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Abstract

The aim of this paper is to define the concept of modular fuzzy metric-like space by combining
of modular-like metric space and fuzzy metric-like space. We give examples and propositions
to approve the importance of this new concept. Fundamental notions containing convergence,
Cauchy sequence and completeness are carefully defined. We also demonstrate that, in a
modular fuzzy metric-like space, the limit of the convergent sequence may not be unique. The
fixed point theorem is proved, expanding the classical findings to this space. The applicability
of fixed point theorem is shown through an example, expressing both theoretical potency and
practical benefit of the proposed approach.

Keywords: metric-like spaces, fuzzy metric spaces, fuzzy metric-like spaces, modular-like metric
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1 Introduction and Motivation

The basis of metric space theory were laid more than a century ago by Fréchet [13] and Hausdorff
[16], centered on the notion of distance between any two points in a set. In 1922, Banach [2]
introduced what is now known as the Banach’s fixed point theorem or the Banach Contraction
Principle, establihed within the setting of metric spaces. Later, Amini-Harandi [1] gave the
concept of metric-like space and proved corresponding fixed point theorems, supported by
illustrative examples that expressed the structure. Further developments were made by Hosseini
and Fosner [17], who introduced several related notions for metric-like spaces, including equal-like
points, cluster points, completely separate points, as well as definitions of distance between a
point and a subset and between two subsets in a metric-like space.

Fuzzy set theory, introduced by Zadeh [26], has since become a widely studied area across
various scientific and applied disciplines. The definition of fuzzy metric space was first given by
Kramosil and Michélek [19]. Later, George and Veeramani [14, 15] modified this definition to
gain the result that the formed structure generates a Hausdorff topology, thereby strengthening
and expanding the practicality of fuzzy metrics. Based on these developments, Shukla and
Abbas [25] introduced the concept of fuzzy metric-like space generalizing the concept of fuzzy
metric space of George and Veeramani, and proved several fixed point theorems in this more

comprehensive space.
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Nakano [21] first introduced the definition of modular, a concept later further developed
by Orlicz [22]. The concepts of metric modular and modular metric space were presented by
Chistyakov [4, 5] in the course of building the theory of these structures. According to Chistyakov
[7], while a metric on a set measures non-negative finite distances between points, a metric
modular is given to describe non-negative, possibly infinite-valued, velocities. Some of his results
appear in [6], and his fixed point theorems together with their applications are introduced in
detail in [7]-[10]. An exhaustive compilation of Chistyakov’s contributions to metric modulars
and modular metric spaces was later provided in [11]. Mongkolkeha et al. [20] established and
proved existence theorems of fixed points for contraction mappings in modular metric spaces.
Rasham et al. [23] presented the concept of modular-like metric space and proved some common
fixed point theorems for two families of set-valued mappings satisfying contraction condition in
this space. In the same work [23], they also obtained new results in graph theory concerning
multigraph-dominated contractions within modular-like metric spaces. Additional fixed point
results in modular-like metric spaces can be found in [12].

Kerim et al. [18] introduced a new space termed the modular fuzzy metric space in the
sense of Kramosil-Michéalek. They explored its main properties and illustrated the structure of
space with several examples. Based on this foundation, they obtained existence and uniqueness
results for fixed points of continuous mappings in this space and showed the applicability of their
findings. Then Bostan and Pazar Varol [3] introduced the concept of modular fuzzy metric space
in the sense of George-Veeramani in 2023

In this study, we define the concept of modular fuzzy metric-like space by combining modular-
like metric space and fuzzy metric-like space. We examine some properties of this space and
give various examples that provide a better understanding of the structure of space. We give the
notions of modular fuzzy metric-like space such as contraction, convergence, Cauchy sequence,
completeness and show that in a modular fuzzy metric-like space, the limit of the convergent
sequence may not be unique. Then we establish and prove fixed point theorem in the modular
fuzzy metric-like space. We also demonstrate the power of the structure we established and
of the results we gained in this structure by giving an example for the fixed point theorem we
proved. Our aim here is to contribute to fixed point theory by being interested in fixed point
theorem in modular fuzzy metric-like space, which is a generalization of modular fuzzy metric
space in the sence of George-Veeramani. We aim to carry the applications of fixed point theory
in mathematics and engineering to modular fuzzy metric-like space by modulating the concept
of fuzzy metric-like space. The new mathematical structure introduced in this paper may enable
researchers working in fixed point theory or its applications to establish various fixed point
theorems under different contraction conditions and to explore their applicability in broader

contexts.

2 Mathematical Preliminaries

In this section, we introduce several essential definitions an concepts that will be used throughout
the paper. Throughout the text, we denote by IR the set of all real numbers and by I N the set
of all positive integers.

Definition 2.1. [1] Let W # (). A mapping o : W x W — [0, 00) is called metric-like on W
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if the following three conditions hold for all w,y,z € W:

(ML1) o(w,2) =0= w = z,

(ML2) o(w, z) = o(z,w),

(ML3) o(w, z) < o(w,y) + o(y, z).

The pair (W, 0) is called a metric-like space.

Example 2.1. [1] Let W = [0, 00). Define the function o : W x W — [0, 00) by o(w, z) =
max{w, z}. Then (W, o) is a metric-like space.

Definition 2.2. [26] A fuzzy set @ in W is characterized by a membership function fg(w)
which associates each point in W with a real number in the interval [0, 1]. The value of fg(w) at
w represent the grade of membership of w in W.

Definition 2.3. [24] A binary operation * : [0, 1] x [0, 1] — [0, 1] is called a continuous t-norm
if % satisfies the following conditions for all o,u, j,I € [0, 1]:

(I)oxl=o0

(2) oxu=uxoand ox (u*xj) = (0o*u)*j

B)Ifo<jand u<I, then oxu < jx*l

(4) = is continuous.

Example 2.2. [24] The binary operations defined as follows are the continuous t-norms:

(1) oxu=ou

(2) 0 *xu=max{0,0+u—1}

(3) 0% u = min{o,u}

Definition 2.4. [14] A triplet (W, @, *) is called fuzzy metric space if W is an arbitrary set,
% is a continuous t-norm and @Q is a fuzzy set on W? x (0, o0) satisfying the following conditions,
for all w,y,z € W and t,s > O:

(FM1) Q(w,y,t) >0,

(FM2) Q(uw,3,t) = 1 & w =y,

(FM3) Q(w,y,t) = Qy,w,1),

(FM4) Q(w,y,t) * Qy, z,s) < Q(w, z,t + ),

(FM5) Q(w,y,.) : (0,00) — [0, 1] is continuous.

Example 2.3. [14] Let W = IR. Define o * u = ou and Q(w,y,t) = e

w,y € Q =I1R and t > 0. Then (W, Q, %) is a fuzzy metric space.

Example 2.4. [14] Let (W,d) be a metric space. Define o x u = ou and Qs5(w,y,t) =
Wg(ww k,m,n € IR". Then (W, Q, %) is a fuzzy metric space.

Remark 2.1. [14] In the above example by taking k = m =n = 1, we get Qs(w,y,t) =
m. This fuzzy metric induced by a metric ¢ is called the standard fuzzy metric.

Definition 2.5. [25] A triplet (W, Q, %) is called fuzzy metric-like space if W is an arbitrary
set, * is a continuous t-norm and @ is a fuzzy set on W?2 x (0,00) satisfying the following

conditions, for all w,y € W and t,s > 0:

(FML1) Q(w,y,t) > 0,

(FML2) Q(w,y,t) =1 = w =1y,

(FML3) Q(w,y,t) = Q(y, w,1),

(FML4) Q(w,y,t) * Q(y, 2z, 8) < Q(w, z,t + ),
(FML5) Q(w,t,.) : (0,00) — [0, 1] is continuous.
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Example 2.5. [25] Let W = [0, 1]. Define o * v = ou and Q(w,y,t) = for all
w,y € W and t > 0. Then (W, Q, *) is a fuzzy metric-like space.

Definition 2.6. [4] Let W # ). A mapping ¢ : (0,00) x W x W — [0, o] is called metric
modular on W if the following hold for each w,y,z € W:

(MM1) ¢(w,y,\) =0« w =y, for all A > 0,

(MM2) ((w,y,\) = ((y,w, N, for all A > 0,

(MM3) ¢(w,y, A\ +7) < ((w,z,\) + ((z,9,7), for all A,y > 0.

For simplicity, the notation {)(w,y) will be used instead of {(w,y, A) for modular structures

t
t+max{w,y}

throughout the remainder of the paper.

Example 2.6. [7] Let (W, d) be metric space. Define the function ¢ : (0,00) x X x X — [0, o0]
by (\(w,y) = 6(w’y) for all A > 0 and w,y € W. Then ( is a metric modular on W.

Definition 2.7. [23] Let W # 0. A function ¢ : (0,00) x W x W — [0,00) is called
modular-like metric on W, if it satisfies the following three conditions for each w,y,z € W:

(MLM1) gy (w,y) =0= w =y, for all A > 0,

(MLM2) @x(w,y) = or(y, w), for all A > 0,

(MLM3) oxiy(w,y) < oxr(w, 2) + ¢(2,y), for all A,y > 0.

Then the triplet (W, ¢) is called modular-like metric space.

Definition 2.8. [18] A triplet (W, Qg, ) is called modular fuzzy metric space if W is an
arbitrary set, * is a continuous t-norm and ()g is fuzzy set on W2 x (0, 00) satisfying the following
conditions where 8 > 0, for all w,y,z € W and t,s > 0:

(MFM1) Qs(w,y,0) =0, Qz(w,y,t) > 0, for all 3> 0,

(MFM2) Qs(w,y,t) =1 w =y, for all § >0,

(MFM3) Qs(w,y,t) = Qs(y, w,t), for all g >0,

(MFM4) Qs(w,y,t) * Qu(y, z,5) < Qatpul(w, z,t + s), for all 3, > 0,

(MFM5) Qs(w,y,.) : (0,00) = [0,1] is left continuous.

Here )3 is called a modular fuzzy metric.

Example 2.7. [18] Let ¢ be a metric modular on W and o x u = ou for all o,u € [0, 1].
Define fuzzy set Qg on W? x (0, 00) as follows:

Qp(w,y,t) = eM for all w,y € W and 3,t > 0.

Then (W, @, *) is a modular fuzzy metric space.

Example 2.8. [18] Let ¢ be a metric modular on W and o * u = ou for all o,u € [0, 1].
Define fuzzy set Q3 on W2 x (0, 00) as follows:

Qp(w,y,t) = m for all w,y € Q and B,t > 0.

Then (W, Qg, *) is a modular fuzzy metric space.

Definition 2.9. [3] A triplet (W, Qg, %) is called modular fuzzy metric space (in the sence
of George-Veeramani) if W is an arbitrary set, * is a continuous t-norm and Qg is fuzzy set on
W2 x (0,00) satisfying the following conditions where 8 > 0, for all w,y,z € W and t,s > 0:

MFMGV1) Qs(w,y,t) > 0, for all 5 > 0,
) Qs(w,y,t) =1 w=y, forall §>0,
) Qs(w,y,t) = Qp(y,w,t), for all >0,
MFMGV4) Qg(w,y,t) * Qu(y, 2,5) < Qprpulw, z,t +s), for all B, u > 0,
) Qs(w,y,.) :

s(w,y,.): (0,00) = [0,1] is continuous.
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Here Qg is called modular fuzzy metric (in the sence of George-Veeramani).
Example 2.9. [3] Let ¢ be a metric modular on W such that ¢ : (0,00) x W2 — [0, 00).
Define o * u = ou for all o,u € [0, 1] and fuzzy set Q5 on W? x (0, 00) as follows:

Qp(w,y,t) = eM for all w,y € W and 3,t > 0.

Then (W, @, *) is a modular fuzzy metric space.

Example 2.10. [3] Let ¢ be a metric modular on W such that ¢ : (0,00) x W? — [0, 00).
Define o * u = ou for all o,u € [0, 1] and fuzzy set Q5 on W? x (0, 00) as follows:

Qp(w,y,t) = m for all w,y € Q and B,t > 0.

Then (W, Qg, *) is a modular fuzzy metric space.

3 Results

We begin this section by introducing the definition of modular fuzzy metric-like space and
investigating its main properties. We then provide illustrative examples, propositions and present
the notions of convergence, Cauchy sequences, and completeness within this mathematical
structure. Finally, we give and prove fixed point theorem in this space.

Definition 3.1. The triplet (W, Qg3,*) is called a modular fuzzy metric-like space if W is
an arbitrary nonempty set, * is a continuous t norm and Qg is a fuzzy set on W x W x (0, c0)
satisfying the following conditions for all w,y,z € W and t,s > 0:

(MFML1) Qs(w,y,t) > 0, for all g > 0,

(MFML2) Qs(w,y,t) =1 = w =y, for all B >0,

(MFML3) Qs(w,y,t) = Qs(y,w,t), for all > 0,

(MFML4) Qp(w,y,t) * Qu(y, 2,5) < Qatpu(w, z,t + ), for all 5, >0

(MFML5) Qs(w,y,.) : (0,00) — [0,1] is continuous for all § > 0.

Example 3.1. Let W =[0,00) and o *u = ou for all o,u € [0, 1]. Define the fuzzy set Q3 in
W2 x (0,00) as follows:

(ma:c{w,y}>
Qp(w,y,t) = e~ 2 for all w,y € W and > 0 and t € (0,00). Then (W, Qg,*) is a
modular fuzzy metric-like space.
(MFML1)-(MFML3) and (MFML5) are obvious. Now, we prove (MFML4).
Since maz{w,y} < maz{w,z} + maz{z,y}, we have magiqft’y} < mawéw’z} - maxiz’y}.
N maz{w,y} < (t+s) max{w z} + (t+s) maz{z,y}

loa) { )y mas(eg)
maz{w,y < maz{wz mazx{z,y
= Brnrs) = ST
maz{w,y} < ma:I:{w z} max{z,y}
= Broits) = T
maz{w,y} maz{w,z} +maz{z Yt
= e B+u)(t+s) < e Bt s
maz{w,z} maz{z,y}
= é Bt [ Hs
—maz{w,y} —maz{w,z} —maz{z,y}

= e B+ml+s) > ¢ Bt e s
= Qaip(w,y,t+5) > Qp(w, z,t) * Qu(z,y,s) for all 5, > 0. Hence (MFML4) holds.
Example 3.2. Let W =[0,00) and o *u = ou for all o,u € [0, 1]. Define the fuzzy set Q3 in
W2 x (0,00) as follows:
Qp(w,y,t) = W for all w,y € W, > 0 and ¢t > 0. Then (W, Qg, *) is a modular

fuzzy metric-like space.
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(MFML1)-(MFML3) and (MFML5) are obvious. Now, we prove (MFML4).
We know maz{w,y} < mazx{w,z}+ maz{z,y}. Then

maz{w,y} maz{w,z}+maz{wz,y}

B+u

A

- mar{ws} | maz{zg)
mazr{w,z mazx{z,y

< Bru T Bta

<

max{w,z} + mazx{z,y}

I
Thus, maz{w,y} < mawéw,z} + ma:v{z,y}.

B+p =
maz{w,y} maa:{w,z}eraz{z,y}
= B+u < I
t+s — t+s
maz{w,z} maz{z,y}
_ B o
- t+s + t+s
maz{w,z} max{z,y}
8 n
: Yoy o)
maz{w,z maz{z,y
— 5 B + I
ts
maz{w,y} smaz{w,z} +tmaz{z,y}
B+ B I
=1+ t+s < 1+ ts
Since mazéw,z} maz{z,y} >0
. m -~ U,
maz{w,y} smaz{w,z} maz{z,y} , maz{w,z} maz{z,y}
t+s+ Bt < ts+ B +t M + B . M
t+s — ts
ts < t+s
maz{w,z} maz{z,y} | maz{w,z} maz{z,y} — maz{w,y}
tsts B + 2 + B ’ 2 st
L s _ tts
= t+mam{w,z} 'S+ maz{z,y} S st maz{w,y}

B+

B n
= Qp(w, z,t) * Qu(z,y,s) < Qptp(w,y,t +s) for all 5, > 0. Hence, (MFML4) holds.
Proposition 3.1. Let (W, o) be a metric-like space and o *u = ou for all o, u € [0, 1]. Define

fuzzy set Qs on W2 x (0,00) as follows:

_(O(w,y))

Qp(w,y,t) =e — for all w,y € W and 3,t > 0. Then (W, Qg, *) is a modular fuzzy
metric-like space.
Proof. (MFML1)- (MFML3) and (MFLM5) are obvious. Now, we prove (MFML4). Since o

is metric-like, we have o(w,y) < o(w, z) + o(z,y) for w, z,y € W.

olwy)  _ o(wa)rolzy) < ows) | olzy)
= et = (Fetts) = Bt T s

o(w,y) o(w,z) | o(z.y) o(w,z) o(zy)
= 6(5+#)(t+8) S e Bt s =e Bt e us

o(w,y) o(w,z) o(z,y)

= = ¢ GTWl+s) > ¢ Bt g ps
= Qp(w, 2,t) * Qu(2,y,5) < Qpru(w,y,t +3).
Hence (MFML4) holds.

Proposition 3.2. Let (W, o) be a metric-like space and o *u = ou for all o, u € [0, 1]. Define

fuzzy set Qs on W2 x (0,00) as follows:

Qp(w,y,t) = W for all w,y € W and g,t > 0. Then, (W,Qs,*) is modular fuzzy
metric-like space.

Proof. (MFML1)- (MFML3) and (MFLMS5) are obvious. Now, we prove (MFML4). Since o
is metric-like, we have o(w,y) < o(w, z) + o(z,y) for w,z,y € W.

o(w,y) o(w2)+o(zy) ~ o(w2) | o(zy) _ pso(w,z)+Bto(zy)

= Bt )ﬁ GRS +) prai Bips
o(w,y pso(w,z)+pBto(z,y
= I+ i ST Btyis
= Brw(tts)to(wy) o Btustuso(wz)+plo(zy)  Btustuso(wz)+Blo(zy)to(w.z)o(zy)
(B+p)(t+s) = Btus = Btus
- Btps < _ (Bp)(t+s)
Btustuso(w,z)+pto(z,y)+o(w,z)o(zy) = (B+p)(t+s)+o(w,y)

- Bt ps (B+p)(t+s)

Btto(w,z) ps+o(zy) — (B+p)(t+s)+o(w,y)
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= Qp(w, 2,1) * Qu(2,y,5) < Qprpu(w,y,t +5).
Hence (MFML4) holds.

Proposition 3.3. Let ¢ be a modular-like metric on W. Define o *u = ou for all o,u € [0, 1]

—pg(w,y)
and Qg : W x W x (0,00) = [0,1] by Qs(w,y,t) =e o for all w,y € W and 3,t > 0. Then
(W, Qp,*) is a modular fuzzy metric-like space.
Proof. (MFML1)- (MFML3) and (MFLMS5) are obvious. Now, we prove (MFML4). Since

Pa+u(w, 2) < pp(w,y) +¢p(y, 2), VB, u > 0, we have

t+ t+
ppru(w, 2) < (5%)es(w, y) + (52)es(y, 2)
¢B+M(wvz) (7y) Wﬁ(y,z)
= t+s S t + s
PB4 (ws2) pp(wy) | ep(y:2) vp(wy)  eg(y:2)
= e its §e( ot =t ek
_Pptuw:?) ep(w,y) vp(y:2)
= e t+s >e Tt et

= Qp(w, 2,t) * Qu(z,y,5) < Qaipu(w,y,t +s).

Hence (MFML4) holds.

Proposition 3.4. Let ¢ be a modular-like metric on W. Define o*u = ou for all o,u € [0, 1]
and Qg : W x W x (0,00) — [0,1] by Qs(w,y,t) = for all w,y € W and ,t > 0. Then
(W, Qp,*) is a modular fuzzy metric-like space.

Proof. (MFML1)- (MFML3) and (MFLMS5) are obvious. Now, we prove (MFML4). Since

Pp+u(w, 2) < p(w,y) + ¢y, 2), VB, u > 0, we have
wpru(w,z) _ ep(wy) | es,2) - es(wy) | vsy2) _ sps(wy)+teu(y,2)
= 4;fl-li-s < t+s + t+s < t + s - ts -
=1+ (Pﬁtfi(s z) <1+ Ss@;s(w,y);tw(yz)
Since pg(w,y).¢u(y, z) > 0, we get
t+s+pgpu(w,z) < ts+seg(w,y)+teu (y,2)+es(w,y)eu(y,2)
t+s — ts

t+<.0( Y)

= t+s > ts — t S
t+st+opip(wz) = tstspg(w,y)+tou(y,2)+es(wy)eu(y,2) — t+es(wy) eu(y,z)

Hence, Qg(w,y,t) * Qu(y, z,5) < Qpypu(w, z,t + s) and (MFML4) holds.
Proposition 3.5. Let (W, Q, x) be a fuzzy metric space. Define fuzzy set Q3 on W2 x (0, 00)

as follows;

Qp(w,y,t) = Q(w,y, ft) for all w,y € W and §,t > 0. Then, (W,Qg,*) is modular fuzzy
metric-like space.

Proof. (MFML1)- (MFML3) and (MFLMS5) are obvious. Now, we prove (MFML4).

Qprp(w,y,t+3s) = Qu,y,(B+ p)(t+s))
Q(w,y, Bt + Bs + ut + us)
Q(w,y, (Bt + us))
Quw, 2, B) + Q(2,y, is)
= Qw2 1) x Qulz 3, 5)

= Qpyu(w,y, t+5) > Qﬁ(w z,t) * Qu(z,y,s).
Definition 3.2. Let (W, Q3,*) be a modular fuzzy metric-like space.

(AVANAYS

(a) Sequence {wy}nen in W is called convergent to w € W if limy,_o0 Q(wn,w,t) =
Qs(w,w,t) for all B,t > 0.

(b) Sequence {wy, }nen in W is called a Cauchy sequence if lim, oo Qg(Wn4p, wn,t) exists
and is finite for all 8,t >0, p > 1.

(¢) A modular fuzzy metric-like space is called complete if every Cauchy sequence {wy, }nen

in W converges to some w € W such that
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limy, 00 Qg (wn, w, t) = Qg(w,w, t) = limy, o0 Qa(Wnyp, wn, t) for all 5,t>0,p > 1.
Remark 3.1. In a modular fuzzy metric-like space, the limit of a convergent sequence may

not be unique. Consider Example 3.2. Define the sequence {wy, }nen in W by {w,} = {1+ 1}
for all n € IN.

If w > 2, then

- .t i — i B _ p Bt _

liMn—o0 Q(Wn, w,t) = iMoo grmatunwy = inooo gy = Firw = Brvmas{ow] =
Qp(w,w,t).

Hence, the sequence {wy, },en converges to all w € W with w > 2.

Definition 3.3. Let (W, Qg, *) be a modular fuzzy metric-like space. We will say that the
mapping T : W — W is a modular fuzzy contractive mapping if there exists k£ € (0,1) such that

— 1<k 1] for all 8,¢t > 0 and w,y € W.

GE@T@N Q) ~

Theorem 3.1. Let (W, Qg3, %) be a complete modular fuzzy metric-like space and 7' : W — W
be a modular fuzzy contractive mapping with contractive constant k. Then T has a unique fixed
point w € W and Qg(w,w,t) =1 for all §,t > 0.

Proof. Let (W,Qs,*) be a complete modular fuzzy metric-like space. For an arbitrary
wo € W, define a sequence {wy,} in W by w,, = T(w,—1) for all n € IN. If w,, = w,_1 for some
n € IN, then w, is a fixed point of T since w,, = T(wy,—1) = T(wy). Therefore, we assume that
Wy 7# Wp—1 for all m € IN. For any n € IN and (,t > 0, from Definition 3.3 we obtain the

following,

! = 1 =k
Topicrmermuc) Bt Sl oty crmssey o iy X SR S et crmmsserrmwy Bl Bl ot sy B2
Let Qp(wn, wnr1,t) = Q5(t) and 1 — k = h.

: _ 1 k _ k
Slnce 1-— k‘ = h S (O, 1)7 Q(n)(t)' —1 S m — k‘ (n 1)(t)
Then,

<“u>—'Q"1Rw
Let this approach be maintained; then

1 1=

1 _ k
m —N<klg7——r -1l =fpm— —k

Qp(wn—2,wp_1,t) Qp(Wn—2,wn_1,t)

1
Qp(T(wn—2),T(wn—-1),t)

1< —k
d"1<> QY

k
—k4+1=—2%—+h
Q“ ”()_'ng”&) QT

The others can be shown similarly. Then,

Q“%) = ("lkw
= k T 1)(t))+h
< H(nmw+ﬂ+h
= kQQT)()Jrkthh
< k2[QgL3()+h]+kh+h
= k3[m+h]+k2h+kh+h

8
If we continue like this, we get that
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1 < kn + k" YW+ k" 2h 4+ .+ kh+h

Qlm  ~ Q“”( 1)
_ n—1 n—2
— Qg%) + (" k2 L+ k4 DA
k" h(1—Ek™
T + (1—k )

_ 1— k"
(0)(t) ( )

Hence, we have —p— anQg)()forallﬁt>On€IN()

Now, p > 1,n € IN, for all 5,t > 0,

Q,B(wm Wn+p, t) > Qg(wm Wn+1, %) * QPﬂ;B (W1, Wn+-p, %)
> Q%(wn?wTH—l: %) * Qg(wn+1,wn+2, %) * Q@(wnwvwmp, pt%ft)
2 Qs(wn, Tny1, ) Qs (Wni1, Wnt2, 5 Q2 (Wn+2,Wn 43, 5)
*Q@(wn—s—& Wn+p, pt%f%)
> Qg(wmwmh %) * Q?(wn-i-lawn-&-% %) * Q8 (Wnt2, Wnys, ]%) *
*Q p/%(pfz)ﬂ (Wntp—2, Wnip, W)
> Qg(wmwn-i-l: p) * Qﬁ (Wnt1, Wny2, p) Q%(wn-&-p—?v Wn+p—1, %)
*Q) pﬁ—(p;z)ﬁfza (wn+p—17 ’wn+p, )
> Q%(wmww-l: p) * Qﬁ (Wn1, Wnta2, p) Q%(wn-&-p—?a Wn4p—1, %)
*Qﬁ (wn+p 1, Wn+p, t)
= A Q(”” () x Q5T (E) x QTP (L),
From (1), ’ ’
Qp(Wn, Wnip,t) > (§;t1+1—k" * T il_knﬂ * ok ’“"+p71+117kn+p—1
Q) Pk QP )
Z P i
> (éc)nl * ’2;3*11 1**W%
5 (5) Qb QP k)

Taking the limit as n — oiv, since k ep (0,1), limnﬁoopk" =0 and we get

limy, 00 Q3 (Wnip, Wn,t) > 1% 1% ...x 1 =1. Moreover, 1 > lim;, 00 Qg(Wn4pw,t) > 1 and
then

limy, 00 @3(Wnap, Tn,t) =1, for all 3,¢ >0 and p > 1.

Hence {wy,} is a Cauchy sequence on (W, Qg,*). Since (W, Qg, *) is complete, there exists
w € W such that lim, . Q(wn,w,t) = Qg(w, w, t) = limy 00 Q3(Wntp, Wn, t). (2)

Now, let me show you that w is a fixed point of T

1 _ k _
We know that m 1 < k[w 1] = @(wn,w,t) k,
_ < T(wy), T(w),t).
oy < QalT (). T(w), 1)
Using the above inequalities, we get
Qﬂ(wv T(w)v t) > Qg(w’ Wn+1, %) = Qg(w, Wn+1, %) * Qg(T(wn), T(w)7 %)
> Qg(%wnﬂ, %) * ﬁ

Taking the limit as n — oo, from (2), lim, o Qg(wp, w,t) = 1.
Then, 1 > lim, o0 Qp(w, T'(w),t) > 1% 1 and limy, o Q(w, T'(w),t) = Qs(w, T'(w),t) =1,
for all 8,t > 0.
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Then we have w = T'(w) from the condition MFML2. Thus w is a fixed point of T'. Also,
Qp(w,w,t) =1 since T'(w) = w and Qg(w,T(w),t) =1 for all §,t > 0.

To show the uniqueness of fixed point, let 3 be another fixed point of 7" such that Qg, (w, y, o) <
1 for some By, tg > 0.

It follows from Definition 3.3. that

m —-1= m -1< k‘[m -1 < m — 1, a contradiction.

Hence we must have Qg(w,y,t) = 1 for all 3,¢ > 0 and therefore w = y.

Example 3.3. Let W = [0,1] and o0 * u = ou. Define fuzzy set Qz on W? x (0, 00) by

Qp(w,y,t) = W for all w,y € W and 8,t > 0. Then (W, Qg, *) is a complete modular

B
fuzzy metric-like space. If T : W — W is given by

0, w=1
T(w):{

5, otherwise
then T is a modular fuzzy contractive mapping with modular contractive constant k = %
Note that all conditions of the Theorem 3.1. are satisfied. Thus 7" has a unique fixed point

0€ W and Q4(0,0,¢) = 1 for all B, > 0.

4 Conclusion

In this study, we obtained fixed point results within the newly introduced modular fuzzy metric-
like space and verified their applicability through illustrative examples. The extension of fixed
point theory to this enriched mathematical structure provides a basis for improving more general
contraction principles and for addressing a wider class of theoretical and applied problems.
Thanks to the flexibility of this new space, future research may apply novel contractive mappings
and analytical techniques capable of tackling problems in areas such as analysis, differential and
integral equations, systems of linear equations, and graph theory. Overall, the results presented
here are expected to contribute to the progress of the theoretical foundations and to encourage

innovative applications across various scientific disciplines.
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