - - 3  a n d / 9 = - - 6  in 
accordance with the rule I al<lf~l .  

The effect of this note is to make the fitting in the paper 
rei~rred to determinate and unique. 

The author wishes to express his gratitude for much valuable 
.advice and kindly encouragement received from Prof. Pearson 
,during the preparation of the present paper. 

XLVI[ .  On the Surface-tensions of Liqulds in contact with 
different Gases. By ALLA~ FERGUSOG B.Sc. (Lend.), 
~|ssista~d-Lecturer in Physics in the University College of 
,North Wales~ Bangor*. 

~[~I-IE question of the effect of the nature of the super- 
JL incumbent gas on the surface-tension of the liquid 

with which it is in contact does not appear to have been very 
,exhaustively investigated. The only experiments with which 

* Communicated bv Prof. E. Taylor Jones. 
2 D 2  
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