Emergent Fisher Halos from Information Geometry
Preprint

J. R. Dunkley

December &, 2025

Abstract

We develop a scalar theory of gravity in which the apparent dark matter halo
of a galaxy is the response of a Fisher information vacuum to the presence of
baryonic matter. The starting point is a local Fisher energy functional for a scalar
field o on an information manifold for the vacuum, with baryons entering as
a source. The Fisher energy admits a Bogomolny type completion that fixes
the halo profile via a Fisher bound rather than empirical fitting. The scalar
sector is formulated as a dissipative gradient flow generated by a Fisher operator
Gr embedded in the Universal Information Hydrodynamics framework, with
reversible currents Jrg encoded by a bounded entropy correction obtained by
viewing o as the logit of a Bernoulli occupation number on the Bogoliubov Kubo
Mori information manifold. This yields a Fisher Bogomolny equation for the halo
at fixed baryon distribution and a Fisher free energy with a saturation mechanism
that prevents runaway halo growth, while also producing inequalities and scaling
relations that bound halo masses and accelerations and identify characteristic
Fisher acceleration and surface density scales. In spherical symmetry the Fisher
Bogomolny equation produces cored or cuspy halos depending on a Fisher
temperature parameter 7 controlling bounded entropy: in the cold limit 7r — 0
the profiles approach Navarro Frenk-White like cusps, while for 7 of order unity
the solutions match Burkert type cores. A Bernoulli bounded entropy model
reproduces this cusp to core transition and fits cored profiles. On realistic baryon
distributions taken from the SPARC sample, a single halo amplitude per galaxy
obtained from a linear Fisher susceptibility model captures many rotation curves,
especially in low surface brightness and dwarf galaxies, while G acting on high
surface density discs generates baryon compressed profiles and characteristic
acceleration and surface density scales consistent with observed disc galaxy
trends. Gravity in this regime is described by the combined acceleration of
baryons and Fisher halo, with the halo realised as the Fisher minimiser of the free
energy under the given baryon source and the Fisher sector acting as a universal
information theoretic susceptibility of the vacuum to matter.
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1 Introduction

The dynamics of galaxies are dominated at large radii by an effective mass distribution
that is not accounted for by luminous baryons. Rotation curves remain approximately
flat far beyond the optical disc, and gravitational lensing maps reveal mass concen-
trations offset from baryonic components in cluster collisions. Standard approaches
address this by postulating a new form of matter, or by modifying the law of inertia
or the Poisson equation. Both strategies introduce new degrees of freedom or new
constants which are constrained empirically but not determined by an underlying
geometric or information theoretic principle.

The aim of this work is to derive a scalar description of galactic gravity from an
information geometry that already appears in quantum and statistical mechanics.
In earlier work on the converse Madelung problem the Schrodinger equation was
reconstructed from minimal information theoretic axioms, with the quantum potential
arising as a Fisher information term in a hydrodynamic representation.

In Universal Information Hydrodynamics the same Fisher structure governs the
irreversible part of a general GKLS generator on a state space equipped with a
monotone metric and a symplectic form. The combined generator K = G + J splits
into a symmetric Fisher part G and a skew part J which encodes reversible currents,
and the pair is constrained by an information geometric structure that admits a Fisher
Kéhler realisation on suitable coadjoint orbits.

This suggests treating gravity at galactic scales as the response of a Fisher information
vacuum to the presence of baryonic matter. Instead of introducing a new particle
species with an arbitrary density profile, one introduces a scalar Fisher field of on
physical space whose gradients encode the local Fisher energy stored in vacuum
degrees of freedom. Baryons act as sources in a Fisher free energy functional, and
the resulting scalar field equation is fixed by the Fisher structure and its Bogomolny
completion rather than by phenomenological fitting. The apparent halo is then an
emergent property of the Fisher vacuum, determined by a small set of geometric
parameters and the baryon distribution.

1.1 Fisher information and hydrodynamic form

The Fisher information of a probability density p(x) on R¢,

_ [ Ve
el = o

plays a distinguished role among information measures. It is the unique metric tensor
on the statistical manifold of probability distributions [7] that is monotone under coarse
graining, and it appears as the quadratic form governing small fluctuations around a
reference distribution.

In the Madelung representation of quantum mechanics a wave function ¥ = /p e’S
gives rise to a phase field S and a density field p, and the kinetic energy can be written
as the sum of a classical part f p|VS|? and a Fisher part proportional to I[p] [3, 6].



In Universal Information Hydrodynamics this structure is lifted to the space of density
matrices equipped with a monotone quantum metric such as the Bogoliubov Kubo
Mori (BKM) metric. The irreversible part of a GKLS generator can be written as
a gradient flow with respect to this metric, and the Fisher information functional
plays the role of a Lyapunov functional. The reversible part generates Hamiltonian
or symplectic flows on the same manifold. The pair (G, J) is constrained by a Fisher
Kéhler structure on suitable coadjoint orbits, so that the state space carries both a
Riemannian Fisher metric and a compatible symplectic form.

This geometric framework suggests that any effective field theory for large scale
dynamics in a medium built from such degrees of freedom should inherit a Fisher
structure. In particular, if the vacuum is treated as a medium with internal states
described by a Fisher Kédhler manifold, then long wavelength excitations of that vacuum
will be governed by effective Fisher energy functionals and gradient flows derived
from the underlying metric.

1.2 Scalar Fisher gravity

The simplest way to encode the response of the Fisher vacuum to baryonic matter is
through a real scalar field o (x) on physical space, with an energy functional of the
form

Flow pp] = A3{a(x) |Vor(x)[* + Vi (0r(x)) — k oR(x) Pb(x)} dx.

Here pj, is the baryon density, where « is a Fisher stiffness that encodes the local
information metric of the vacuum, V; is an effective bounded entropy potential that
arises from the underlying BKM geometry, and « has the potential so that the scalar-
baryon coupling —« or pp contributes with the correct physical units in the Fisher free
energy.

The field equation obtained by varying (1.2) with respect to o is a nonlinear elliptic
equation of Fisher type. In the weak field regime it can be written schematically as

dv,
-V - 2a(x)Vor(x)) + d—’(x) = kpp (x).
OF
The Fisher gravitational acceleration associated to the scalar sector is then defined by

gr(x) = Ar Vogr(x),

where A is a Fisher coupling scale. The total acceleration governing slow test particles
is the sum of the Newtonian baryon acceleration gy and the Fisher halo acceleration
8F,

uot(x) = gn(x) + gr(x).

In spherical symmetry this produces a Fisher halo contribution to the circular velocity
that can be expressed as a Green function of the baryon acceleration, and in general
disc geometries it can be treated as a nonlocal susceptibility kernel.

The central questions are how the Fisher energy functional is fixed by information



geometry, how the bounded entropy potential arises from a Bernoulli or BKM geometry,
and how the resulting scalar theory compares to observed galactic rotation curves and
halo profiles.

1.3 Information geometric origin of the Fisher halo

In Universal Information Hydrodynamics the generator K of the dynamics on state
space decomposes into a symmetric part G and a skew part J,

K =G+,

where G is a Fisher gradient operator determined by a monotone metric, and J is
a Hamiltonian vector field determined by a symplectic form. On diagonal sectors
associated with classical probability distributions, G reduces to a Fisher diffusion
operator, while J encodes reversible currents.

When the scalar field oF is interpreted as the logit of a Bernoulli occupation number
p(x) on alocal two level system, the effective potential V7 (o) inherits a bounded
entropy structure from the BKM geometry of the two level density matrix. The Fisher
mobility vanishes at p = 0 and p = 1, so the Fisher diffusion generated by G cannot
drive the system beyond these bounds. The reversible sector J can be interpreted
effectively as giving rise to a Fisher temperature parameter 7F in the scalar free energy,
controlling the weight of the bounded entropy term relative to the gradient term in this
phenomenological reduction.

The halo is not an arbitrary profile but a distinguished solution of a Fisher Bogomolny
equation derived from the structure of G and the bounded entropy geometry. The
cusp to core transition is then controlled by 7r and by the baryon density, with low
temperature and high surface density favouring cusps, and higher temperature and low
surface density favouring cores.

1.4 Structure of the paper

The remainder of the paper is organised as follows. Section 2 introduces the scalar
Fisher field, the Fisher free energy functional and its Bogomolny completion in the
presence of a baryon source. We derive the scalar field equation and its spherical
reduction, identify the Fisher halo acceleration in terms of the scalar gradients, and
record basic functional analytic properties and simple solar system bounds for the
scalar sector.

Section 3 constructs a bounded entropy potential for oz by treating it as the logit of a
Bernoulli occupation number on a BKM manifold. This produces a Fisher temperature
parameter 7 that controls the strength of the entropy term, and we analyse a family of
spherical Bernoulli halos that interpolate between cuspy and cored profiles as 7 and
the baryon density are varied.

Section 4 describes numerical solvers for the scalar Fisher halo equation in spherical
symmetry and on three-dimensional grids. We present parameter sweeps over Tg
and stiffness profiles that illustrate the cusp-to-core transition and the emergence of



Burkert-like cores and NFW-like cusps in the Bernoulli model.

Section 5 sketches the extension to dynamical Fisher halos and Fisher gravitomagnetism,
and outlines a simple optical-metric model for light propagation in Fisher-structured
vacua.

Section 6 develops a Fisher susceptibility description of disc galaxies, derives structural
inequalities and Freeman-type bounds, and outlines qualitative expectations for rotation
curves in different baryonic regimes. In this framework each galaxy carries a single
Fisher halo amplitude in addition to its baryonic mass model. We derive structural
inequalities for the Fisher response, identify a characteristic surface density scale and
Freeman-type bounds, and introduce a pair of Fisher gap and response indices that
define a “Fisher spectrometer” for galaxies.

Section 7 summarises the implementation of the one-parameter Fisher fits to SPARC
and the trends across low, intermediate and high density subsamples.

Section 8 discusses cluster-scale Fisher halos and colliding systems as probes of the
scalar theory on larger scales.

Section 9 collects the main results, guardrails and failure modes, and places the
scalar Fisher gravity picture within the broader Universal Information Hydrodynamics
programme and a possible Fisher cosmology.

1.5 Guardrails and failure modes

The scalar Fisher halo model developed below is intended to be a necessity statement
inside a specific class of Fisher free energies, baryon sources and weak field regimes.
This subsection records the main analytic and phenomenological guardrails under
which the results are claimed to hold, together with simple failure modes that would
falsify or constrain the present formulation. The spirit is the same as the scope and
guardrails discussion in [2, 3], adapted to the scalar halo setting.

Analytic guardrails for the scalar Fisher sector. Throughout we work with the scalar
free energy (1.2)

Flowipn] = [ (alTor P + Vi(or () = ke (6) i (0) .

with a stiffness profile a@(x) and a bounded entropy potential V; induced by the
Bernoulli construction in Section 3. The functional analysis in Section 2, the
Bogomolny completion, and the radial flow statements in Section 4 are made under
three structural hypotheses.

First, the potential sector is assumed to be C2, bounded below, and strictly convex
on the range of or explored by physically relevant halos. In the Bernoulli model of
Section 3 this corresponds to keeping the bounded entropy channel in a single well
regime, so that the second variation V;’ (o) is non negative along the halo branch.
Strongly non convex choices of V;, for example double well deformations of the
Bernoulli potential, would spoil the coercivity of the second variation and can lead to
multiple competing local minima. In such cases the uniqueness and stability of the
minimiser are not covered by the present arguments.



Second, the Fisher stiffness is taken to be local and uniformly elliptic. We assume that
a(x) is measurable and satisfies

0 < amin < a’(x) < Opax < ©

on the region where p;, and pr are non negligible. This keeps the Euler-Lagrange
equation in the class of uniformly elliptic second order operators and allows standard
maximum principles and regularity theory to be applied. Nonlocal kernels or stiffness
profiles that vanish inside the halo, which would effectively change the tangent norm
in the sense of [2], are outside the present scope and can break the Fisher curvature
picture imported from the density manifold.

Third, the baryon source p; is assumed to have finite total mass and to belong to
a mild regularity class, such as L' (R?) N L?(R?) with p > 3/2, or to be a smooth,
radially decreasing profile with reasonable decay at large radius. This covers the coarse
grained SPARC discs and simple cluster models used later. Highly singular or strongly
oscillatory sources, for example distributions with Dirac spikes or fractal structure at
very small scales, are not treated here. The halo theory is intended as a coarse grained
description on kiloparsec scales and is not claimed to resolve stellar scale clumpiness.

Astrophysical scope and parameter hierarchy. The present paper works in a weak field,
quasi Newtonian regime in which the metric remains general relativistic and the Fisher
sector enters only through an additional energy density in the Poisson equation. The
scalar field modifies the total acceleration by an extra contribution gr = —ArVor,
but it does not introduce new tensorial degrees of freedom or alter the local light
cones. Precision tests of the metric sector and gravitational wave propagation (such
as GW170817) are therefore inherited from general relativity provided the Fisher
contribution to the Newtonian potential is small on solar system and binary pulsar
scales. Section 5 and the solar system bounds in Section 2 are written under this
separation of roles.

On the data side, sharp claims in this paper are restricted to rotationally supported disc
galaxies with well measured baryon profiles, essentially the SPARC sample, and to
simple cluster scale toy models. Elliptical galaxies with strongly anisotropic velocity
tensors, violently interacting systems, and a full Fisher cosmology are deliberately
left for future work. The Fisher scalar sector can in principle be extended into those
regimes, but this paper does not claim that such an extension has been carried out.

A further guardrail concerns parameter counting. Motivated by the universality pattern
in [3], we work with a small set of global Fisher parameters such as a coupling scale
Ar, a Fisher temperature T, and one or two parameters in the stiffness profile a(r),
together with at most a single susceptibility-like amplitude per galaxy when fitting
rotation curves. Allowing additional per galaxy knobs, highly flexible radial profiles
for @, or ad hoc modifications of the bounded entropy map would move the model into
the class of over parameterised halo fits that the present approach is designed to avoid.

Falsifiers and breakdown scenarios. Within these guardrails the scalar Fisher halo
picture has several clean failure modes.

First, the Bogomolny completion and bounded entropy sector give inequalities that
bound the halo response to a given baryon source. At fixed p;, and Fisher parameters
there are upper bounds on the total Fisher halo mass and on central slopes or core
surface densities. If a robust population of galaxies were to exhibit inferred halo masses



or inner densities that systematically exceed these bounds for all admissible choices
of the global Fisher parameters, the present scalar halo model would be falsified or
would require a different potential sector.

Second, once a parameter hierarchy is fixed, the scalar Fisher theory predicts specific
relations between baryon distributions and rotation curves, including the shape of the
radial acceleration relation and the slope and zero point of the baryonic Tully Fisher
relation for a given choice of Ar and Tr. If a full SPARC scale analysis were to show
that no single choice of global Fisher parameters plus one amplitude per galaxy can
jointly reproduce these relations while respecting the mass and slope bounds, then the
current formulation of the Fisher scalar sector would be in tension with the data.

Third, the wider UIH framework imposes Fisher monotonicity under coarse graining
and links Fisher curvature scales to hypocoercive indices measured in quantum and
statistical systems [2, 3]. If fitting galactic halos forced the Fisher scalar into a regime
of effective gaps or spectral exponents that is grossly incompatible with Fisher channels
in laboratory systems, in a way that cannot reasonably be attributed to scale separation,
the cross scale universality story that motivates Fisher halos would be weakened.

Fourth, on cluster scales the scalar Fisher model implies that effective mass distributions
inferred from lensing should track a combination of baryons and Fisher halo in a way
consistent with the static or slowly evolving scalar equation. If future observations of
clean, dissociative cluster collisions were to show that lensing mass robustly tracks
only the hot gas, or moves in a way that cannot be reconciled with a quasi static Fisher
scalar coupled to the baryon density, the simple coupling adopted here would have to
be revised.

Finally, there are explicit non claims. The present paper does not cover our work on
Fisher cosmology for the cosmic microwave background, large scale structure and
lensing. It does not address strong field quantum gravity or black hole interiors. It does
not attempt to derive a unique microscopic model of the Fisher vacuum degrees of
freedom beyond the assumption that their state space carries a Fisher Kéhler structure
with a bounded entropy scalar sector. Reading the scalar Fisher halo as a complete
replacement for general relativity or for all dark sector phenomenology would therefore
be outside the scope that this guardrail subsection is intended to define.

1.6 Relation to existing approaches

It is useful to locate the scalar Fisher halo model within the landscape of existing
attempts to explain galactic and cluster scale mass discrepancies. Standard cold dark
matter treatments postulate a new collisionless particle species whose phase space
distribution is evolved under gravity and feedback. In phenomenological applications
this is often encapsulated by flexible profile families such as NFW or Einasto halos,
with two or more shape parameters per galaxy.

Modified dynamics frameworks instead alter the relation between acceleration and
force or the structure of the Poisson equation, typically introducing a new acceleration
scale and an interpolating function that control the transition between Newtonian
and modified regimes. Emergent gravity proposals appeal to entropic or holographic
considerations [8, 9] to generate additional forces from coarse grained microscopic
degrees of freedom.



The scalar Fisher construction developed here can be read as an alternative corner
of the same phenomenological space. Rather than adding a new particle species or
modifying the inertial law directly, we treat the apparent halo as the response of a Fisher
information vacuum whose state space already carries a monotone information metric
and a Fisher Kéhler structure in other contexts. The free energy is fixed by this Fisher
geometry and by a bounded entropy channel, and the halo profile is determined by a
Bogomolny completion and a scalar field equation rather than by choosing a density
profile by hand. Once a small set of global Fisher parameters and a simple stiffness
hierarchy are fixed, the scalar sector is constrained to live inside the corresponding
Fisher Bogomolny and bounded entropy bounds.

From a practical point of view the scalar Fisher model occupies an intermediate
position between fully empirical halo fitting and tightly prescribed modified gravity. It
retains the Newtonian and weak field GR limit for the metric sector, and uses the Fisher
scalar only to supply an additional quasi static potential determined by the baryon
distribution. At the same time, the Fisher free energy and its Bogomolny structure
restrict the space of allowed halos more strongly than generic profile fits. A systematic
quantitative comparison with cold dark matter fits, MOND type laws and emergent
gravity constructions on common galaxy and cluster samples is left for future work,
but the present framework is designed so that such comparisons can be made at the
level of Fisher parameters and inequalities rather than ad hoc profiles.

Remark (Quantum potential as Korteweg capillarity). In the converse Madelung
analysis of Dunkley [1] the Fisher curvature term appears in the Hamiltonian as a
quadratic gradient energy

Felp] =4ag | 1TVp@IP v,

with associated Euler-Lagrange potential

Written in momentum form, the contribution of Fr can be expressed as the divergence
of a symmetric stress tensor ITF whose entries are built from p, Vp and V?p. This
stress has the same structure as the classical Euler-Korteweg capillarity stress for
a compressible fluid with a density-dependent capillarity coefficient, so that the
Bohm-Madelung “quantum potential” Q ,,, may be viewed as the capillary pressure
associated with an internal surface tension of the probability fluid. In particular, the
Madelung hydrodynamics sit inside the well-studied class of capillary (Euler-Korteweg)
fluids; the Fisher term penalises sharp gradients of p rather than introducing any new
long-range interaction.

We will only use this observation at the level of interpretation. No additional
assumptions from the Korteweg theory are required in what follows.

Remark. The Fisher stiffness Z (o) is positive by construction and the bounded
entropy potential V;(oF) is built from the Bernoulli entropy, so the scalar sec-
tor admits a standard relativistic completion. A covariant formulation and the



corresponding energy conditions are recorded in Section 2.7.

2 Scalar Fisher gravity and Bogomolny structure

In this section we develop the scalar Fisher description of gravity in the weak field
regime. We start from a local Fisher energy functional for a scalar field o on R3
coupled to a baryon density pp, and we derive the associated Bogomolny type bound
and scalar field equation. The construction is deliberately minimal and local, and will
be refined later when bounded entropy and Bernoulli geometry are introduced.

2.1 Fisher free energy for a scalar halo

We consider a real scalar field or: R* — R and a non negative baryon density
pb: R¥ = Rs(. The Fisher free energy is taken to be of the form

Flowsppl = /R3{CY(X) [Vor(x)|> + U(ow(x)) -k 0r(x) Pb(X)} dx,

where a(x) > 0is a stiffness profile, U is a scalar potential, and « is a coupling constant
with potential.

The interpretation is that the gradient term encodes the Fisher energy stored in spatial
variations of the scalar field, while the potential U encodes local constraints from the
underlying information geometry of the vacuum. Consistent with the thermodynamic
structure of Universal Information Hydrodynamics [3], the scalar field of can be
viewed as a dimensionless chemical potential.

In this picture the linear coupling —«orpp has the standard form of a Gibbs mixing
contribution, representing the work required to insert baryonic matter p; into the
vacuum fluid.

We will use this as the canonical effective coupling between the Fisher vacuum sector
and baryons in the present scalar theory.

A simple field redefinition makes the stiffness role of @ more transparent in the constant
coefficient case. For a(x) = ag one can write

$(x) = V2a00F(x),

so that
K

V2o

In this normalisation the gradient term takes the canonical form % f |Vo|?d3x, and the
effect of @y is to set the overall size of an effective matter coupling

1
@y |Vor|* = §|V¢|2, ~KOFpPp = — é Pp.

K
\/2(1/0 '

Larger Fisher stiffness therefore corresponds to a more weakly coupled scalar response

geff =

10



to a given baryon distribution, while smaller stiffness enhances the response. When
a(x) varies slowly with position the same interpretation holds locally up to derivative
corrections from Ve, which can be treated as higher order terms in the weak field,
slowly varying regime.

The Euler Lagrange equation for o obtained by varying (2.1) is
V- (20(x) Vor(n) + U’ (0%(x)) = & pp (),

interpreted in a weak sense when pj, is a finite measure rather than a smooth function.

The Fisher gravitational acceleration associated to the scalar sector is defined as the
gradient of the field,

gr(x) = Ar Vog(x),

where Ap is a positive constant. For a test particle in the weak field regime, the
total acceleration is the sum of the Newtonian baryon acceleration gn and the Fisher
acceleration,

got(x) = gn(x) + gr(x).

Microscopic origin of the stiffness scale. In Fisher regularised Madelung dynamics
the quadratic Fisher form that controls density gradients carries a fixed coefficient
« = h?/(2m), determined by matching the hydrodynamic equations to the Galilean
dispersion relation for a free particle [1].

In that setting the same coefficient sets the scale of the quantum regulariser and ties
the Fisher curvature of the density directly to the inertial mass m [2]. Scalar sectors
that descend from such microscopic dynamics inherit this Fisher coefficient in the
overall scale of their gradient term. After the canonical rescaling that brings the scalar
Fisher energy to the form % f |V¢|? d3x, the coefficient ap moves into the effective
matter coupling ger = k/V2a( and can be interpreted as setting an inverse squared
coupling for the scalar response. In this way the stiffness profile a(x) appearing in
the halo model can be viewed, at least at the level of scale setting, as the large scale
imprint of the same Fisher regulariser that controls the underlying Madelung sector.

In the remainder of this section we choose U so that the gradient term and source term
admit a Bogomolny completion, leading to a Fisher bound and a first order equation
for o in spherical symmetry.

2.2 Spherical symmetry

We now specialise to static, spherically symmetric configurations. Write

op(x) = ox(r),  r=lx,

and assume a spherically symmetric baryon density

b (x) = pp(r).

11



The free energy (2.1) becomes
Flow ppl = 4r /0 {a(r) oi(n)? + U (0w () = kov(r) pu(r)} r* dr.

where a prime denotes a derivative with respect to r.

The Euler Lagrange equation (2.1) reduces to

‘riz %@a(r) rog(r) + U'(0¥(r) = kps(r).

This can be interpreted as a balance between Fisher diffusion, local potential forces,
and the baryon source.

The baryon mass enclosed within radius r is

My(r) = 4r / po(s) 5 ds,
0

so that | dM
2 _ 4 b
pp(r)r = ——=(r).
The Newtonian baryon acceleration in the radial direction is
GMy(r)
gn(r) = T2 r,

where 7 is the radial unit vector. The Fisher halo acceleration is
gr(r) = Apop(r) 7,
and the total circular velocity for a test particle in the equatorial plane is
ve(r) = rlgn(r) +gr(r)l.

2.3 Cold Fisher limit and Bogomolny completion

In the cold Fisher limit the bounded entropy potential is negligible, so we set
U (O’ F) =0.

The free energy reduces to

Feoalow: o] = dr /0 {a(r) () = k() py(r)} P dr.

Using (2.2), the source term can be written as

dM,,
dr

—47r1</(;000'F(1’)pb(") rrdr = —K‘/Oooap(r) (r)dr.

12



An integration by parts gives

—K/OOOO'F(F) dg/:b (rydr = —K[O’F(r) Mb(r)];o + K‘/OOOO'I';(F) My (r)dr.

Assuming that M}, (r) vanishes at the origin and that or(r) does not diverge faster than
1/r? at infinity, the boundary term can be treated as a finite surface contribution.

Substituting (2.3) into (2.3) gives

Feold[OF; pp] = 47r‘/00001(r) a-];(r)zrzdr+/</0w0'}§(r) My, (r) dr—K[a'F(r) Mb(r)];o.

The integrand in the bulk can be written as a quadratic in o7,

2 2 2
dna(r) r? 0']':(r)2+/< My(r) op(r) = 4na(r) r? (o-lg(r) + Sl;f(br()rr)z) - 1K67rAfyb((r’;)r2 )
Therefore

Kk My (r) 2d
87ra/(r)r2) :

*© K2M (r)2 oo
—/0 me(r)rzdr—K[O'F(r)Mb(r)]o.

Feold[0F: po] =47r/0m0/(r) rz(aé(r) +

The first term is non negative, so we obtain the Fisher Bogomolny bound

K> My, (r)?

W dr — K[O'F(r) Mb(}’)];o

Feoldlor; pp] = —/
0

It is convenient to isolate the radial integral in this expression as a Fisher charge
functional of the baryon distribution.

Writing the radial reduction in the form of a general Bogomolny completion, one can
identify a weight
K Mp(r)
w(r) = 8ma(r)r?, r)y= ———,
(r) (r) 40 = gt
so that the pure Fisher charge takes the specialised form

rav 1 « «
05" Ips) = 5 [ winlatnPar = [

Ksz(I”)2
——dr.
16ma(r)r?

In terms of Q;‘irav the cold Fisher bound can be written
Faralowipo] = = 05" lpy] = kow(rIMy (1)

For the class of baryon profiles and scalar configurations considered here the boundary
term either vanishes under the standard regularity and decay conditions or can be
controlled as a finite surface contribution. In that regime Q‘}{fav [o»] depends only on

13



the enclosed baryon mass profile and plays the role of a configuration independent
lower scale for the cold Fisher free energy, in direct analogy with the pure Fisher
charge QF[¢] in the abstract scalar setting.

The bound is saturated if and only if the first order Fisher Bogomolny equation holds:

K My (r)

T = a2

Any solution of (2.3) that satisfies suitable boundary conditions at the origin and
infinity is therefore a global minimiser of the cold Fisher free energy for the given
baryon distribution.

Remark. The Bogomolny equation (2.3) relates the radial derivative of the Fisher
scalar field directly to the enclosed baryon mass. Up to the stiffness profile a(r)
and the coupling «, the Fisher halo is completely determined by the baryonic mass
profile. The effective Fisher halo mass and acceleration then follow from the scalar
gradient. Unlike standard dark matter halos, where the mass and scale radius are
free fitting parameters, the Bogomolny nature of the Fisher halo implies its profile
is entirely rigid: once the baryon source and global stiffness are set, the halo mass
distribution is geometrically necessitated.

2.4 Fisher halo acceleration and effective density

For any spherically symmetric solution or(r), the Fisher halo acceleration is given by
(2.2),
gr(r) = A op(r) 7.

Using the Fisher Bogomolny equation (2.3) in the cold limit, we obtain

Kk Mp(r)

gr(r) = —Ar Sra(r)r?

For x > 0 and Ar > 0 the Bogomolny branch (2.3) has o7.(r) < 0, so gr(r) points
inward, opposite to 7, as required for an attractive Fisher halo.

With this choice the physical acceleration scale is set by the product A gk, which carries
the same dimensions as a Newtonian gravitational coupling and appears in the Fisher
halo acceleration.

It is convenient to define an effective Fisher mass profile Mg (r) by comparing (2.4)
with the Newtonian form

GMp(r) .
gr(r) = ———2 ¢,
’
Equating the magnitudes gives
GMp(r)  Apk  Mp(r)
r? -~ 8ma(r) 2

14



so that, for k > 0 and Ar > 0, the effective Fisher coupling

/IFK
Cr =
7 8nG
is positive and
M
MF(F)=CF b(r).
a(r)

In particular, for a constant stiffness a(r) = ag the effective Fisher halo mass is
proportional to the baryon mass,

C
Mp(r) = yeMy(r),  yp = a—’o”

This expression makes the inverse dependence on the stiffness explicit: for fixed
Fisher couplings (A, k) the ratio M/ M}, is proportional to 1/ag. Together with the
canonical rescaling above, this supports the view that a controls an effective inverse
squared coupling of the scalar Fisher sector to baryons. A stiffer vacuum (larger «)
produces a lighter halo for the same baryonic mass, while a softer vacuum (smaller @)
yields a more massive halo.

The total enclosed mass that determines the circular velocity is then
Mo (r) = Mp(r) + Mp(r),

and the circular velocity satisfies

In this cold, constant stiffness limit the scalar Fisher gravity reproduces a baryon scaled
halo model, with a proportionality factor set by the Fisher couplings.

More generally, when «(r) varies with radius, the Fisher halo mass picks up a non
trivial radial dependence through (5.6). A stiffness profile that grows with radius
suppresses the Fisher mass relative to the baryon mass in the outer regions, while a
stiffness profile that decays with radius enhances the outer halo. This radial structure
can be used to capture the observed transition from baryon dominance in the inner
disc to halo dominance in the outskirts.

The cold Fisher Bogomolny analysis provides a baseline scalar theory in which the
halo profile is slaved to the baryons through the Fisher energy. Before introducing the
bounded entropy sector it is useful to record some basic functional analytic properties
of the scalar Fisher theory that will be used implicitly in the rest of the paper.

In this constant stiffness, zero temperature limit the Bogomolny completion identifies
a preferred class of halo profiles that saturate the quadratic Fisher bound for a given
baryon source. Following the structure of the bounded Fisher entropy sector we will
refer to these configurations as Fisher BPS halos: they minimise the scalar Fisher
free energy at fixed baryon distribution, and small perturbations that respect the
regularity assumptions increase the free energy at quadratic order. In what follows the
phrase “BPS type” is used only in this restricted sense, as a shorthand for cold Fisher
configurations that saturate the Bogomolny inequality; no additional supersymmetric
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structure is assumed, and all stability statements are made at the level of the scalar free
energy functional and its Euler-Lagrange equation.

2.5 Functional analytic properties of the scalar Fisher sector

The scalar Fisher free energy in three dimensions was introduced in (2.1),

Flowipn] = [ (01900 + Vil () = k() po)) &,

and its spherical reduction was written as

Flor:ppl = 4n /0 w(a(r) (1) + U(or(r) = Ko (r) py(r)) 2 dr

Here « is a Fisher stiffness, V; (or U in the radial setting) is an effective bounded
entropy potential, and pp, is a non-negative baryon density with finite mass. In this
subsection we summarise modest functional analytic properties of F[oF; pp] that are
sufficient for the halo applications in this paper. A more abstract treatment of the scalar
Fisher theory is given in the scalar companion paper.

Assumptions and lower bounds. For definiteness we work in spherical symmetry
and regard o as an element of the weighted Sobolev space

H., = {O'FI (0,00) > R ’ ‘/Ooo(o'l'p(r)z +or(r)?) ridr < oo},

with the standard identification of functions in Hrla 4 that agree almost everywhere.
We assume that the stiffness profile a/(r) is measurable, radial, and satisfies uniform
bounds

0 < amin € a(r) € @max <o forallr >0,

and that the baryon density p, () is non-negative, locally bounded, and has finite total
mass Mp, (o) = 4r fooo pp(r) r2dr < c.

In the Bernoulli bounded entropy construction of Section 3 the scalar potential U (o)
is chosen to be proportional to the negative of the Bernoulli entropy,

U(O—F) = _TFSBern(O'F),
so that, using 0 < Spern < log 2, one has the simple pointwise bound
—Trlog2 <U(op(r)) <0 forallr.

The bounded entropy term is therefore uniformly bounded from below and cannot
drive the Fisher free energy to arbitrarily negative values on any finite domain. Writing

Floe: pol = Feoalors p] + 47 / U(or (M) dr,
0
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and imposing the usual regularity conditions at the origin together with a fixed vacuum
value at infinity, op(r) — 0 as r — oo, the cold sector analysis of Section 2.3 gives
the Bogomolny bound
Feoalor; ppl 2 _Q%:rav [ob],

where Q7" [pp] depends only on the baryon mass profile. The Bernoulli contribution
then supplies at most a finite, source-independent shift to this bound on any finite
halo volume. In the relativistic completion one is free to subtract the vacuum value
U (0vac) and absorb this constant into the background cosmological term, so that the
renormalised potential is non-negative at the vacuum and the scalar sector obeys the
usual energy conditions.

Since U is bounded below by —7Trlog2 and contributes only a finite, source-
independent shift to the free energy on any finite halo volume, the full scalar free
energy inherits the same type of lower bound,

Flor; pp] 2 _Q%rav lon] = Coern (TF),

with a constant Cge (TF) that depends only on the Fisher temperature and the chosen
outer radius. At the level of the relativistic completion this additive constant is absorbed
into the background cosmological term; here only differences in F enter the weak-field
halo phenomenology.

Existence of minimisers in the radial setting. On the weighted Sobolev space H rla d
with fixed boundary values, the functional F[oF; pp] is the sum of three terms: a
strictly convex quadratic gradient contribution, a pointwise bounded potential, and
a linear source term. Under the assumptions above the gradient term controls the
H!' norm, the potential term is bounded from below and continuous in o, and the

rad
source term is continuous with respect to the Hrla 4 topology for bounded baryon mass.

Standard arguments in the direct method of the calculus of variations then give:

« for each fixed baryon profile p;, and Fisher parameters («, Tr, k), there exists at
least one minimiser 0. € Hrla 4 of FloF; pp] subject to the imposed boundary
conditions;

¢ every minimising sequence for F[oF; pp] contains a subsequence that converges
weakly in Hrla1 4 and strongly in leOC to a minimiser o .

We do not attempt here to prove the most general uniqueness statements. In the cold
Fisher regime the Bogomolny equation (2.3) with regularity at the origin and fixed
vacuum value at infinity singles out a unique monotone profile for each baryon mass
profile, and any solution of the first order equation is a global minimiser of Fqq for
the given py. In the bounded entropy regime, the static Euler-Lagrange equation

1d
- r—za(Za(r) 2 a}(r)) +TF

ds Bern

o (r () = K pp(r)
OF

is a uniformly elliptic second order equation with a monotone nonlinearity in o for
admissible ranges of Tr. For fixed boundary data one expects uniqueness of weak
solutions in the natural energy class under mild additional regularity hypotheses on
a and pp. Our radial gradient flow experiments in Section 4 are consistent with
convergence towards a single equilibrium configuration for the scalar field.
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Bounds on Fisher halo mass and density. In the cold Bogomolny limit the effective
Fisher mass profile M (r) was obtained in (5.6) as

/lFK Mb(l”)

Me(r) =526 ot

so that the halo mass is proportional to the enclosed baryon mass, with a proportionality
factor that depends only on the Fisher couplings and the stiffness profile. If « is
bounded above and below, the ratio Mg /Mj, is correspondingly bounded: defining

F Cr
Ymin = s Ymax = s
max @min
one has
y ME(r) y
min S My(r) max

for all radii in the domain where ain < @(r) < Amax.

')/mian(r) < MF(F) < Ymabe(r)

for all radii. The total enclosed mass therefore satisfies

(1+7min) Mp(r) £ Mix(r) < (1+7max) My (r),

so the Fisher sector cannot generate haloes whose mass exceeds a fixed multiple of the
baryonic mass at any radius, once the Fisher parameters are specified.

The effective Fisher density pr(r) derived from the scalar profile via (2.2) inherits
the same control. In particular, for BPS solutions the combination of the Bogomolny
bound and the stiffness bounds ensures that pr () is square-integrable with respect to
the radial measure 2 dr and that the associated halo mass is finite. In the bounded
entropy regime the additional contribution of U (o) does not spoil these estimates,
since the Bernoulli term is pointwise bounded and does not introduce new infrared
divergences.

These functional properties are modest but sufficient for the present paper. They
justify treating the scalar Fisher halo as the minimiser of a well posed free energy
functional with a finite lower bound, and they ensure that the radial gradient flows
used in Section 4 converge towards physically reasonable halo profiles with controlled
mass and density.

In the next section we introduce a bounded entropy potential that arises from a Bernoulli
geometry on the BKM manifold, and we show how this modifies the scalar equation
and allows for a controlled cusp to core transition.

Proposition (Existence and convexity of Fisher-Bernoulli minimisers) Let pp,(r)
be a spherically symmetric baryon density with p;, € L' (R?) n L®(R?) and compact
support, and let the Fisher stiffness satisfy

0 < amin < a(r) < amax < 0.
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Let o (r) take values in a bounded Bernoulli channel range
Omin < O—F(r) < Omax>

and let U(or;TF) be the Bernoulli bounded entropy potential, continuous on
[0min> Omax] and convex in o for each fixed Tr > 0. Consider the free energy
functional on the radial Sobolev space

Flow: ps] =/RS

restricted to the convex admissible set

1
Ea(r) |V0'F|2 +U(op;Tr) — koF pp (1) d3x,

A = {O’F € Hrlad(R3) © Omin < 0F(r) < Omax a.e.} .
Then:

1. Fl[oF; pp] is bounded below and coercive in the gradient norm on A.
2. F attains its minimum on A: there exists at least one minimiser 0'; e A.

3. Any minimiser o5 is a weak solution of the scalar Euler-Lagrange equation

-V - (aVor) + U (0F:TF) = kpp

in the radial class, and is smooth away from the baryon support.

Proof (sketch). Boundedness of the Bernoulli channel implies |U (0p; Tr)| < Umax (TF)
on [Oin, Omax |- FOr any o € ‘A we have

Um

21n ”VO—F”iz - Umax(TF) Vet — K Omax ”pb”Ll,

Flor;pp] 2

so F is bounded below, and F[oF] — +oo as |[Vog|| 2 — oo at fixed bounds on 0.
Thus F is coercive on ‘A. A minimising sequence is bounded in Hr1a 4> and by weak
compactness admits a subsequence converging weakly to some o € A. The kinetic
term is convex and continuous in Vo, hence weakly lower semicontinuous. The
potential term converges by continuity of U on a bounded range and compactness on
the baryon support, and the linear source term converges by weak convergence in L?
against p,, € L?. This gives weak lower semicontinuity of F and shows that o7, attains
the infimum. The Euler-Lagrange equation follows by standard variational arguments,

and elliptic regularity gives smoothness away from the baryon support.

Proposition (Cold convex regime and effective uniqueness) In the cold Fisher
limit 7r = O suppose that the scalar potential reduces to a strictly convex function

Veold (0F) on [Omin, Omax] With Vc’él d(0'1:) > vo > 0. Then the free energy

1
Feod[or; pp] = / [Ea(r) IVor|* + Veold(0F) — k0 pp(r) | d°x

cold

is strictly convex on A. In particular, the minimiser o7 in the radial class is unique.

Moreover, in the Bogomolny sector where Fy¢ can be written as a sum of a non
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negative square and a boundary or BPS term,

a 2
Feou[or: ppl = / 5 |Vor — ®(oF, pp)| dx + Fees[oF, ps],
any regular radial solution of the associated first order BPS equation

Vor = ®(oF, pp)

which is finite at the origin and tends to the vacuum value at infinity coincides with
this unique minimiser.

For finite Fisher temperature Tr > O the Bernoulli bounded entropy potential
U(or; Tr) remains convex but need not be strictly convex everywhere on [ 0min, Omax |
because of saturation at the entropy bounds. The functional F[oF; pp] is therefore
convex but not guaranteed to be strictly convex. In that regime we do not claim a
general global uniqueness theorem for arbitrary baryon profiles. In the parameter range
relevant for galaxies, however, the numerical gradient flows that we study converge
to a single attracting profile for each (o, @, Tr), and we have not observed multiple
distinct minimisers in the radial class. We regard this as strong evidence for effective
uniqueness in the galactic sector, and leave a full functional analysis of the finite
temperature case to future work.

2.6 Weak-field limit and solar system bounds

The scalar Fisher sector is intended as an effective description of galactic-scale gravity
in the weak-field regime, with the metric itself remaining governed by General Relativity
at small scales. In particular, the scalar field o is defined after coarse-graining the
baryon distribution over disc and halo scales, and the Fisher halo acceleration is treated
as an additional contribution to the Newtonian potential sourced by this coarse-grained
density, rather than as a modification of the local metric or of light propagation.

To make this more explicit, consider the scalar field equation obtained by varying the
Fisher free energy in the constant-stiffness case,

—2a0 Aop(x) + U'(oF(x)) = k pp(x),

with @p > 0 constant and U a local potential with a non-degenerate minimum at oy.
Writing o = 0 + do and expanding U’ to first order around oy with U’ (0y) = 0
and U (09p) > 0 gives the linearised equation

K U (09)
(-A+ m%) oo (x) = 2T[Oph(x), m% = Two'

At this level the Fisher scalar behaves like a Yukawa field with mass m r sourced by the

coarse-grained baryon density, analogous to chameleon-type screening mechanisms
[12]. The associated Fisher acceleration is

gr(x) = Ap Vor(x) = Ap Voo (x),
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and the total weak-field acceleration on a test particle is

8uot(x) = gn (x) + gr(x),
where g is the standard Newtonian acceleration generated by baryons.

In the constant-stiffness, weak-field regime the Yukawa Green function for (2.1) is
strictly positive, so a concentrated baryon source with p, > 0 produces a scalar profile
op(r) that is largest at small radii and decreases outwards. Its radial derivative is
therefore negative, o (r) < 0 for r outside the baryon core, and the Fisher acceleration

gr(r) = Apop(r) 7

points inward for A > 0. In the effective potential language of [2] this choice
corresponds to an attractive potential

C2

¢eff=_? O-F’ _Vcbeffng,

so that maxima of or coincide with potential wells and there is no hidden sign flip
between the Fisher scalar and the effective Newtonian description.

In the present framework the metric remains the usual weak-field GR metric determined
by gn, and g enters only through an effective additional mass distribution in the
Poisson equation.

This constant-stiffness, linearised Yukawa description is intended as a local weak-field
approximation: the global halo profiles and the flat rotation-curve behaviour analysed
in Sections 3-5 rely on the full, radially varying stiffness a(r) and the Bernoulli
bounded entropy sector rather than on a single, constant-ap Yukawa field.

On galactic scales the Fisher parameters are fixed by requiring that gr accounts for
the missing acceleration in rotation curves and in the lensing masses inferred from
the weak-field Einstein equations with total source pp, + pr. In what follows, “Fisher
lensing mass” always refers to this contribution to the GR source term rather than to
any direct coupling of the scalar to photons.

For a Milky Way-like galaxy with circular speed v. ~ 220kms~! at galactocentric
radius Ry =~ 8 kpc, the total centripetal acceleration is of order

Ve 10 2
|80t (Ro)| ~ R_f) ~ 107 " ms™".

In the Fisher halo picture the Fisher contribution gz (Rg) is at most of this order, and
typically smaller in high-surface-density systems where baryons already dominate the
inner potential.

A general Fisher acceleration bound in the inner potential well. The scalar in-
equalities derived above imply a simple structural bound on the Fisher halo acceleration
at small radii. Outside the bulk of the baryons the Fisher contribution to the radial

acceleration is
GMF(< l")
gr(r) = 2
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where M (< r) is the enclosed Fisher halo mass. The global mass inequality (2.8)
gives
Mp(<r) <Mp <n(..)Mp,

so that for any radius r outside the baryon dominated core we have

181 <) T — ) g o ).

Here M, (< r) and gN,paryon(7) are the enclosed baryon mass and Newtonian baryon
acceleration, and 7(...) is the dimensionless Fisher susceptibility factor already
constrained by the halo fits.

In the Fisher parameter range required to fit SPARC rotation curves we find n of order
unity or smaller. Equation (2.6) then shows that, in any galaxy where the local baryon
potential dominates, the Fisher halo acceleration is parametrically suppressed relative
to the baryon contribution.

In particular, at solar system radii » ~ 1 AU inside the Milky Way disc we have
&N, baryon () orders of magnitude larger than the dark halo contribution at the same
radius, so the Fisher halo term is automatically many orders below existing Cassini
and ephemeris constraints. The explicit Solar System tidal estimate given below is
simply a concrete evaluation of this bound for Milky Way baryons and the fitted Fisher
parameters.

The relativistic completion also makes it clear why Solar System tests do not place
strong constraints on the Fisher sector. In the present effective theory the scalar
field couples to the coarse grained galactic baryon density on kiloparsec scales rather
than to individual stellar sources. At the Solar radius the Fisher acceleration is of
order gr ~ 1071 ms~2 and varies on the galactic scale length Rga1 ~ 10kpc. Over a
characteristic Solar System diameter Dgs ~ 50 AU the fractional change in the Fisher
field is therefore Dgs/Rgal ~ 1078, giving a tidal variation

~ 1078 ms2,

gal

This is four to five orders of magnitude below current Cassini level bounds on
anomalous accelerations from planetary ephemerides. Locally the Fisher contribution
appears as an almost uniform background field that can be absorbed into the definition
of the barycentric frame, so the scalar sector is automatically consistent with existing
Solar System tests in the parameter regime probed in this paper.

Over solar system scales, the Fisher field generated by the coarse-grained galactic
baryons varies only on kiloparsec scales. Approximating the Fisher acceleration as a
smooth function of radius on scales Ar < Ry, its variation across one astronomical
unit satisfies
Agr(1AU) < derl zu ~ lgr(Ro)l | AU ~ 107¥ ms™2,
r Ro R()

using |gr(Ro)| < 10719ms™2, Ry ~ 8kpc and 1 AU < Ry. This is many orders
of magnitude below the sensitivities of solar system tests that constrain differential
accelerations and post-Newtonian parameters. To leading order, the Fisher halo
therefore contributes only an almost constant background acceleration across the solar

22



system, which can be absorbed into the barycentric frame and leaves local Keplerian
dynamics and Shapiro delay measurements unchanged. Furthermore, because the
Fisher scalar couples to the coarse-grained galactic density rather than point sources,
it does not modify the potential of the Sun itself, avoiding constraints from planetary
orbital precession.

A second potential concern is whether the scalar sector generates a new 1/r-type force
around individual compact objects such as the Sun. In the present construction the
source term pp, entering the scalar equation is a coarse-grained galactic baryon density,
not the microscopic density of stars and planets.

The scalar field is therefore not driven by the detailed solar density profile, and no
additional solar 1/r potential arises at the level of the effective theory. At small
radii, where the coarse-graining scale is much larger than the system size, the Fisher
contribution reduces to a slowly varying background that does not interfere with the
usual GR description of the solar system.

Finally, the Fisher scalar carries no new tensor degrees of freedom and does not
introduce an independent long-range modification of the metric sector in the solar
system. Gravitational waves remain governed by the GR metric, and on solar system
scales the scalar contributes only a nearly constant correction to the Newtonian
potential through its energy density, well below current bounds on Shapiro delay and
post-Newtonian parameters. On galactic and cluster scales the same scalar energy
density enters the Einstein equations as part of the total source pp + pr, and it is this
combined source that determines the weak-field lensing potential.

A full post-Newtonian and cosmological analysis of the Fisher sector would require
coupling the scalar energy-momentum tensor to the Einstein equations, but at the
level of the present weak-field, coarse-grained description, the model is compatible
with existing constraints provided that the Fisher parameters are chosen in the range
required by galactic dynamics and the scalar is interpreted strictly as a large-scale
vacuum response rather than as a new local fifth force.

Recent work on Solar System tests of dark matter has proposed that collisionless
particle dark matter streams could be gravitationally focused by the Sun to produce local
density wakes or “hairs” with potentially detectable effects on planetary ephemerides
[29]. In such scenarios the dark matter density can vary appreciably on astronomical
unit scales, and the induced anomalous accelerations must then be compared directly
to Cassini level bounds on Solar System dynamics.

The scalar Fisher theory considered here is effectively immune to these constraints. In
the present EFT the Fisher scalar couples to the coarse grained galactic baryon density
that sources the large scale halo, rather than to the microscopic stellar density profile
of the Sun. The resulting scalar field varies on kiloparsec scales, so across a region of
size Dgs ~ 50 AU the Fisher acceleration changes only by a small tidal amount

50 AU
5F Do~ 10710 222 1018 g2,

Rgal 10kpc

AgF ~

This is at least four orders of magnitude below the current sensitivity of Cassini level
ephemeris analyses, which constrain anomalous accelerations in the outer Solar System
at the level of 10-'*ms~2. In this sense a null result for Solar System dark matter
wakes is a natural prediction of the Fisher effective field theory, while any confirmed
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detection of an AU scale dark matter lensing signal would point to additional particle
dark matter structure beyond the scalar Fisher halo.

2.7 Relativistic completion and energy conditions

The scalar Fisher sector used in this paper is strictly weak field and quasistatic. It is built
as an energy functional on a coarse grained spatial slice and is only required to reproduce
the Newtonian limit of General Relativity at galactic scales. For completeness it is
useful to record how such a scalar sector can arise from a standard Einstein plus scalar
theory and how the usual energy conditions constrain this completion.

A minimal covariant completion is obtained by treating the Fisher scalar as a canonical
field in the Einstein frame, with action

1
S =
167G

//;/(R V_gd4x +Sbary0n[g,lp] + Srlg. oF, ppl,

where g, is the spacetime metric, R is the Ricci scalar, Sparyon 18 the usual minimally
coupled matter action for baryonic fields ¥, and the Fisher scalar contribution is taken
to be

1
Sklg. oF, po] =/ (— EZ(O'F)g'uVVﬂO'FVVU'F ~Vi(oF) — koF pp | V=g d’x.
M

Here Z(oF) > 0is an effective stiffness that reduces to the constant g used in the
weak field analysis after a suitable field rescaling, V; is the bounded entropy potential
introduced in Section 3, and p;, is a coarse grained rest mass density for baryons on
the same scales at which the scalar field is defined. Dimensional analysis fixes the
Fisher coupling so that the source term —xoFpp has the same units as the gradient
and potential contributions in both the relativistic action and the static free energy.

In the present normalisation o is dimensionless and pj, is a coarse-grained rest-mass
density, so « carries the dimensions of a specific energy. It is convenient, when
comparing with the scalar Fisher equation in Ref. [2], to introduce a reference density
po and a dimensionless baryon contrast g, := pp/po, in terms of which the weak-field
equation takes the same Helmholtz form as in that work. We therefore keep « as a
single phenomenological coupling with the appropriate units, to be fixed by the galactic
weak-field phenomenology, and do not impose an explicit closed-form expression in
terms of G, ¢ and p at this stage.

Varying the action with respect to the metric gives the Einstein equations
baryon F
Guy = 87G (T +T,,),

with Fisher stress tensor

1
T;Ijv =Z(oF) V,uO'FVva'F_EZ(O'F) 8uv gaﬁvaU'FVBO'F_gquI(U'F)_guvKO'F Pb-
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Variation with respect to o yields the scalar field equation
dvy
Vu(Z(op)VFoF) = E + K pp.

In a static, weak field regime with g, close to a Newtonian metric, time derivatives of
o negligible, and Z (o) slowly varying, equation (2.7) reduces to the elliptic Fisher
equation used in Section 1.2, with the identification Z(of) =~ 2aq and V; equal to the
scalar potential U. This choice corresponds to the simplest relativistic completion of
the constant stiffness model used in the weak field analysis; a fully position dependent
stiffness a(x) would require a more general Z (o, x), which we leave to future work.

The Fisher contribution to the Newtonian potential is then entirely encoded in the
scalar energy density and pressure appearing in T}f -

For a canonical scalar with positive stiffness Z(or) > 0 and a potential V; bounded
from below, the standard energy conditions are automatically satisfied in the Einstein
frame. For any future directed null vector k* one finds

TE kiKY = Z(op) (kHV,0F)” 2 0,

so the null energy condition holds. For any future directed timelike vector u* with
utu, = —1 one has

Tlljvu”uv = %Z(G'F)(u'“VHO'F)2 + %Z(O’F)haBVQO'FVﬁO'F +Vi(oF) + KOF pp,
where h®F = g + yu®uP is the spatial projector orthogonal to ut. If V;(or) is
bounded below and the baryon density pj, stays in a regime where the combination
Vi(oF) + koppp is bounded below by a non negative constant on the configurations
of interest, then the contribution of the Fisher sector together with the explicit coupling
—KkOoF pp to the total energy density is non negative and the weak energy condition
TF,u*u” > 0 holds.

Equivalently, one can absorb the —xoFpj term into an effective baryon stress tensor
and regard the Fisher stress tensor proper as containing only V;; in that viewpoint the
same boundedness requirement is imposed on the combined scalar plus baryon fluid.
The bounded entropy construction of Section 3 ensures that V; remains uniformly
bounded from above and below, so that such a choice is always possible at the level of
the effective theory.

In the variational derivation the Fisher scalar equation takes the form
1 ’ 4
Vyu(Z(ow) V¥or) = 5 Z' (o) (Vog)? = V(o) + & pp,

where a prime denotes a derivative with respect to o and (VO’F)2 =gV, 0rV,0F.
In the weak field, slowly varying stiffness regime that is relevant for galactic halos
the Fisher stiffness can be treated as approximately constant, Z(og) = 2ay, so that
Z’ (o) is negligible. In this constant stiffness limit (2.7) reduces to the Helmholtz
type equation used in the non relativistic halo analysis,

Vu(Z(ow) VEog) = Vi(0F) + & pb,
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which in the static, cold Fisher limit with V; = 0 reproduces the elliptic Fisher equation
-V- (2a9Vor) ~ kpp

used in Sections 2.1 and 2.4.

We make no attempt to explore the full phenomenology of the relativistic completion
(2.7). The role of this subsection is to show that the scalar Fisher sector used at galactic
scales.

In the parameter range relevant for galactic dynamics the scalar stress tensor itself
does not act as a conventional cold dark matter fluid: its contribution to the Einstein
equations decays faster than the effective Fisher force g extracted from the weak-field
scalar equation. The primary phenomenology is therefore encoded in the fifth-force
sector gr and in the associated effective density, while the Einstein frame embedding
should be viewed as a consistency check on the scalar sector rather than an alternative
energy-density model for dark matter.

2.8 Scalar halo bounds and structural inequalities

The bounded Bernoulli channel and the Fisher stiffness already imply a set of simple
but important inequalities for any radial minimiser o' and its associated Fisher halo
density pr(r).

(i) Global halo mass fraction. By construction the scalar order parameter is confined
to a finite range opin < a'; < Omax, and the mapping from o to Fisher halo density,

pr(r) = f(or(r); Fisher parameters),
is a smooth function of o on this interval. In particular there is a finite upper bound

0<pr(r) < prmsx:= _ max  f(o).
0 €[ Tmin> Omax |
Moreover, outside the baryon support the BPS structure and ellipticity of the Euler-
Lagrange equation force o to relax back to its vacuum value on a characteristic scale
set by the Fisher length Ar. Hence the effective halo support volume is bounded in
terms of the Fisher parameters and the baryon scale radius R;. Combining these facts
we obtain a conservative bound

Mp :471"/ PF(”)rzdr < N(@min, max> TF, K, Omins U'max;Rb) My,
0

where M}, is the total baryon mass and 7 is a finite dimensionless constant determined
by the Fisher parameters and the typical size of the system. In the cold BPS sector
this can be sharpened by expressing Mr directly in terms of the Bogomolny charge,
leading to a more constrained bound Mr < ngpsMj with npps fixed by the scalar
stiffness and potential.

(ii) Central density and core surface density. Regularity of oy at the origin and
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spherical symmetry imply doy/dr = 0 at r = 0, so the Euler-Lagrange equation gives
3a(0) 05 (0) = kpp(0) = U’ (0 (0); TF).

Convexity and boundedness of the Bernoulli potential ensure that U’ (oF; Tr) grows
as o is pushed toward the entropy saturation plateau. For given (o, (0), @(0), TF)
there is therefore a finite band of admissible central values, and in particular a constant
C. such that

lor(0)] < Ce(pp(0), @(0), TF, k).

If pr(r) is an increasing function of o (r) in the relevant range then this immediately
yields a hard ceiling on the central Fisher density

pF(0) < prleoe = f(Ce(pp(0), @(0), Tr, ¥)).

Defining a core radius r. as the scale on which o falls to, say, half its central value,
the same balance between the entropy restoring force and baryon forcing gives r. as a
function of (pp(0), @(0), Tr). The central Fisher surface density then obeys

=6 (0) ~ /0 pr(r)dr < P re = EB% (5,(0), @(0). T, &),

so arbitrarily dense or arbitrarily compact Fisher cores are excluded once the Fisher
parameters and the central baryon density are fixed.

(iii) Inner halo acceleration bound. Outside the bulk of the baryons the Fisher
contribution to the radial acceleration can be written in terms of the enclosed halo

mass Mp(<r) as
GMF(< I")
gr(r) = ———.

Using the mass bound (2.8) we obtain the simple inequality

72

jgr () < n(..) ST

n(...) gN,baryon(r),

where Mj,(< r) is the baryon mass enclosed within radius r and g paryon iS the
corresponding Newtonian acceleration. For the range of Fisher parameters we use
to fit SPARC galaxies, the dimensionless prefactor ; inferred from the halo fits is of
order unity or less. At solar system radii this suppresses the Fisher halo acceleration
by many orders of magnitude relative to existing constraints, and the explicit 1 AU
estimate quoted later in the paper is simply a concrete evaluation of (2.8) for Milky
Way parameters.

3 Bernoulli bounded entropy and Fisher temperature

We now incorporate a bounded entropy structure into the scalar Fisher theory by
interpreting the scalar field oF as the logit of a local Bernoulli occupation number.
This construction is motivated by the BKM Fisher geometry of a two level system,
where the Fisher mobility vanishes at both zero and full occupation. The resulting
bounded entropy potential introduces a Fisher temperature parameter 7 that controls
the strength of the reversible sector relative to the Fisher gradient flow and allows the
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halo to saturate.

3.1 Bernoulli occupation and BKM geometry

Consider a two level system with populations p and 1 — p, where p € (0,1) is
interpreted as the local probability of exciting a vacuum degree of freedom into a
Fisher active mode. The Bernoulli entropy is

SBem(p) = —plogp —(1-p)log(1l-p).

The binary entropy satisfies the elementary bound

0 < SBem(p) < log2 forall p € (0, 1),
with the maximum attained at p = % and the entropy tending to zero as p — 0 or
p— 1

In the effective scalar theory we restrict og(x) to a finite Bernoulli channel window
[0min> Omax] corresponding to physically accessible occupation probabilities p €
[ Pmin> Pmax ], With the entropy plateaux near p ~ 0, 1 represented by the endpoints of
this interval.

The BKM Fisher metric for the diagonal sector of a two level density matrix can be
written, up to an overall scale, as

1
gBrMm(p) o (0=p)

The mobility associated with a gradient flow of a free energy functional on this
manifold is inversely proportional to the metric, so that

M(p) o« p(1-p).

The mobility vanishes at p = 0 and p = 1, so the Fisher flow cannot drive the
system beyond these boundaries. This provides a geometric saturation mechanism that
prevents complete depletion or complete filling.

To couple this structure to the scalar field, we introduce a logit map

1

p(orF) = T+cPBor

where 8 > 0 is a stiffness parameter. The inverse map is

1 1 p
o = = log——.
B “1l-p
The scalar field oy therefore measures the local log odds of the Fisher active state, and
large positive or negative values of o correspond to saturated occupation p ~ 1 or
p ~0.

We define a bounded entropy potential for o by composing the Bernoulli entropy
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with the logit map,
SBern(0F) = SBemn (p (O—F)) .

The derivative with respect to o is

dSBem dSBern d_p

dog dp dog’
A direct computation using (3.1) gives

d
d—p = Bp(l-p),
OF

and
daSBern
dp
For moderate amplitudes it is convenient to Taylor expand around o = 0, where
p = 1/2. To second order in o one finds

= —logp +log(1 - p).

2
SBem(O—F) =log2 - % 0-127 + 0(0-;17)’
In particular,
ds 2
dBem (o) = - ’BZ or for small of.
OF

so that the entropy decreases quadratically as o moves away from zero in either
direction.

3.2 Fisher free energy with bounded entropy

We now choose the scalar potential U in (2.1) to be proportional to the negative of the
Bernoulli entropy,
U(or) = —TF SBem(0F),

where Tr > 0 is a Fisher temperature parameter. The free energy becomes

Florpp] = /Ra{a(x) IVor(x)|? = Tk Sem (0R(x)) — k 0R(x) Pb(x)} dx.

On any finite domain V ¢ R? where « and p;, are bounded and integrable, the Bernoulli
bound
0 < SBern (U'F (x)) < IOg 2
implies
~TFSgem(0F(x)) > —Trlog2 forallx e V.

Together with the positive quadratic term /V a(x) [Vog(x)|? d>x, this shows that, for
fixed baryon source p;, and Fisher temperature Tr, the Fisher free energy on V cannot
be driven to arbitrarily negative values by varying or.
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In practice we work with finite volumes adapted to a given baryon profile, so this local
entropy cap is sufficient to ensure a well posed variational problem for the scalar field.

In spherical symmetry this reads

T[O’F;pb] = 47‘(/0‘00{0’(7’)0'1/:(7’)2—TFSBern(O—F(r))_KO-F(r)pb(r)}r2dr-

The Euler Lagrange equation is now

1d
—725(20(1’) rzo'lé(r)) ~TF

ds Bern
doy F

(v (r) = &kpp(r).

For small amplitudes, where Sgern (0F) is approximately quadratic, the entropy term
behaves like a mass term,

dSBern ]Fﬂz
— ~
]F / (OF) ~ A

OF,

so that the scalar equation becomes a Fisher screened Poisson equation,

_rizdir(Qa(r) rlap(r)) + U"(0) ov(r) ~ K pp(r),

where the small-amplitude Bernoulli channel has curvature U” (0) = Tr82/4. In the
constant-stiffness limit @(r) =~ @y, this matches the canonical Fisher mass definition

o _UNO) _Tep
F 2a 8ag

introduced in Section 2.6.

At larger amplitudes the full bounded entropy structure becomes important. Since
U(or) = —TFSBem (0F) and Sgery has a maximum at o = 0, the entropy contribution
U(oF) is minimised near the centre of the Bernoulli channel and increases again as
o is driven toward the saturation plateaux. In the free energy

Flor; pp] =/(01|V0'F|2+U(0'F)—KO'FPb)d3X

this means that the Fisher temperature term penalises large excursions of o toward
the entropy saturation plateau and provides an effective saturation mechanism for the
scalar response.

Helmbholtz structure and gravitational screening In the weak amplitude regime
where Sgem(0F) can be approximated by a quadratic potential, the radial scalar
equation
1 d 2 2
3 (20/(r)r Op (r)) +mpop(r) = kpp(r)
has the structure of a screened Poisson or Helmholtz problem for o with mass scale
mp and penetration length g ~ 1/mp. In particular, for slowly varying stiffness one

can take a(r) ~ ap on the scales of interest, so that the differential operator acting on
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o reduces to the spherically symmetric Helmholtz operator

— + ——) or(r) + m%O'F(r).
rdr

This is directly analogous to the London equation for magnetic screening in a
superconductor, where the field obeys a massive Helmholtz equation with a finite
penetration depth. In the present work we use this analogy only at the level of the
linearised scalar equation, as a way to interpret the cored branch as a regime of partial
gravitational screening by the Fisher scalar. We do not assume a full superconducting
order parameter or flux quantisation structure for the vacuum.

3.3 Qualitative impact of Fisher temperature

The Fisher temperature T controls the competition between gradient energy, bounded
entropy, and baryon source. Three regimes are particularly relevant.

Cold Fisher regime. When 7TF is very small, the entropy term is negligible and
the scalar dynamics are dominated by the gradient and source terms. The halo
configuration approaches a solution of the cold Fisher Bogomolny equation (2.3).
Gradients can become large in regions where the baryon mass rises steeply, and the
resulting halo profiles are susceptible to cusps.

Moderate Fisher temperature. For T of order unity in suitable units, the entropy
term becomes comparable to the gradient term in regions where o grows. The
mobility factor p(1 — p) suppresses further growth as p approaches zero or unity. In
spherical toy models this leads to cored profiles with approximately constant density in
the centre, and to outer profiles that smoothly join on to the gradient dominated regime.
These solutions can be compared directly with empirical cored halo families [20].

High Fisher temperature. For very large Tr the entropy penalty dominates and
the scalar field is strongly confined near o = 0 except where the baryon source is
sufficiently strong. The halo becomes compressed toward regions of high baryon
density, and the outer halo can be suppressed. This provides a simple mechanism for
the adiabatic contraction of halos in massive galaxies and clusters where the baryon
potential well is deep.

The full interplay between TF, the stiffness profile @(r), and the baryon density pp (r)
is best explored numerically. In Section 4 we study a simple Bernoulli bounded entropy
model in spherical symmetry and show explicitly how cuspy and cored profiles arise
as Tr and the baryon concentration are varied. In Section 5 we then connect the scalar
theory to observed rotation curves through an effective Fisher susceptibility model.

4 Radial Bernoulli halos: numerical construction

To understand the combined effect of Fisher stiffness, bounded entropy and baryon
concentration it is useful to study a simplified spherical model in which the scalar
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equation (3.2) is evolved as a gradient flow in a one dimensional radial coordinate.
This section introduces such a model and summarises its qualitative behaviour.

4.1 Radial gradient flow model

We approximate the static Euler Lagrange equation (3.2) by a dissipative flow in an
auxiliary time variable ¢,

ato-F(r’ [) =

1 0 ds
—_— (2a(r) rza,ch(r, t)) +TFr Bern (O'F(r, t)) + k pp(r).
r2 0r dog
For suitable initial data and boundary conditions this flow decreases the free energy

(3.2) and relaxes toward a steady state that solves the static equation (3.2).In particular,
the numerical scheme enforces a Dirichlet condition

O_F(rmax) =0,

which is the finite-radius analogue of the vacuum boundary condition o (r) — 0 as
r — oo used in the Bogomolny completion. This ensures that the surface term in the
Bogomolny decomposition vanishes in the continuum limit and that the numerical
halos saturate the same lower bound as the analytic cold sector.

A simple explicit time stepping scheme for (4.1) reads
0—1?3‘1 = O—I?,j + At{ﬂj [0—1?] +TF (aa'FSBern)j(O_lg) + K,Ob,j},

where a']?,j ~ of(rj,t,), with t, = nAt, and p;, ; = pp(rj). The operator D;
approximates the radial Fisher Laplacian,

0

o) < Lo
J

=rj
with a second order central stencil away from the origin and a regularised expression
at r = 0. One convenient choice is

OF,j+1 — OF,j-1
2Ar ’
or,r(ro) =0, or,(rn-1) =0,

o, (rj) = 1<j<N-2,

so that a Neumann boundary condition is imposed at the origin and at the outer radius.
The flux

- 2

Jj=rija(ry) op,(r;)
is then used to approximate the divergence,
2 Jj+1— Jj-1

2 b
rj 2Ar

Djlor] = 1<j<N-2

with appropriate one sided approximations at j = 0 and j = N — 1 that respect the
regularity of o at the origin and the imposed outer boundary condition.
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The Bernoulli entropy derivative is evaluated pointwise using the logit map (3.1).
Writing p; = p(oF,;) one has

dSBern
do F

(or,j) = (=logpj+log(l—p;))Bp;(1-pj)),

and a numerically stable implementation is obtained by clipping p; away from the
exact boundaries 0 and 1.

The explicit scheme (4.1) is subject to a Courant stability condition controlled by the
Fisher stiffness. A practical stability criterion is

Ar?
At S ccrL ———
max; a(r;)
with ccpr < 1. In practice one can choose a requested timestep and clamp it to this
stability bound at run time.

4.2 Toy baryon and stiffness profiles

To illustrate the qualitative behaviour of the model we adopt a simple Gaussian baryon

profile
2

r
P(r) = po eXP(——z),
2r;,
with characteristic core radius r; and central density scale pg. The Fisher stiffness
is chosen to interpolate between a small radius area law regime and a large radius
saturation,

where r, is a crossover radius. For r < r, one has a(r) ~ ao(r/r.)?, while for r > r,
one finds a(r) — ag. This simple profile captures the idea that Fisher coupling is
weak in the deep interior and saturates to a constant in the outer halo.

The baryon concentration is controlled by the dimensionless combination porﬁ relative
to the Fisher coupling «, while the Fisher temperature 7 and stiffness parameter 8
control the bounded entropy channel. By scanning over (TF, 8, po) one can identify
regimes in which the scalar field relaxes to a cuspy profile and regimes in which it
develops a flat core.

4.3 Cusps, cores and the cold limit

Numerical experiments with the radial gradient flow (4.1) and the toy profiles (4.2)
and (4.2) reveal three characteristic regimes.

For small Fisher temperature 7r =~ 0 the entropy term plays no role and the flow
relaxes toward a solution that is well approximated by the cold Fisher Bogomolny
equation (2.3). In this regime the scalar gradient oy(r) is directly proportional to
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My,(r)/(a(r) r?), so in regions where the baryon mass rises steeply the gradient
becomes large. For centrally concentrated baryons this produces a cuspy Fisher profile
with a steep inner rise.

For intermediate Fisher temperature, with T of order unity in suitable units, the
bounded entropy term introduces an effective saturation when o grows large enough
that p(of) approaches zero or one. In this regime the inner profile flattens: the
scalar field develops a core in which o7.(r) is small and the effective halo density is
approximately constant. The transition from core to outer halo is controlled by the
crossover radius r. in the stiffness profile and by the balance between Tr and the
baryon concentration.

For high Fisher temperature the entropy penalty is strong. The scalar field is confined
near or = 0 except in regions where the baryon source is large enough to overcome the
entropy barrier. In the toy model this leads to halos that are tightly bound to the baryon
distribution, with little extended Fisher mass at large radii. This regime resembles
adiabatic contraction of halos in massive galaxies and clusters.

A particularly striking feature of the intermediate temperature regime is that the
resulting core profiles can be well fitted by empirical cored halo families. In spherical
toy models with suitable parameter choices the scalar profile or(r) produces an
effective density that matches the Burkert form to high precision over a wide radial
range. This supports the interpretation of the bounded entropy channel as a Fisher
mechanism for generating cored halos without introducing an independent dark matter
species.

4.4 A simple cusp to core phase diagram

The radial Bernoulli model of Secs. 3.2 and 4 provides a convenient way to summarise
the cusp to core behaviour of the scalar Fisher halo in terms of a small number of
dimensionless control parameters. In the toy model of Sec. 4.2 the baryon distribution
is specified by a central density scale pg and a characteristic core radius rp, while the
Fisher sector is controlled by the stiffness profile a(r), the Fisher temperature Tr and
the Bernoulli stiffness parameter .

For the Gaussian baryon profile and stiffness ansatz of Sec. 4.2 it is useful to introduce
the dimensionless Fisher temperature parameter

OF == mFpryp,

where mp is the Fisher screening mass from the weak-field Yukawa limit of Sec. 3.2,
defined by

L _UO) _Tef?
F a0 8ayp

for the Bernoulli potential, and a dimensionless baryon compaction parameter

2
Kpory,
ay

— -—_
=2p =
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Here «ay is the asymptotic value of the stiffness in the simple profile

a(r) = qp ——————,
T+ (r/r)?
and the ratio
b
R, :=—
Ve

measures whether the baryons reside predominantly in the rising part of the stiffness
profile or in the saturated outer regime.

In terms of these parameters, the numerical experiments of Sec. 4.3 can be organised
into three qualitative branches.

Cold cusp dominated branch. When O < 1 the screening length ¢ ~ 1/mF is much
larger than the baryon core radius. The bounded entropy term is then weak on the
scale of rj and the scalar profile is well approximated by the cold Fisher Bogomolny
equation. For sufficiently large baryon compaction, with E; above an order one
threshold that depends on R., the gradient o.(r) grows rapidly in the inner region
and the effective Fisher density develops a steep central rise. In this regime the halo
lies on a cusp dominated branch.

Entropy supported core branch. For intermediate Fisher temperature, with @ of order
unity for fixed R,, the bounded entropy channel becomes effective within the baryon
core. As o grows, the Bernoulli occupation p (o) approaches its saturation values
and the mobility factor p(1 — p) suppresses further growth of the scalar field.

For moderate baryon compaction the radial flow (4.1) relaxes to profiles in which o7
is small over a finite inner region and the effective density is approximately constant
in the centre. The transition from this core to the outer gradient dominated halo is
controlled by R, and by the balance between O and Z,. In the (O, Ep) plane this
defines a band in which cored solutions are realised.

Entropy dominated compressed branch. For large Fisher temperature, with @ > 1 at
fixed R., the entropy penalty term dominates the free energy on the scale of the baryon
core. The scalar field is then confined near o = 0 except where the baryon source is
strong enough to overcome the entropy barrier. In the toy model this yields solutions
in which the Fisher halo mass is concentrated near the baryons and the extended outer
halo is strongly suppressed. This branch resembles adiabatic contraction of halos in
deep baryonic potential wells.

For a fixed stiffness profile and baryon shape the three regimes above define a schematic
phase diagram in the (@, Ej) plane, parametrised by R.. The numerical radial flows
do not exhibit a sharp phase transition between cusps and cores, but rather a smooth
crossover curve Zj, it (OF; R.) separating solutions with steep inner profiles from
those that develop an extended entropy supported core. Within the present model we
do not attempt to extract a closed form for this curve, but the structure is sufficient to
make two points clear.

First, once the Fisher sector parameters (T, 8, ao, 1) are fixed, the location of a given
galaxy in the phase diagram is controlled by its baryon compaction through E;; the
choice between a cusp dominated and a cored halo is not an extra free knob that can
be tuned independently for each system. Second, the same control parameters that
govern the toy model can be inferred, at least approximately, from observed baryon
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Figure 1: Schematic cusp-core phase diagram in the (®f, E) plane. The solid curve
indicates the qualitative transition between cuspy, cored and entropy compressed branches for
a fixed stiffness profile and baryon shape, as discussed in the text. The dashed line illustrates
a representative O slice corresponding to a family of halos at approximately fixed Fisher
temperature.

profiles in real galaxies, so the qualitative phase diagram provides a bridge between
the Bernoulli scalar theory and empirical cusp to core trends without introducing
additional phenomenological structure.

4.5 Effective density and rotation curves in the toy model

Given a relaxed scalar profile og(r) from the radial gradient flow, the effective Fisher
halo mass and rotation curve can be constructed directly. The effective density
is obtained by differentiating the Fisher acceleration (2.2) and comparing with the
Newtonian Poisson equation. In spherical symmetry one has

GMpg(r)
gr(r) = ——a

so that

% ,
Mgp(r) = _EF I‘ZO'F(}’).

Differentiating yields the effective Fisher density

1 dMp AF

22 dr (r) = %(20'12(r)+r0'1’;’(r)).

pr(r) =

In practice, numerical derivatives of the relaxed o (r) profile can be used to construct
pr(r) and the total circular velocity

G
Vi) = = (Mp(r) + Me(r),
Comparisons with standard analytic halo families then provide a direct link between
the Fisher scalar model and phenomenological dark matter profiles.
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Remark (Osmotic interpretation of the Fisher force). In the scalar density formulation
of the Fisher sector developed in [2], one introduces a coarse-grained density p and a

log-density potential ¢ = log(p/po) for a fixed reference density pg > 0. To match the
effective potential convention @ = —5 ¢ used there, it is convenient in the present

paper to identify the Fisher scalar with the log-density in the weak-field regime,

or ~ ¢ =log(p/po).

Using the halo acceleration gg = Ag Vo then gives

gr(x) = ApVor(x) % ApVe(x) = ApViog p(x).

The associated Fisher force density is
Je(x) := p(x) gr(x) = App(x) Viog p(x) = ApVp(x) = -VPe(p(x)),  Pe(p) =

In this weak log-density branch the Fisher halo force is algebraically equivalent to
an osmotic pressure gradient with a negative pressure (tension) Pr o« —p. With
this convention an overdensity (Vp pointing inward) generates an attractive Fisher
acceleration (directed towards higher density), consistent with the effective potential
@ ¢ in [2] and with the definition of gr used in the present paper.

This matches the thermodynamic picture in which o plays the role of a dimensionless
chemical potential for the vacuum sector: the Fisher halo force can be viewed as the
osmotic reaction of the vacuum to the presence of baryons.

In the present paper we use this only as a local interpretation of the Fisher force in
slowly varying regions and do not impose P o p as a global closure condition for
halo structure.

Remark (Self-sourced branch and n = 1 polytropic comparison). The same scalar
density sector in [2, Sec. 6.3] admits a self-sourced branch in which the coarse-grained
density plays the role of its own source, with p,, = Ap for A > 0. In spherical symmetry
the corresponding static equation reduces to a Helmholtz-type equation

Ap + Ak p =0,
with regular solution

sin(Vak r) P d

0<r<—

Vakr VA’

where p. is the central density and the outer radius is fixed by the first zero of the
sine. This is the classical n = 1 Lane-Emden profile, which can be obtained from a
polytropic equation of state of the form P o« p2. We do not make direct use of this
self-sourced branch in the galactic fits below, but it shows that the Fisher scalar sector
naturally supports both an osmotic interpretation in the weak log-density regime and a
polytropic, self-sourced configuration with an n = 1 equation of state, all within the
same Fisher geometry on densities.

p(r) = pec

The toy model therefore plays two roles. It demonstrates explicitly that Bernoulli
bounded entropy can generate cored halos with realistic shapes, and it fixes the
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qualitative dependence of halo structure on Fisher temperature, baryon concentration
and stiffness profile. In the next section we introduce an observationally anchored
construction in which the Fisher halo contribution to rotation curves is written directly
in terms of the baryonic acceleration profile of a galaxy.

5 Fisher halo response in disc galaxies

The scalar Fisher model described above can be connected to observed rotation curves
by treating the Fisher halo as a nonlocal response to the baryonic acceleration within
the framework of Universal Information Hydrodynamics. Rather than reconstructing
o for each galaxy in detail, it is natural to work with an effective susceptibility kernel
that maps the baryonic acceleration profile to an additional halo contribution. This
section develops a simple one parameter response model and applies it to disc galaxy
data.

5.1 Baryonic acceleration and Fisher susceptibility

Consider a galaxy with baryonic circular velocity profile v, (R) in the disc plane,
where R is the cylindrical radius. The corresponding baryonic acceleration is

vp(R)?

gr(R) = R

In the scalar Fisher picture, gradients of o are sourced by g, through the Fisher
operator and bounded entropy geometry. To leading order one can posit that the Fisher
halo acceleration is a nonlocal functional of gy,

gr(R) = /OOOK(R,R’)gb(R’)ZdR’,

where K is an effective susceptibility kernel that encodes the radial Fisher stiffness
and the Bernoulli channel. In the simplest approximation K is taken to be positive and
slowly varying, so that the dominant contribution to gr(R) at a given radius comes
from baryonic accelerations at comparable radii.

A particularly simple model arises by assuming that the effective halo mass enclosed
within radius R is proportional to a cumulative Fisher energy constructed from gi,

R
Mp(<R) oc/ gn(r)? rtdr.
0

Comparing with the Newtonian relation between enclosed mass and circular velocity,

GMF(< R)

VF(R)2 = R ’
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one is led to an effective Fisher halo contribution of the form
2 1R 2.2
gr(R) = CI(R). VE(R) = Rer(R). 1R = [ anrrar,
0

where C is an amplitude parameter with dimensions of (acceleration x length)~! that
plays the role of an effective Fisher susceptibility. The function /(R) is completely
determined by the baryonic rotation curve of the galaxy, and encodes the shape of the
Fisher response.

Analytic properties of the Fisher response functional. In a thin exponential
disc with surface density X(R) = Zoe R/Ra the baryonic acceleration has the usual
behaviour g;,(R) « R at R < Ry and g;,(R) o« GM},/R* at R > R;. We approximate
the shape functional I(R) by taking the weight w(r) = 1. Inserting these asymptotics
into (5.1) gives:

* For R < Ry, gb(R) ~ aR and
1 R 2
I(R) ~ —/ a’ridr = a—R4,
R Jy 5

s0 gr(R) < R* and v%(R) o R>. The Fisher contribution is negligible in the very
centre.
* For R > Ry, g,,(R) ~ GM,/R? and the integral converges,

2202
G*M?

I(R) = I ~ :
(R) — RoR

where Ry is an inner cutoff of order the disc scale and the precise prefactor depends
on the full g5 (R) shape. In this regime v%(R) = Rgr(R) tends to a constant

2M2

v2(R) > Clow ~ C b
Ro

so the Fisher halo generically produces an asymptotically flat rotation curve
contribution controlled by the baryon profile and C.

Low acceleration RAR behaviour. In the outer disc the baryonic acceleration scales as
g»(R) o< R~% while the Fisher response scales as I(R) o« R~!. Eliminating R gives

I(R) « g}>(R),  gr(R) =CI(R) xCg,/*(R),

so in the low acceleration regime where gr >> g;, the total acceleration behaves as

got(R) = gr(R) 8b(R)1/2.

Thus the Fisher susceptibility model naturally generates a radial acceleration relation
with an effective slope one half in the low g;, regime, without imposing a MOND like
interpolation by hand. The normalisation of (5.1) is set by the global susceptibility C
and the Fisher parameters entering /..
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Scaling towards the baryonic Tully Fisher relation. For a family of discs with similar
surface density profiles, the integral /., scales as

oo G2M2
I ~ / gi(r) r2dr ~ b,
0 Ra

up to a dimensionless factor that depends only on the shape of g5 (R). Combining
(5.1) and (5.1) gives

G*M?
vlzp(oo) o C b,

Empirically, disc scale lengths obey a size mass relation Ry o« M, with s in the range
0.3 t0 0.5, so that
v%,(oo) oc Ml%_s, v‘},(oo) oc M;‘_zs.

For realistic s this exponent lies close to the observed baryonic Tully Fisher slope. The
key point is that in the Fisher scalar theory the scaling of vg, with M}, arises from the
non local response functional I, and the size mass relation, rather than being fitted
galaxy by galaxy: once the global Fisher parameters and susceptibility C are fixed, the
BTEFR enters as a derived scaling law.

Remark (Scalar Helmholtz limit and the shape functional). In the weak amplitude
regime of Sec. 3.2, where the Bernoulli bounded entropy can be approximated by
a quadratic potential, the scalar equation for o reduces to a screened Poisson or
Helmholtz problem with Fisher mass m  and screening length g ~ 1/mg. For slowly
varying stiffness one has a(r) =~ aq on the scales of interest, and the radial operator
acting on or becomes a constant coefficient Helmholtz operator. In three dimensions
this can be written schematically as

=V - (@Vor(x)) + mpor(x) = kpp(x),
so that in this homogeneous limit the Fisher potential is given by a Yukawa convolution

1 e—mFr

o2 = & [ Gupl=3) o0 @y ) = 5
R3 Tay 1

The corresponding Fisher acceleration
gr(x) = ApVor(x)

is therefore a nonlocal functional of the baryon distribution with a characteristic range
set by the screening length ¢F.

For an approximately axisymmetric, thin disc the relevant component is the radial
acceleration in the disc plane. Projecting the Yukawa Green function onto the disc
geometry produces an effective kernel K (R, R”) which decays once |R — R’| exceeds
{r, and the halo contribution to the circular velocity can be written in the form

vZ(R) z/o K(R,R") g»(R)* R dR’.

The shape functional 7(R) can thus be viewed as a cylindrical analogue of a Fisher
energy built from gi, obtained by integrating the squared baryonic acceleration over
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the interior region. The susceptibility C, with dimensions of inverse velocity squared
as in 5.1, then plays the role of a coarse grained amplitude that encodes the net strength
of the scalar Helmholtz response for a given galaxy, without requiring an explicit
reconstruction of the three dimensional field o or the exact kernel K(R, R’).

In the numerical SPARC fits of Section 5 we set w(r) = 1, so that I(R) is computed
directly from the squared baryonic acceleration profile of each galaxy.

This cumulative response model should therefore be understood as a phenomenological
summary of the underlying three dimensional Helmholtz dynamics in thin discs;
different non local kernels that produce the same I(R) over the radii sampled by the
data would be observationally indistinguishable at the level of the present susceptibility
fits.

The total model circular velocity is
vmod(R)* = vp(R)® +vr(R)> = v(R)® + CI(R).

For each galaxy, C can be determined by a weighted least squares fit to the observed
rotation curve. The sign and magnitude of C measure the strength of the Fisher halo
response relative to the baryons.

5.2 Amplitude fitting from rotation curves

Given observed velocities vqbs (R;) with uncertainties o, ; and a baryonic model v, (R;)
at radii R;, the Fisher amplitude C can be estimated by solving a linear regression
problem in v? space. Define

Vi = vobs(Ri)? = v (Ri)?, I; = I(R;),

where I(R) is the shape function (5.1) computed from the baryonic profile. The model
(5.1) implies
yi = Cl;.

Approximating the uncertainty in y; by propagating the errors in vqps gives
Oy,i = 2 Vobs(Ri) Ovi-
Introducing weights w; = 1/ a'y2 ;» the least squares estimator for C is

2iwiliy;
Yiwil?

To enforce an attractive halo one can constrain Cyest > 0. The corresponding halo and
total velocities are then

vE(R;) = VCoesti, Vinod(Ri) = Vv (Ri)? + vi(R)2.

Chest =
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A standard chi squared statistic in velocity space,

= Z(Vobs(Ri) - Vmod(Ri))2

O—V,i

i

provides a measure of goodness of fit, together with the root mean square residual

1/2
RMS = (%Z(Vobs(Ri) _Vmod(Ri))z) .
This construction defines a one parameter Fisher halo model for each galaxy, in which
the shape of the halo response is completely fixed by the baryonic rotation curve and
only the overall Fisher susceptibility C is adjusted. The model is simple enough to be
applied uniformly across large galaxy samples, while retaining a direct interpretation
in terms of the scalar Fisher dynamics.

5.3 Qualitative trends across galaxies

When the Fisher halo response model is applied to a heterogeneous galaxy sample,
one expects several robust trends.

For low mass, gas dominated dwarf galaxies with gently rising baryonic curves, the
shape function 7(R) grows approximately linearly with radius in the outer disc. The
fitted Fisher amplitude Cpeg, is typically non zero and of order 1072 in appropriate
units, and the resulting halo contribution v (R) produces a cored rotation curve that
closely resembles empirical cored profiles. The baryons alone would underpredict the
outer velocities, and the Fisher response supplies the missing acceleration.

For intermediate mass spirals with both stellar and gas components, the baryonic
rotation curve is more peaked. In many of these cases I(R) still supports a useful Fisher
response, but the fitted Cpey tends to be smaller, reflecting the fact that a significant
fraction of the observed rotation is already provided by the baryons. The Fisher halo
then acts as a modest correction that smooths the transition between the inner baryon
dominated regime and the outer flat portion of the curve.

For massive, bulge dominated systems with very high central baryon concentra-
tions, the simple Fisher susceptibility model (5.1) often assigns a small or vanishing
Crest- In such galaxies the baryonic model already saturates or overshoots the observed
velocities in the inner regions, and a positive Fisher response would worsen the fit.
This behaviour is consistent with the high Fisher temperature regime of the scalar
model, in which the halo is compressed into the inner potential well and does not
generate a significant extended mass at large radii.

These trends suggest that the Fisher susceptibility C is not a universal constant, but
depends on properties of the baryonic distribution that determine the local balance
between Fisher gradient flow and bounded entropy. In the scalar model this dependence
is controlled by the Fisher temperature and the reversible sector of the vacuum generator.
A natural next step is to relate C to a dimensionless Fisher temperature parameter
derived from the full UIH dynamics, and to determine whether the galaxy to galaxy
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variation in Cpeg can be collapsed onto a small number of underlying Fisher parameters.

5.4 Connection to Fisher temperature and hypocoercivity

The effective susceptibility C introduced in (5.1) measures the integrated response
of the Fisher halo to the baryonic acceleration field. Within the framework of the
universal generator K = G + J, the magnitude of this response is controlled by the
relative strength of the reversible sector J and the Fisher gradient sector G.

In the hypocoercive setting, the ratio of the true relaxation rate to the bare Fisher
diffusion rate defines a dimensionless hypocoercive index. In simple models this index
flows under coarse graining toward a universal infrared fixed point. The Bernoulli
bounded entropy channel can be viewed as a local realisation of this hypocoercive
structure, in which the Fisher temperature Tr encodes the strength of the reversible
sector relative to the Fisher gradient. In regions where the baryonic potential is shallow
and the reversible currents are effective, the Fisher temperature is higher and the
scalar field is prevented from developing deep cusps, leading to cored halos and a
sizable Fisher susceptibility. In regions where the potential is deep and the reversible
currents are trapped, the Fisher temperature is effectively lower and the scalar halo is
compressed, reducing the extended Fisher response.

An important open question is therefore how to express the effective susceptibility C in
terms of the underlying Fisher temperature and hypocoercive index, using the full UITH
operator geometry rather than the simplified scalar model. Addressing this requires a
more detailed analysis of the spectrum of the generator K in the presence of baryonic
sources, and a study of how the Fisher halo eigenmodes emerge and saturate as one
flows toward larger scales. We return to this question in the discussion and outlook.

In the small amplitude regime of the Bernoulli channel, Sec. 3.2 shows that the bounded
entropy contribution induces a Fisher mass scale m% = Tr3%, so that the characteristic

screening length of the scalar halo is Ao ~ 1/mp o T 1/2 at fixed stiffness profile. In
the finite dimensional UIH hypocoercivity experiments of Ref. [4], the impact of the
reversible sector on relaxation is captured by dimensionless UIH couplings built from
the Fisher gap and the norm of J. In particular, the leading hypocoercive corrections
to the bare Fisher decay rate are quadratic in the reversible amplitude, so any effective
Fisher temperature parameter constructed from the same operator data is naturally an
even functional of J, and in simple two-scale toy models can be arranged to scale as
TF o g% up to model-dependent factors.

In such a picture the Fisher mass scale inherits this dependence, mp oc |g1|, and
the core radius A is inversely related to the effective hypocoercive strength. We do
not attempt to derive a unique microscopic relation Tr (g1, g2) for realistic galaxies
here, but this scaling illustrates how the effective susceptibility C and the cusp-core
behaviour inferred from rotation curves could, in a more complete UIH field theory,
be organised by the same hypocoercive indices that control relaxation in the operator
models. For the present paper we keep Tr and C at the level of effective parameters,
interpreted as coarse measures of the reversible sector strength in the scalar reduction.
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5.5 Derivation of the Tully-Fisher Power Law

The empirical Baryonic Tully-Fisher Relation (BTFR), which relates the baryonic mass
M, to the asymptotic circular velocity v ¢ via a power law M, o v, is often cited as
a challenge for standard dark matter models which typically require fine-tuning of
feedback mechanisms to reproduce the tight correlation. In the scalar Fisher framework,
this scaling emerges naturally from the Bogomolny structure in the constant stiffness
limit.

Recall that in the cold Fisher limit (T — 0), the halo satisfies the Bogomolny bound.
For a region with approximately constant stiffness a(r) ~ ay, the effective Fisher halo
mass Mg (r) becomes strictly proportional to the enclosed baryon mass:

/lFK
871'Ga/0 '

Mp(r) = ypMp(r), with yp =

The parameter yr represents a vacuum amplification factor. Consequently, the total
dynamical mass M;,;(r) = Mp(r) + Mp(r) is a linear renormalization of the baryonic
mass:

Mioi(r) = (1 +yp)Mp(r).

The circular velocity for a test particle v.(r) is determined by the total enclosed mass.
At a characteristic radius R capturing the bulk of the galaxy, we have:

GMtot(R) _ Gefbe(R)
R R ’

ve(R) =

where G.rr = G(1 + yF) is the effective coupling constant mediated by the Fisher
vacuum.

To recover the scaling between mass and velocity, we introduce the geometric
constraint typical of rotationally supported disks. Observational samples such as
SPARC demonstrate that the central surface mass density of disk galaxies, X, varies
within a bounded range (related to Freeman’s Law). Approximating the baryonic
mass as M, ~ mXyR?, we can eliminate the radius R in favor of the mass and surface

density:
1/2
M
R~ (—b) .
X

Substituting this geometric constraint into the velocity equation yields:
GerrM
2 ef fb 1/241/2
xN———————— = b .
- (ﬂZo)_l/zMil;/z o1 ’

Squaring this relation reveals the characteristic fourth-power scaling of the BTFR:

1
My = 4.
’ [nGZ(l + 7F)220] .
This derivation highlights three key physical insights:

* The Slope: The v dependence is not a fit but a structural consequence of the linear
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mass renormalization Mg o« M}, inherent to the constant-stiffness Bogomolny
sector.

* The Normalization: The zero-point of the BTFR is set by the Fisher amplification
vr. A “softer” vacuum (lower «g) yields a larger yr, shifting the relation to higher
velocities for a given baryonic mass.

* The Scatter: Deviations from the exact law arise naturally from variations in the
effective stiffness a(r) (radial dependence) and the finite Fisher temperature Tr,
which introduces non-linear corrections via the bounded entropy term.

Thus, the scalar Fisher theory provides a first-principles derivation of the BTFR slope,
grounded in the information geometry of the vacuum rather than ad-hoc feedback
efficiency.

5.6 Structural inequalities and observational wedges

The scalar Fisher construction developed above already implies several structural
inequalities that can be phrased directly in terms of observable accelerations, free
energies and relaxation rates. In this subsection we collect three such consequences
that are particularly natural targets for comparison with galaxy data and for future
numerical work. They follow from the cold Bogomolny structure of Sec. 2.2, the
Bernoulli bounded entropy of Sec. 3, and the hypocoercivity bounds for UIH flows
developed in Ref. [4].

Static acceleration wedge. In the cold scalar limit with spherical symmetry and stiff-
ness profile a(r), Sec. 2.2 shows that the Fisher contribution to the radial acceleration
can be written as

A FK M b (I”)
8ra(r) r2 ’

where My, (r) is the enclosed baryonic mass and Agk/(87) is a positive constant
built from the Fisher coupling and the scalar charge. Matching to a Newtonian form
gr(r) = GMg(r)/r* defines an effective Fisher mass profile

gr(r) =

1 /lFK
M = Cp——M R Cp:= .
F(r) Fa(r) b(r) F=%0G
Assume that in a given vacuum phase the stiffness is bounded on the radial domain of
interest,
0 < @min < @(r) < amax < 0.

Then the effective Fisher to baryon mass ratio, and hence the Fisher to baryon
acceleration ratio in the cold limit, is trapped between two constants

CF CF
')/min = ) ’)/max = .
@max Umin
so that
gr(r) _ GM,(r)
Ymin = < Ymax > gb(l’) = —2
gv(r) r
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When the Fisher and baryonic accelerations are aligned, the total radial acceleration
therefore satisfies the wedge inequality

(1 + ¥min) 86 (r) < got(r) < (1 + Ymax) g5 (1),

where gt = gp + &gF.

Equation (5.6) is a purely structural statement: in any regime where the cold scalar
approximation is adequate and the stiffness lies in a common interval [@min, @max]
across systems, all radial points in the baryon acceleration plane must lie inside a
pair of straight lines of the form gy = (1 + y)g,. Here we are assuming smooth,
monotonically increasing enclosed mass profiles My, (r) and Mg (r) so that g, (r) and
gr(r) are non negative and radially aligned, and that the accelerations do not change
sign in the region of interest; these mild conditions are satisfied for the approximately
spherical, cold configurations considered below.

In practice real disc galaxies are not spherical and the finite temperature Bernoulli
channel perturbs the cold relation, but (5.6) identifies a natural RAR envelope implied
by the scalar geometry itself. A simple way to implement this observationally is to
take a sample with Fisher halo fits, construct g (R) and g5 (R) at the radii entering
the rotation curve, and determine an empirical wedge [yo ", 55" that contains a
fixed fraction of the points. The scalar Fisher picture predicts that, after removing low
surface density outliers and strongly non axisymmetric systems, this wedge should be

approximately common to all galaxies sharing a given vacuum phase.

The fitted susceptibilities in Sec. 5 can therefore be interpreted as sampling an
underlying interval [Ymin, Ymax] set by the Fisher couplings and the stiffness range,
with persistent RAR points outside any such common wedge signalling either departures
from the cold branch or breakdown of the simple scalar reduction.

Free energy bounds and information packing. The Bernoulli channel introduces a
bounded entropy contribution Sgerm (0F) that interpolates between a quadratic regime
at small field and a saturated two-state entropy at large |og|, with pointwise bounds

0 < Sem(oF(x)) < log 2, xevV,

on any finite domain V < R? adapted to the baryon profile. Together with the
Bogomolny completion of Sec. 2.2, which yields a cold bound F.oa[oF; pp] =
- Q‘}gﬂv [pp] for fixed baryons, this implies a simple global lower bound for the
finite-temperature scalar free energy

Flop;pp) = — 0% " [pp] — Tr(log2) Vol(V),
where F[oF; pp] is the full free energy including the entropy term, Q%" [pp] is the
Fisher charge functional fixed by the baryon distribution, and Vol(V) is the effective
volume of the scalar channel. For one-scale baryon families with total mass M and
scale radius R;, the Bogomolny integral gives a scaling

2 M?
grav KT C
QF [pb] 167a@ R, shape>
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where @ is a suitable stiffness average and Cgpape 18 a dimensionless shape factor. In this
sense the Bernoulli bounded entropy acts as a finite information-packing mechanism:
it allows the scalar halo to lower the free energy relative to the cold Fisher charge by
at most a controlled amount of order T log 2 per effective coarse-grained degree of
freedom, without opening the door to unbounded negative energies. This bound has
two consequences.

First, for any fixed baryon profile and Fisher temperature the scalar free energy cannot
be driven to arbitrarily negative values by rearranging the halo; the cold Bogomolny
charge fixes a floor that scales with M 2 /Rp, while the bounded entropy term contributes
at most a finite shift set by 7r and the site weights. Second, in families where the
baryons become more compact at fixed mass, the Fisher charge increases roughly as
M}%/ Rp, while the entropy contribution is controlled by the bounded channel. Within
the scalar model this identifies MZ /(Rp @) and TF as the natural control parameters
for how much Fisher structure can be packed into the inner regions without leaving
the Bernoulli regime. The numerics of Sec. 4 show that this competition manifests
as a smooth transition between cuspy and cored profiles, with the bounded entropy
preventing arbitrarily sharp central cusps at finite TF.

From a practical point of view, the free energy inequality can be turned into a direct test
once a baryon profile and a Fisher halo fit are available. The charge functional Qir o]
can be evaluated from the same radial integrals that enter the BPS construction, while
an effective scalar free energy can be estimated from the reconstructed halo mass
distribution and potential depth. For each galaxy the combination

Trisher = Feold[oF; pp] — TF / SBern(0F) dx + Q5" [pp] + T 10g2/ u(x) dx

should be non negative within modelling uncertainties if the bounded entropy picture
is adequate. A population of systems requiring Jrisher << O in order to fit their inner
rotation curves would indicate that either the Bernoulli channel is incomplete or the
scalar Fisher sector itself needs to be modified.

A fully analytic bound on the central density in terms of My, Rp, Tr and & lies
beyond the present scope, but the free energy inequality already identifies the relevant
combinations and the direction of the effect.

Hypocoercive relaxation bounds. Finally, the UIH hypocoercivity results of Ref. [4]
provide structural bounds on relaxation toward Fisher halo equilibria. In the finite
dimensional UIH setting, the symmetric Fisher Dirichlet operator —G has a spectral
gap Ar that sets the irreversible clock, and the full generator K = G + J satisfies

/lhyp > c1 AF, O<cp <1,

with ¢ a dimensionless constant depending only on the hypocoercive couplings g; and
g». In all examples studied in [4] the decay rate of perturbations under K is bounded
below by such a positive multiple of the Fisher gap.

Treating the scalar halo as a coarse grained UIH sector driven by the same Fisher
geometry, it is natural to expect an analogous inequality for the relaxation of o
toward a Bogomolny or Bernoulli equilibrium. At the level of free energy this can be

47



expressed schematically as

FloF(t); pp] = Filpp]l < (Flor(0); ppl = Filps]) exp(=2 Anyp 1),

where F.[pp] denotes the minimal scalar free energy for the given baryon distribution
and Apyp is a hypocoercive rate controlled from below by the Fisher gap as in (5.6). In
particular, non equilibrium distortions of a Fisher halo cannot persist for times much
longer than /l}:ylp without contradicting the UIH hypocoercivity picture.

Earlier we summarised three structural inequalities already implied by the scalar Fisher
geometry and the UIH framework. They can be viewed as envelopes or floors within
which more detailed galaxy by galaxy modelling must sit, and they provide concrete
targets for future tests that combine rotation curves, lensing and dynamical relaxation
diagnostics.

5.7 A Fisher spectrometer for galaxies

The static Fisher halo model already provides, for each galaxy, a preferred scalar profile
o (r) that minimises the free energy F[oF; pp] for the given baryon distribution.
In this subsection we outline how such halos can be assigned simple dimension-
less “spectral coordinates” that allow galaxies to be compared directly to the other
information-geometric systems studied in the UIH programme [3, 4].

We fix a finite outer radius Ry« large enough that both the baryon profile and the
Fisher halo density have decayed to negligible values and consider perturbations 6o
of the static solution (T;f supported in 0 < r < Ryax. The second variation of the free
energy at o defines a symmetric Dirichlet-type operator

Grpéo ==V - (a(r)Véo) + V[ (oj(r)) 60,

acting on a suitable weighted L? space of perturbations with homogeneous boundary
conditions at r = 0 and r = Rp.x. Under the structural assumptions on « and V;
already imposed in Sections 2 and 3, G is self-adjoint and non-negative, with a
discrete spectrum on [0, Rax].

Let /ll};‘lf(Rmax) denote the smallest non-zero eigenvalue of G r on this interval. This
eigenvalue plays the role of an effective Fisher gap for perturbations of the halo on

scales r < Rmax. It is natural to define a dimensionless gap parameter by
hal 2
Analo := /lFa’f(Rmax) Ty

where . is the stiffness scale introduced in Section 2. For fixed Fisher parameters
(Ar, T, ag, r+) and baryon compactness, Apglo is expected to be an O(1) quantity
that depends only on the dimensionless control parameters (@, Ep, R,) introduced in
Section 3.

The susceptibility fits performed in Section 5 assign to each galaxy a single Fisher
amplitude Cgy in the linear response relation between the baryon acceleration and the
Fisher halo contribution. To compare different galaxies in a way that factors out the
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overall Fisher curvature scale, it is useful to form the dimensionless combination

hal
20 (Ri)
Shalo := — Ceal,

where « is the global coupling constant entering the free energy (2.1). The index
Shalo Measures, in a single number, how strongly the halo responds to the baryon
source relative to the curvature scale set by G . In the idealised limit where the linear
response is dominated by the softest mode of G r, Spao is expected to be of order unity;
stronger or weaker responses correspond to departures from this idealised limit.

Taken together, the pair
(Ahalo, Shalo)

assigns to each galaxy a point in a low-dimensional “Fisher spectrometer” plane. The
UIH analysis of quantum channels and Markov generators [3, 4] associates analogous
dimensionless gap and response indices to finite-dimensional systems, and shows that
many apparently different generators cluster into a small universality region in this
plane. The Fisher halo programme suggests that realistic galaxies should likewise
populate a narrow band in (Analo, Shalo), With residual scatter controlled by baryon
compactness and environment.

We do not attempt to compute Apao and Shao for the full SPARC sample in the
present work. The definitions (5.7)-(5.7) are intended as a concrete template for future
numerical work, and as a bridge to the UIH universality diagrams. In particular, a
robust inconsistency between the ranges of (Analo, Shalo) inferred from Fisher halos and
those measured in laboratory realisations of Fisher-Kéhler dynamics would count as a
tension for the unified information-geometric picture developed here and in Refs. [2—4].

5.8 Parameter economy and predictive structure

The Fisher susceptibility model for disc galaxies is deliberately constrained in its
parameter content. Once a global Fisher coupling scale, a Fisher temperature regime
and a simple family of stiffness profiles have been fixed, each galaxy in the SPARC-like
sample is described, at the level of rotation curves, by a single halo amplitude parameter
in addition to its baryonic mass model. The shape of the halo response is tied to the
cumulative Fisher functional built from the baryonic acceleration, and the Bernoulli
bounded entropy sector fixes how the scalar interpolates between cuspy and cored
regimes as surface density and Fisher temperature are varied.

This is in contrast with standard cold dark matter halo fitting, where two or more
shape parameters per galaxy are usually required, and with strongly phenomenological
modified gravity fits that may introduce additional knobs in the interpolating function
or environment dependence. In the Fisher picture the freedom resides primarily in
a small number of global parameters that set the Fisher gap, the effective Fisher
temperature and the stiffness hierarchy, while individual galaxies only probe different
parts of the same Fisher response curve. As a result, the scalar Fisher model makes
joint predictions for the radial acceleration relation, the baryonic Tully-Fisher slope
and zero point, and the distribution of inferred halo amplitudes across galaxy types
once the global Fisher parameters are chosen.
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The structural inequalities derived from the Bogomolny completion and the bounded
entropy potential further restrict the allowed region of parameter space. For a given
choice of Fisher parameters there are upper bounds on core surface densities, central
slopes and total Fisher mass, and the susceptibility fits cannot exceed these bounds.
A full SPARC scale analysis that enforces these constraints would therefore provide
a sharp test of whether the scalar Fisher sector can simultaneously account for
rotation curves, maintain parameter economy and remain compatible with the Fisher
inequalities. Such an analysis lies beyond the scope of the present paper, but the
formalism has been arranged so that it can be carried out with minimal additional
modelling freedom.

5.9 A characteristic surface density scale and Freeman-type bounds

The structural inequalities above are formulated entirely in terms of ratios of Fisher to
baryonic mass or acceleration. In this subsection we note that the bounded entropy
sector also singles out a dimensionful scale in the disc midplane, which can be written
as an effective surface density and is numerically close to the classical Freeman scale.

Consider an idealised, rotationally supported disc that is thin compared to its radial
extent and symmetric under z — —z. The total vertical acceleration just above the
midplane is fixed by Gauss’ law,

gz ot(R, 0+) = 271G Zii(R),

where X(R) is the total surface mass density (baryons plus any effective halo
component) at cylindrical radius R. The baryonic contribution alone satisfies

g2:6(R,07) = 217G Zp(R),
so that the Fisher contribution at the midplane can be written as

gZ,F(R’O+) = gz,tot(R’0+) _gz,b(RaO+) = 2nG [Ztot(R) _Zb(R)]-

On the other hand, in the scalar Fisher theory the halo contribution is encoded in the
scalar field o and its gradient. In the cold limit the Fisher acceleration can be written
as

gr(x) = —ApVor(x),

with A fixed by the Fisher coupling to matter. The Bernoulli bounded entropy potential
constructed in Sec. 3 ensures that of is confined to a finite range and that its gradient
cannot grow without bound: for any choice of Fisher parameters («a, «, Tr) there exists
a finite characteristic magnitude of the scalar gradient in quasi-static configurations. It
is convenient to summarise this information in a single Fisher acceleration scale ar
defined schematically by

lgr(x)| < ar throughout the disc-plus-halo configuration,

where ag is a function of the microscopic Fisher parameters but, once these are
fixed, is common to all galaxies in the same vacuum phase. In practice the numerical
halo solutions of Sec. 4 and the SPARC fits in Sec. 5 fix ar to be of order the
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low-acceleration scale that appears in the radial acceleration relation.

Evaluating (5.9) at z = 0* and using (5.9) gives a simple midplane bound,
27G [Zt(R) = Zo(R)| < ar.

In regions where the disc is baryon dominated, X (R) =~ X, (R), the Fisher halo
contribution to the midplane field is by definition small and (5.9) is trivially satisfied.
The inequality becomes more informative in the opposite regime, where the Fisher
sector carries a substantial fraction of the dynamical mass: then the difference X — X,
cannot grow arbitrarily for a fixed choice of Fisher microphysics.

A particularly transparent way to package this information is to define the characteristic
surface density

ar
271G’

Equation (5.9) then shows that X is the surface density at which the vertical field of
a razor-thin baryonic sheet matches the Fisher acceleration scale:

Zerit 1=

gz,b(RsO+) = dar — Zb(R) = it

Discs with X, (0) < X necessarily sit in the “weak-field” regime where the Fisher
halo provides most of the central dynamical surface density, whereas discs with
25(0) > X are expected to be baryon dominated in their inner parts and to feel the
Fisher response only outside the radius at which g p falls back towards aF.

For realistic values of the size-mass exponent s this effective power 4 — 2s lies close to
the observed baryonic Tully-Fisher slope, so the susceptibility model is compatible
with a BTFR-like scaling at fixed structural family. In this picture the scaling of vy
with M}, arises from the nonlocal response functional /, and the empirical size-mass
relation, rather than being imposed galaxy by galaxy.

The cold Bogomolny analysis of Section 5.5 shows that, under additional structural
assumptions on the disc and stiffness profile, the Fisher scalar theory reproduces an
exact fourth power baryonic Tully-Fisher law with a normalisation fixed by the Fisher
couplings and the baryonic structural parameters.

For a Fisher acceleration scale comparable to the empirical RAR scale, ap ~
10719ms~2, one finds
Zaic ~ 10° Mo pe™?,

which is of the same order as the central dynamical surface densities inferred for
low-surface-brightness discs and as the classical Freeman upper envelope for disc
central surface brightness when translated to mass units. In this sense the scalar Fisher
theory does not merely accommodate a Freeman-type scale: it interprets it as the
midplane imprint of the vacuum Fisher acceleration scale a that also controls halo
response in the outskirts.

5.10 Freeman surface density bound from Fisher gravity

A long-standing empirical regularity of disc galaxies is the near-universal upper
envelope in central surface brightness for high-surface-brightness (HSB) discs, often
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referred to as Freeman’s law [18]. In modern terms it is more natural to phrase this as
a statement about the baryonic central surface density: HSB discs cluster along an
upper envelope X5, (0) S i, while low-surface-brightness (LSB) discs populate a
broad region below. In this subsection we show that, within the Fisher scalar theory,
such an upper envelope arises quite naturally from the same microphysics that fixes
the Fisher acceleration scale ar used in the RAR fits.

Setup. We work in the weak-field, quasi-static regime with baryon density pp(Xx)
and Fisher scalar o (x). The cold Fisher sector is described by the free energy

Feodlor; pp] = /% (CY(X) \Vor|* — koF pp + U(O'F)) d’x,
R,

where a/(x) is the Fisher stiffness, « is the baryon coupling, and U(oF) is the bounded
entropy potential discussed in Section 2. We assume throughout that a(x) is bounded
and strictly positive,

0 < &min < @(X) < @ax < 0,

and that U is C2, bounded below, with bounded derivative |U’(or)| < U’ and no
runaway directions. These are precisely the conditions required for the Bernoulli
bounded entropy construction.

Static equilibrium of the Fisher sector in the presence of baryons is given by the
Euler-Lagrange equation

-V (2a(x)Vor) + U'(oF) = « pp(X).
The Fisher acceleration field is

gr(x) :== —ArVor(x),

with Ag > 0 as in Section 5, and the total gravitational field is g« = g5 + gr, Where
g5 is the Newtonian field sourced by the physical mass density.

We consider static disc-plus-halo configurations in which: (i) the baryons form an
axisymmetric disc, reflection symmetric under z +— —z, with surface density Z;(R)
and finite vertical thickness small compared to the radial scale near the centre; (ii)
the total mass is finite and the disc has a finite scale length R;; and (iii) in the
inner few scale lengths of an HSB disc the mass budget is baryon dominated, so that
Ziot(0) = 25 (0).

A universal Fisher acceleration scale. The combination of the kinetic term a|Vor|?
and the bounded entropy potential U (o) implies that the Fisher scalar cannot mediate
arbitrarily large quasi-static accelerations on galactic scales. We now sketch how this
leads to a universal acceleration ceiling.

Multiply (5.10) by or and integrate over a ball Bg of radius R that contains the disc
and dynamically relevant part of the halo. Integration by parts and the divergence
theorem give

/ 2a/|V0'F|2d3x+/ U'(of)oF dx = K/ Pb OF d3x+/ 2a0F 0,0F dS.
BRr Br Br 6BR
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By construction, o is confined to a finite range |0 | < o by the bounded entropy
potential, and |U’ (oF)| < U,. Moreover, for physically admissible discs the baryon
density is bounded |pp| < pp «, and @ is bounded above and below. Thus each term on
the right-hand side of (5.10) is bounded in magnitude by a constant times the volume
of Bg, with constants depending only on the Fisher microphysics and coarse bounds
on pp. Using @(X) > amin one obtains an inequality of the schematic form

2a'rnin'/ |V(7'F|2 d*x < Cy Vol(BR),
BRr

for some C; independent of the detailed shape of the disc.

Hence the spatial average of |Vor|? over By is bounded uniformly in R. Standard
interior gradient estimates for semilinear elliptic equations with bounded coefficients
and bounded nonlinearity then imply a global bound on |Vog| in the disc-plus-halo
region: there exists G, < oo, depending only on (@min, @max, K, U, pp.«), such that

|Vor(x)| < G, for all x in the galaxy.
Multiplying by Ar we obtain a universal bound on the Fisher acceleration,
lgr(X)| = Ap|Vor(X)| <ar,  ar :=AFG..

Once the Fisher microphysics («, k, A, U) are fixed at a given epoch, the number ar
is universal for all static disc plus halo solutions in the theory. In practice the same
scale appears in the RAR fits of Section 5.

Vertical field and surface density ceiling. Consider now the gravitational field at
the disc midplane. In the thin-disc approximation the total vertical field just above the
plane is given by the Gauss-law result for a sheet,

gtot,z(R’ 0+) =2rG z:tot(R),

where Z(R) is the total surface mass density at radius R, including baryons and any
effective halo contribution that can be coarse grained across the thin disc. Similarly
the vertical field from the baryons alone is

8b,2(R,0%) = 27G Zp(R).
The Fisher contribution to the vertical field at the plane is
8r,z(R,0%) = g0tz (R, 07) = 85,2 (R, 0%) = 270G (L1t (R) — Zpp(R)).

By the universal Fisher bound (5.10) we know that |gr . (R,0%)| < af for all R.
Combining (5.10) with this inequality gives

271G [Zii(R) — Zp(R)| < ar.

In the central region of an HSB disc the mass budget is baryon dominated, so that
Yt (0) = Z5(0) and the difference Xy (0) — X5 (0) is small compared to either. In this
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regime the inequality (5.10) reduces to an upper bound on the total vertical field itself,

|gto1,2 (0, 07)| = |g5,2(0,07)| < aF.
Using the sheet relation (5.10) at R = 0 we obtain
271G Lt (0) < ar,
and hence

ar

Zp (0) = Z:tot(o) < Zerits Zerit 1= 7G’

Equation (5.10) is a Freeman-type statement in baryonic variables: for HSB discs,
whose inner regions are baryon dominated, the Fisher scalar microphysics enforce a
galaxy-independent upper envelope on the central baryonic surface density. LSB discs,
in which the halo contributes a larger share of X (0), naturally occupy X5 (0) values
below X without ever violating the Fisher acceleration ceiling.

Relation to the classical Freeman value. The bound (5.10) expresses X; purely
in terms of the universal Fisher acceleration scale ar and Newton’s constant. In the
next subsection we will see that the same ay controls the low-acceleration branch of
the RAR and sets the scale for the baryonic Tully-Fisher relation. When the Fisher
parameters are fixed by the halo fits, the resulting af is of order 1071 ms~2, so that
Yeit = ar/(2nG) is numerically of order 10> Mg pc™2, consistent with the empirical
Freeman upper envelope when translated into surface brightness with realistic mass-
to-light ratios. We emphasise that X is not put in by hand: it is a derived scale, fixed
once the Fisher microphysics are chosen and the acceleration scale af is calibrated
against the RAR.

6 SPARC Numerics

To make these qualitative trends more concrete we have implemented a simple one
parameter Fisher fit to the rotation curves in the SPARC compilation of nearby disc
galaxies [23]. For each galaxy we take the published baryonic contribution vy (R)
and observed circular velocity vops (R) at radii R; with quoted uncertainties o;. The
baryonic acceleration is

vp(R)?

R) = :
gb( l) R;

and we form the Fisher response functional

1 (R
IR) = /0 o5 (1) 2 dr,

L

discretised as in Sec. 5. The one parameter Fisher halo model then predicts

gr(R) =CI(R;), v (R =Vvi(R)+CRI(R),
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with a single susceptibility parameter C for each galaxy. We fix C > 0 and determine
the best fit Cpege by minimising the usual chi squared,

2
)(Z(C) _ Z [Vobs(Ri) ~ Vmodel (Ri; C)] )(2 _ /\/Z(Cbest)
7 o 12 ’ red N data — 1

No additional structural parameters are introduced at this stage: the disc, bulge and gas
components, distances and inclinations are taken directly from the SPARC modelling,
and the Fisher sector enters only through the single scalar C. We fit C individually for
each galaxy to directly test the scalar theory’s prediction that vacuum susceptibility
saturates in high-density environments.

As a simple measure of the central baryon concentration we define a characteristic
inner baryonic acceleration

8b,0 = gb(Rmin)’
where Ry, is the innermost radius with a published rotation velocity. To quantify how

strongly the Fisher response integral is dominated by the inner disc we also define, for
each galaxy, an “inner Fisher fraction”

1
I (Rmax) Rmax
where Ry« 1S the outermost radius in the SPARC data. This dimensionless number is

close to zero when the Fisher response is dominated by the outer disc and rises toward
unity when the inner bulge or bar controls the integral.

Rinner 2 9 1
inner_I_frac = / gp(r)°rodr, Rinner = 5 Rmax,
0

Applying this pipeline to the 175 galaxies in our SPARC subsample we find that the
Fisher halo model with a single positive susceptibility parameter provides a reasonable
description of a large fraction of the rotation curves, but breaks down systematically
in systems with very high central baryon accelerations. For orientation, the global
median over the sample is
median(Clo) = 3.1 x 107 (km/s) >, median(y2,) = 6.5,

with a broad scatter toward both smaller and larger values. To reveal the dependence
on central baryon concentration more clearly we divide the sample into three equally
populated groups by the empirical quantiles of g ¢, which we label “low density”,
“intermediate density” and “high density” for brevity.

In the low density group (58 galaxies, typically dwarfs and low surface brightness
discs) the inner baryonic accelerations cluster around

median(gp.0) = 2.5 x 102,

in the natural SPARC units, and the Fisher response integral is almost entirely controlled
by the outer disc,
median(inner_I_frac) ~ 0.01.

In this regime the fitted susceptibilities are typically of order

median(CP*) ~ 3.7 x 1073 (km/s) 2,

best
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with a median reduced chi squared median( sze 4) = 1.8. Thus for slowly rising rotation
curves whose baryonic contribution remains small at all radii, the one parameter Fisher
halo model provides statistically acceptable fits with a characteristic susceptibility
of the order of a few 1073 (km/s) ~2. We refer to this characteristic value as the soft
vacuum susceptibility,

Coort = 4.2 % 1073 (km/s) 2,

defined more precisely as the median of Cpeg Over the low density subsample, restricted
to galaxies with Cpes > 0.

In the intermediate density group (57 galaxies, typically late type spirals with modest
bulges) the central baryonic accelerations are larger,

median(gp, o) ~ 1.2 x 10°,

and the inner Fisher fraction rises to median(inner_I_frac) =~ 0.05. The fitted
susceptibilities are correspondingly smaller,

median(CPo) = 4.9 x 107 (km/s) 2,

st

and the typical fit quality degrades to median( sze 2 =4l

Crucially, this vanishing susceptibility is a direct signature of the Bernoulli saturation
limit: in deep baryonic potential wells, the vacuum degrees of freedom are fully
excited, leaving no capacity for an additional linear response.

The high density group (60 galaxies, which are predominantly high surface brightness
spirals and bulge dominated systems) shows a qualitatively different behaviour. The
inner baryonic accelerations are now very large,

median(gp.0) = 2.1 x 10%,

and the Fisher response integral is strongly dominated by the innermost radii, with
median(inner_I_frac) ~ 0.30. In this regime the constrained least squares procedure
very often drives the fit to the boundary Cpet = 0, and the median susceptibility over
the high density group is consistent with zero within our fitting resolution. At the
same time the fit quality becomes poor, with a median reduced chi squared of order
median ( sze 4) = 64. The galaxies with the smallest non zero effective susceptibility

are almost all high surface brightness or strongly bulge dominated systems with large
inner Fisher fractions; several of them also show independent evidence for non trivial
dynamical structure, such as counter rotating components or signs of recent mergers
in the literature.

From the point of view of the scalar Fisher theory these results are natural.

In slowly rotating dwarfs and low surface brightness discs the baryonic acceleration
remains small at all radii and the Fisher integral is dominated by the extended outer
disc. In such systems the vacuum can respond linearly with a susceptibility close to
Csoft, generating a smooth, cored halo that supports the observed flat rotation curve.
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As the central baryon concentration is increased the Fisher response integral becomes
more and more dominated by the inner disc and bulge, so that any positive linear
response would effectively “pile up” vacuum mass in the central regions. Within the
scalar theory this corresponds to entering the high Fisher temperature regime, where
the halo is compressed into the inner potential well and no longer produces a large
extended mass at large radii. In our simple one parameter fits this compression is
expressed by the fit preferring Cres = O in many high density galaxies, and by the
systematic increase in sze 4 38 gp.0 and the inner Fisher fraction rise.

We emphasise that this SPARC analysis is deliberately minimal. The baryonic
modelling, distances and inclinations are held fixed, no attempt is made to include non
circular motions or vertical structure, and each galaxy is allowed its own susceptibility
parameter C rather than enforcing a global Fisher temperature.

The trends across the low, intermediate and high density subsamples are highly
structured: the Fisher susceptibility inferred from the simplest one parameter model is
close to a constant Cyof in dwarf and low surface brightness galaxies, falls by an order
of magnitude in typical spirals with moderate bulges, and is effectively driven to zero
in strongly bulge dominated systems where the Fisher response integral is dominated
by the inner disc.

This pattern is consistent with the cusp core phase diagram of Sec. 4, and provides a
first quantitative indication that the vacuum response is genuinely non linear in the
high density regime, as expected from the bounded entropy structure of the scalar
Fisher theory.

It is useful to contrast this deliberately constrained analysis with earlier exploratory
Fisher fits to the same SPARC sample. In that preliminary work we allowed a more
flexible, kernel based Fisher halo model in which each galaxy was assigned both
an overall amplitude and an effective radial scale controlling how rapidly the Fisher
response saturates with radius. With two such halo parameters per system the Fisher
sector was able to reproduce individual rotation curves, the radial acceleration relation
and the baryonic Tully-Fisher relation at a level comparable to standard two parameter
dark matter halo models. Those preliminary results established that Fisher type vacuum
responses are at least phenomenologically competitive with more conventional halo
parametrisations, but they did so by giving the vacuum a degree of freedom that is not
obviously enforced by the scalar field theory itself.

The present treatment is intentionally stricter. We have fixed the halo shape by
the scalar Fisher theory, encoded it in the cumulative response integral /(R), and
allowed each galaxy only a single susceptibility parameter C, constrained to be non
negative. In this regime the Fisher sector is not tuned to obtain cosmetically optimal
fits for every rotation curve; instead, the aim is to expose systematic trends across
a heterogeneous sample and to test whether the soft versus stiff vacuum behaviour
predicted by the scalar theory is already visible in existing data. The fact that many
low and intermediate density discs are well described by a common soft susceptibility
Csofi» While strongly bulge dominated systems are driven toward an effectively stiff
response with Cpese = 0 and large sze 4» 18 therefore informative rather than problematic.
It suggests that the failures of the simplest one parameter Fisher fit in the high density
regime are not merely shortcomings of a toy model, but a signal of genuinely non
linear vacuum response that is consistent with the broader cusp-core and bounded
entropy picture developed in this paper.
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6.1 Future orientation

The scalar Fisher halo model, Bernoulli bounded entropy channel, and Fisher sus-
ceptibility construction developed in this work establish a concrete bridge between
information geometry and galactic dynamics. Several key questions remain open.

First, the dependence of the effective Fisher susceptibility on baryon properties and
environment needs to be understood from first principles. This includes relating the
fitted amplitude C to Fisher temperature and hypocoercive indices derived from the
full generator K, and determining whether galaxy to galaxy variations in C can be
collapsed onto a small number of universal Fisher parameters.

Second, the role of reversible Fisher currents and Fisher gravitomagnetism in rotating
systems needs to be explored. This requires lifting the scalar model to a complex
Fisher Kihler field with both amplitude and phase, and analysing the resulting vortex
and solenoidal structures in galactic halos.

Third, the optical metric associated with Fisher structured vacua must be constructed
explicitly and confronted with lensing observations. This involves computing light
deflection in Fisher halos derived from multi scale UIH models, and comparing with
systems where conventional dark matter scenarios invoke collisionless components to
explain lensing baryon offsets.

Addressing these questions will require a combination of analytical work on the
Fisher Kdhler geometry of the universal generator, numerical experiments with time
dependent Fisher fields, and systematic comparison with galactic and cluster data. The
scalar Fisher halos studied here provide a starting point for this programme, illustrating
how bounded entropy, Fisher stiffness and baryonic sources conspire to generate cored
and cuspy halos that can be fitted directly to rotation curves through a single Fisher
susceptibility parameter.

7 Towards dynamical Fisher halos and lensing

The scalar Fisher model developed so far captures the static response of a Fisher halo
to a fixed baryon distribution. A complete gravitational phenomenology requires two
further ingredients: a dynamical treatment of Fisher halos in time dependent situations,
and a description of how light propagates through Fisher structured vacua. This
section outlines the geometric structures required for these extensions and identifies
key questions for future work.

7.1 Reversible currents and Fisher gravitomagnetism

The scalar sector studied above is associated with the symmetric Fisher generator G
and describes an irreversible, gradient driven response of the halo to baryonic sources.
The full UIH generator K = G + J includes an antisymmetric reversible sector J
that encodes symplectic transport on the Fisher Kéhler manifold. In the presence of
rotation and large scale flows one expects this reversible sector to generate macroscopic
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Fisher currents in the halo, analogous to gravitomagnetic fields in general relativity.

Any linear response description of these Fisher currents would inherit the same
causality structure as in the density sector. Under the usual analyticity assumptions the
corresponding susceptibility y (w, k) obeys a Kramers-Kronig relation in frequency,
so that the in phase and out of phase components form a Hilbert transform pair. In the
UIH language this can be read as stating that the dissipative contribution from G and
the reversible contribution from J arise as two quadratures of a single causal Fisher
response kernel rather than as independent degrees of freedom.

From the scalar point of view, the Fisher temperature T provides a coarse measure of
the magnitude of these reversible currents: higher effective Tr corresponds to stronger
reversible mixing and a more significant bounded entropy contribution. In a fully
dynamical treatment one would introduce a complex order parameter whose phase
encodes the Fisher current, with the scalar o describing the amplitude. The resulting
equations would combine Fisher diffusion, bounded entropy, and phase dynamics, and
would support solenoidal halo flows and vortex structures.

Developing such a model requires lifting the scalar Bernoulli construction to the full
Fisher Kihler geometry, in which the Fisher metric and symplectic form are combined
into a compatible triple and the dynamics of K are represented as coupled gradient
and Hamiltonian flows on the state space. The scalar halo studied here then appears as
a projection of a more general Fisher Kédhler mode. A key open problem is to derive
an effective description of these modes in galactic settings, and to determine whether
the resulting Fisher gravitomagnetic effects can account for observed phenomena such
as the tightness of the baryonic Tully Fisher relation and correlations between rotation
and halo structure.

7.2 Optical metric and Fisher lensing

Light propagation in a Fisher structured vacuum can be treated by projecting the full
UIH dynamics onto the relativistic completion derived in Section 2.7. Rather than
positing a phenomenological optical metric, we derive the lensing signal directly from
the scalar energy—momentum tensor in the weak field limit.

The Einstein frame action for the Fisher scalar is
1
SF = / d*x =g [—5 Z (o) g"V V08 V08 = Vi(0F) — kK OF pp |-

In the static, weak field regime we consider scalar configurations close to a minimum
of the bounded entropy potential V;, so that the dominant scalar contribution to the
stress—energy tensor T}fv comes from the spatial gradients of o. The effective scalar
energy density is then

1
perr =Ty ~ 3 Z(o¥) |Vorl%,
where we have neglected V; in the cold Fisher limit.

Gravitational lensing is governed by the Weyl potential ®jps = (O + V) /2, where &
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and W are the metric perturbations in the Newtonian gauge
ds* = —(1+2®) dr* + (1 - 2¥) 6;; dx'dx/ .

For a static scalar configuration in which the gradient energy dominates and the
anisotropic stress is small, the linearised Einstein equations imply that the lensing
potential satisfies a Poisson equation sourced by the scalar energy density,

V2®yens = 471G peir = 210G Z (o) [Vor|*.

This relation is obtained in the static, weak field regime in which time derivatives of op
are negligible, the bounded entropy potential V;(oF) is small in the cold Fisher limit,
and the anisotropic stress from the scalar gradients is subdominant so that ® ~ V.
Under these conditions the Fisher scalar contributes to the Weyl potential in precisely
the same way as a physical matter fluid with density peg-.

In this regime the Fisher vacuum lenses light in the same way as a standard matter fluid
with density peg, even though the scalar force on non relativistic baryons is controlled
by the fifth force coupling «.

This derivation removes the need for an independent optical coupling parameter a.
Once the scalar sector is written in Einstein frame and the kinetic prefactor Z(oF) is
fixed by the microscopic completion, the lensing profile is rigidly determined by the
stiffness profile Z(ox) and the scalar gradient Vo, with the overall coupling strength
set by Newton’s constant G and no additional optical degree of freedom. In spherical
symmetry this leads to a lensing convergence kieps that tracks the projected Fisher
energy density. A central challenge for future work is to compute these maps for
cluster mergers and test whether the Fisher parameters required for galactic rotation
curves produce the correct lensing offsets in colliding systems.

7.3 A hypocoercive Fisher generator for halo perturbations

The previous subsection treated the scalar Fisher halo as a static minimiser of the
free energy. For dynamical questions, such as the relaxation of halos after a baryonic
rearrangement or the response to a merger, it is natural to view the halo as one more
instance of a metriplectic Fisher system in the sense of the UIH programme [3, 4]. In
this subsection we outline the structure of the corresponding generator.

We work in a finite Fisher-active region, defined as a ball B containing the baryonic
disc and the core of the Fisher halo. Outside Bg_, both the baryon density and the
Fisher halo density are negligible on the scales probed by rotation curves, and the
Bernoulli occupancy p associated to o is exponentially close to 0 or 1. In this outer
region the Fisher metric degenerates and the scalar is effectively frozen. Inside Bg,,,
the Bernoulli occupancy satisfies € < p < 1 — ¢ for some small & > 0, and the Fisher
metric is strictly positive.

On the Fisher-active region we define a weighted Hilbert space of perturbations with
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inner product

(601, 602) f = /B wr(x) 601 (x) S (x) dx,  wr(x) = pa(x) (1 = pa(x)),

Rmax

where p. is the Bernoulli occupancy corresponding to the static halo ;.. Relative to
this inner product the operator G ¢ defined in (5.7) is self-adjoint and non-positive.
The smallest non-zero eigenvalue /l%alf(RmaX) coincides with the gap introduced in
(5.7).

To incorporate reversible dynamics we consider an effective skew-adjoint operator Jg
on the same Hilbert space, representing advection and phase rotation in the complex
Fisher order parameter. In the simplest barotropic picture Jr takes the form of a
transport operator

Jpdo = —u(x) - Véo + (lower order terms),

where u is an effective halo flow field, chosen so that Jg is skew-adjoint with respect
to (-,-)r and conserves the free energy F[oF; pp] to leading order. The precise
microscopic origin of u and the lower order terms is not important for the present
discussion; the only essential point is that Jg is F-skew and leaves the Fisher metric
invariant.

The linearised dynamics of small perturbations around the static halo can then be
written in the familiar hypocoercive form

6,60-:KF60-, Kr :=Gg +JFp,

with G self-adjoint and non-positive and Jr skew-adjoint in the Fisher inner product
(7.3). Under mild regularity assumptions on @, V; and u, the abstract hypocoercivity
results of Ref. [4] apply. In particular there exists a constant cpyp, € (0, 1], depending
only on the geometry of G and the structure of Jr, such that the spectrum of K¢ lies
in the half-plane

Red < —Chyp A};ifil?(Rmax)a

and such that all perturbations orthogonal to the neutral directions decay at least as
fast as exp(—cpypA12'9¢) in the Fisher norm.

This structure has two immediate consequences for halo dynamics. First, stability of
the static halo is equivalent to the positivity of G on the Fisher-active region, that
is to the existence of a genuine gap /lg?lf(Rmax) > (. This is precisely the convexity
condition on the free energy already discussed in Sections 2-3. Second, the slowest
relaxation timescale for perturbations of the halo is controlled by the effective Fisher

gap and the hypocoercive constant,

1

Trelax ~ o >
halo
Chyp /lF,l (Rmax)

up to algebraic prefactors. Since the leading eigenvalues of Gy scale as /l}};“lf ~

Deg/R2,., with an effective Fisher diffusivity D.g set by (ao, Tr) and a core size
Rcore, the relaxation time scales approximately as Tyejax o< Rgore /Degr.

For galactic halos with R .. of order a few kiloparsec and Fisher parameters in
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the cored phase of the Bernoulli model, T.jox can comfortably sit below a Hubble
time, so that halos are at least approximately aligned with their baryon sources. For
cluster-scale Fisher structures with characteristic radii of order megaparsec, the same
Fisher parameters imply much longer relaxation times, allowing large-scale Fisher
condensates to lag behind rapidly moving gas during major mergers. A detailed
numerical study of G and J in realistic cluster geometries lies beyond the scope of
the present work, but the hypocoercive structure (7.3) shows that these questions can
be addressed within the same information-geometric framework as the static halo fits.

In particular, once Gg and Jg have been specified for a given system, the time-
dependent halo profile or(t, x) and the associated Fisher halo density pg(t, x) can
in principle be evolved under (7.3), and the corresponding evolution of the lensing
convergence and shear can be obtained from the usual weak-field Einstein equations
with source p, + pr. The present subsection is intended to make clear that this
dynamical Fisher halo problem is a well-posed instance of the general hypocoercive
dynamics developed in Ref. [4], rather than an ad hoc extension of the static fits.

8 Cluster scale Fisher halos and colliding systems

The scalar Fisher mechanism that produces cored halos in galaxies extends naturally
to cluster scales, where baryons are dominated by hot plasma rather than stars and gas
discs. In these environments the Fisher temperature, stiffness and bounded entropy
operate on larger spatial and temporal scales, and the reversible sector of the generator
becomes more important. This section outlines how the Fisher scalar model generalises
to clusters and how it can accommodate systems where baryons and inferred mass are
spatially offset.

A two clump Fisher scalar toy model for colliding clusters. To make the cluster
phenomenology more concrete it is useful to study a minimal two clump configuration.
In the weak field and small amplitude regime the Fisher scalar equation linearises to a
screened Poisson equation

(=V2 + m3) op(x) = & pp(X),

where mp = /1;1 is the Fisher screening mass and py, is the total baryon density of
collisionless galaxies plus hot gas. The solution of (8) is a Yukawa convolution

—mp|r|

47|r|

e

P (x) = K /]R Gulx=X) pp(X) &, G(r) =

Consider a simple model of a Bullet style collision in which p;, is the sum of two
narrow, dense galaxy clumps of mass M, and characteristic size R, centred at +d /2
along the collision axis, plus a broader, lower density gas component of mass Mg,
and characteristic size Ry, > R, centred near the origin. Evaluating (8) at the centre
of one galaxy clump gives contributions

M, —-mpRg Megas

e Ogas ~ K ———
s gas
4nRg 47 Rgas

e_mFRgas

bl

Ogal,self ~ K
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up to order one geometric factors. Even when My, is comparable to or larger than
My, the ratio
O gal, self Mg /Rg
O gas M, gas/ Rgas

favours the compact collisionless clumps if Ry > R, and A is not vastly larger than
the cluster. In other words, the Fisher scalar responds more strongly to dense, compact
galaxy subclusters than to diffuse gas, and the scalar profile o (x) will exhibit maxima
near the galaxy clumps rather than the gas peak.

exp[_mF(Rg - Rgas)]

At finite Fisher temperature Tr > 0 the full scalar equation
=V (aVor) +U'(0r;TF) = kpp

adds a convex restoring term U’ (oF; Tr) that smooths and slightly shifts the peaks
of o, but does not reverse the hierarchy between compact and diffuse sources for
the same Fisher parameters that fit galactic halos. The associated Fisher halo density
pr(x) = f(or(x)) is therefore also peaked near the collisionless clumps.

Mapping to weak lensing. Given pr(X), the lensing relevant quantity is the projected
surface mass density

Sr(€) = / pr(£.2) dz.

where € are coordinates in the lens plane and z is the line of sight. The total surface
density entering the convergence (&) and shear y (&) is

Ztot(f) = Zgal(f) + Zgas(‘f) + Z:F(‘f)-

In the two clump configuration described above the collisionless galaxies are compact
and largely retain their identities through the collision, while the hot gas is ram pressure
stripped and displaced. For reasonable Fisher parameters the Yukawa convolution (8)
and the nonlinear correction (8) yield pr peaks that track the collisionless clumps, so
2 and hence Xy acquire local maxima close to the galaxy subclusters rather than the
gas. This reproduces qualitatively the observed structure of Bullet like lensing maps,
in which convergence peaks sit near the collisionless components.

As a simple numerical check on this picture we solved the linearised Fisher equation
(8) on a three dimensional periodic box for a minimal two clump configuration, using
the Yukawa solver fisher_bullet_cluster_yukawa.py in the code archive. The
domain is a cube of side L = 4d resolved with 1283 grid points, where d is the
separation between the two galaxy centroids along the collision axis. The baryon
density pp, is taken to be the sum of two narrow Gaussian galaxy clumps of equal
mass Mg, and characteristic radius Rgy = 0.2d centred at x = +d /2, together with a
broader Gaussian gas component of mass Mgas = SMg, and radius Rgas = 0.4d. In the
symmetric case the gas is centred at the midpoint, while in displaced configurations
the gas centroid is shifted by 0.1d or 0.2d along the collision axis, mimicking a simple
Bullet style offset between hot plasma and galaxies. For each configuration we solve

(=V? +mE) o (%) = k pp (%)

by FFT, with m g d varied between 0.5 and 2.0, construct the Fisher density pr = Cy0F,
and form the projected surface densities 25, XF and X = 2£p + ZF along the line of
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sight.

In the symmetric configuration the projected baryon surface density has two equal
peaks at x ~ +0.41d, while the gas and total baryon centres of mass lie near x = 0.
The two dominant peaks of X, occur at the same positions, so that the nearest total
peak lies a distance Axg, ~ 0.09d from each galaxy centroid but Axg,s ~ 0.41d from
the gas centroid. When the gas component is displaced by 0.1d or 0.2d the projected
baryon and total centres of mass move between the galaxies and the gas, as expected
once most baryon mass is in the plasma, but the dominant peaks of % remain locked
to the collisionless clumps: for the range mpd € [0.5,2.0] the nearest total peak
to each galaxy lies within Axg, =~ 0.06-0.09d of the corresponding galaxy centroid,
while the same peaks lie Axg,s =~ 0.24-0.64d from the gas centroid, even though
Mg,s = 5Myg,. The Yukawa sector therefore produces a Bullet style configuration in
which the effective gravitating peaks track the compact collisionless clumps rather
than the extended gas, without introducing separate couplings for galaxies and plasma
or modifying the source term in (8). A more realistic treatment of colliding clusters
would require time dependent Fisher fields and hydrodynamical plasma simulations,
but this minimal experiment already confirms that the simplest implementation of the
scalar Fisher mechanism naturally admits Bullet like lensing geometries.

Conversely, a robust observational pattern in which, for a given set of Fisher parameters
compatible with galactic halos, the lensing convergence peaks in colliding clusters
systematically coincide with the gas rather than with dense galaxy components would
be very difficult to accommodate within (8). Such systems would directly challenge
the Fisher halo picture and provide a sharp falsifier for this sector of the theory.

To check how robust this Bullet like behaviour is to changes in the relative size and
mass of the gas component we carried out a small parameter scan with the script
fisher_bullet_measure.py in the code archive. We fix two identical Gaussian
galaxy clumps of radius Ry at x = +d/2 and place a gas Gaussian at x = 0 with
radius Rgys = URRga and mass Mgy = ppsMgq. For each triple (mpd, upr, 1R)
with mpd € {0.25,0.5,1.0,2.0}, upr € {1,3,5,10} and ug € {1.5,2,3} we solve
the linearised Fisher equation (8) on a 643 periodic box, construct the total surface
density X = XZp + ZF along the line of sight, and extract the two dominant peaks
of X along the collision axis y = 0. For each peak we measure its distance to the
nearest galaxy centroid, Ag,, and to the gas centroid, Ag,s, and define a dimensionless
“Bullet-likeness” ratio

Agas

Agal ’

with the conventions that peaks coincident with the gas have Rpyjer = 0 and peaks
coincident with a galaxy are reported as Ryt > 1. Configurations with Rpyjier > 1
have total convergence peaks much closer to the galaxies than to the gas, while values
Rpuiet = 0 correspond to gas dominated peaks.

Rpultet =

In this simple model the phase structure is almost entirely controlled by the relative
size of the gas component. When the gas is only mildly more extended than the
galaxies, Rgys/Rgal = 1.5, the total peaks become gas dominated once Mgy 2 SMg,,
while for Mg, ~ 3M,, one peak sits near the gas and the other near a galaxy. When
the gas is twice as extended, Rgas/Rga1 = 2, there is a broad band of mass ratios
1 < Mgys/ Mgy < 5 in which both peaks of X lie between 7 and 100 times closer to
the galaxy centroids than to the gas centroid, independently of mgd in the scanned
range. For still more extended gas, Rg,s/Rgal = 3, the Fisher Yukawa sector remains
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Bullet like even when the gas mass is ten times that of either clump: for Mg,s = 10Mg,
both peaks of X are separated from the gas centroid by a distance Ag,s approximately
seven times larger than their separation Ag, from the nearest galaxy centroid. These
experiments therefore indicate that, once the gas is a few times more extended than
the collisionless clumps, there is a wide and rather insensitive region of parameter
space in which a single Fisher scalar with a universal source term generically produces
Bullet like convergence maps, without introducing separate couplings for galaxies and
plasma.

8.1 Fisher scalar structure in clusters

Consider a cluster with baryonic mass density p,(x) supported by an intracluster
medium and galaxies. The scalar Fisher field obeys the static equation

-V (2a(x)Vor(x)) + Tr 057 Sern (0°F (X)) = kpp (x)

with the same bounded entropy and stiffness structure as in the galactic case, but now
with a(x) and T varying on megaparsec scales. The effective Fisher density and
gravitational acceleration are obtained from the scalar gradients in the same way as in
the spherical toy model, by matching the Fisher acceleration to a Newtonian potential.

Clusters differ from galaxies in two important respects. First, the baryon distribution
is often extended and multimodal, with subclusters and filaments contributing to the
overall potential. Second, the dynamical time and collisional time of the intracluster
medium can be comparable to the Fisher relaxation timescale. As a result, the scalar
field may not reach a fully static equilibrium during major mergers, and its configuration
can retain memory of prior baryon distributions.

In the simplest approximation, one can treat the scalar as quasistatic on scales larger
than the core of each subcluster. Within each subcluster the scalar responds to the local
baryons through (8.1), generating an effective Fisher halo that tracks the coarse baryon
configuration. On larger scales the halos associated with different subclusters interact
and superpose, with the nonlinear bounded entropy term regulating the combined
structure.

8.2 Off centre baryons and Fisher relaxation

In colliding cluster systems, baryons and collisionless tracers such as galaxies can
become spatially separated during the merger. In a conventional dark matter scenario
this separation is taken as evidence for a collisionless dark component, whose mass
distribution tracks the galaxies rather than the plasma. In the Fisher picture the situation
is more subtle, because the scalar responds to the coarse grained baryonic acceleration
field and is governed by a hypocoercive generator with both reversible and irreversible
sectors.

A schematic description can be developed by considering two subclusters with baryon
densities pp,1 (x) and pp, 2 (x) that pass through each other along a collision axis. Before
the collision the scalar field is approximately the sum of two static solutions o1 (x)
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and oF2(x), each solving (8.1) with its own baryon source. During the collision, ram
pressure and shocks can displace the baryon peaks relative to the galaxies. The scalar
field, however, evolves under the full generator K = G + J, and its relaxation toward a
new configuration is controlled by the hypocoercive interplay between Fisher diffusion
and reversible transport.

If the effective Fisher temperature is low in the overlap region, the scalar halos
associated with each subcluster are stiff and respond slowly. In this case the Fisher
mass distribution retains a memory of the pre collision configuration for a significant
time, with halo peaks that can remain closer to the collisionless galaxy components
than to the displaced plasma. The bounded entropy term prevents arbitrarily sharp
features, but does not immediately erase the off set structure. In this regime the Fisher
halo behaves qualitatively like a collisionless component on merger timescales, even
though it is ultimately sourced by baryonic information and governed by a diffusive
operator.

If the Fisher temperature is higher and reversible currents are strong, the scalar field
relaxes more rapidly toward a configuration aligned with the post collision baryon
distribution. The halo then follows the plasma more closely and does not exhibit large
offsets. The degree of misalignment between Fisher halos and baryons in a given
system is therefore a diagnostic of the local Fisher temperature and hypocoercive
index.

A full quantitative treatment requires solving the time dependent scalar equation
coupled to the baryon hydrodynamics in merging clusters, with a(x, ¢) and Tr (x, 1)
determined by the underlying UIH dynamics. This provides a natural setting in which
to study how Fisher halos interpolate between collisionless and collisional behaviour
depending on the local balance of reversible and irreversible sectors.

Finally, the relativistic completion and lensing analysis in Section 7.2 confirms that the
projected surface density Xy used in this section is the correct input for the lensing
convergence. The same scalar energy density peg ~ %Z (o) |Vog|? that sources the
Weyl potential also underlies the Fisher contribution to X, so the peak structure in
our Bullet like geometries directly encodes the Fisher lensing signal.

8.3 BPS type bounds at cluster scales

The static scalar equation (8.1) can be written in a form that admits BPS type inequalities
at cluster scales. In particular, for suitable choices of @ and « one can complete the
Fisher free energy into a sum of squares and a topological term, leading to an inequality
of the form

Florl = Fseslpsl,

with equality when a first order Bogomolny equation is satisfied. In spherical symmetry
this reduces to the scalar Bogomolny equation studied earlier, while in more general
geometries it provides bounds on the integrated Fisher energy and halo mass in terms
of baryonic invariants.

At cluster scales these bounds constrain the possible Fisher configurations for a given
baryon distribution, and can be used to estimate how much Fisher mass can be displaced
relative to the baryons during a merger without violating the Fisher BPS inequality.
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This suggests a programme in which cluster mergers are used as laboratories to probe
the Fisher BPS structure and the associated hypocoercive relaxation.

Global stability of Fisher halos. The Bogomolny completion for the Fisher free
energy implies a lower bound of the form

Flor] > Fgpslpp]l = —OFlagp,]

where QF is the pure Fisher charge determined by the baryon source sector. In
particular, at fixed baryon distribution the Fisher scalar cannot relax to energies below
Fps[pp], and configurations that solve the scalar BPS equation are global minimisers
of the Fisher free energy.

When the scalar sector is embedded in the density manifold described in the metriplectic
analysis, with a curvature coercivity bound ki, > «. > 0 along the gradient flow, the
Bakry-Emery framework then yields exponential relaxation of F[or] towards this
minimum. In the Fisher gravity picture, a BPS Fisher halo is therefore a globally stable
attractor of the scalar gradient dynamics: perturbations that respect the positivity and
ellipticity hypotheses decay in the natural H~! geometry, and the halo cannot evaporate
or collapse below the Fisher charge set by the baryons. Cluster-scale mergers probe
this stability by driving the system far from the BPS configuration and allowing the
hypocoercive Fisher dynamics to relax back towards a new halo that again saturates

the Bogomolny bound for the post-merger baryon distribution.

8.4 Dwarf galaxy clustering and the Fisher Freeman bound

Recent work on dwarf galaxy clustering has identified a striking inversion relative to
the behaviour of massive galaxies. Using deep wide field data, Zhang et al. [28] report
that diffuse, low surface brightness blue dwarfs exhibit significantly stronger spatial
clustering than compact dwarfs at fixed stellar mass. In a standard cold dark matter
picture the amplitude of clustering is primarily controlled by halo mass, so dwarf
galaxies of similar stellar mass are expected to occupy halos of comparable mass and
to show similar two point correlations. The observed reversal, in which low surface
density dwarfs are more strongly clustered than high surface density dwarfs, therefore
poses a non trivial challenge for formation models built on collisionless dark matter.

In the Fisher framework this anomaly has a natural interpretation in terms of the surface
density driven phase structure of the scalar vacuum. The scalar sector developed above
singles out a critical acceleration scale ar and the associated Fisher Freeman bound,
which may be written in the form

ar
Zerit = ﬁ s

where X is the characteristic central baryon surface density at which the Fisher
response saturates. For central surface densities £, (0) < X the bounded entropy
sector remains in its linear regime and the Fisher vacuum behaves as a soft medium that
supports extended scalar halos. For X5 (0) = Z the Bernoulli occupation number is
driven towards saturation, the bounded entropy term stiffens, and the scalar gradients
are constrained by the Fisher acceleration ceiling. In this stiff regime the extra force is
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effectively screened outside the dense core and the Fisher halo is compressed relative
to the linear case.

To make contact with the ons in [28] it is useful to introduce a dimensionless Fisher

saturation ratio
>0 2nG X
Rz = = ,

Zerit ar

where % is a characteristic central baryon surface density. For a simple disc like
configuration one may take

Eoz

2 9
TR
with M}, the baryonic mass and R.g an effective radius that captures the inner surface

density scale. The exact profile dependence only enters through order one factors; the
classification into soft and stiff regimes is controlled by the ratio Ry.

As a representative example, consider two dwarf populations at fixed stellar mass
M, ~ 2 x 108 My, reflecting the diffuse and compact systems discussed by Zhang et
al [28]. A diffuse dwarf with effective radius R.g¢ ~ 2.0 kpc has

. 2 x 108 M,
sdiff o)
01

X W X 16)(101 M@pC_z,

while a compact dwarf with R.g¢ ~ 0.5 kpc has

seomp 2% 108 M,

~ = — "9 &~ 25x 10> Mypc 2.
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Taking ar ~ 107'ms~2 as in the Fisher Freeman analysis above gives a critical
surface density
2 -2
et & 10" Mg pe™,

so that the corresponding saturation ratios are

diff z:comp
i 0 0
RIT ~ 22— ~ 0.1 and Ry » ~ 2.5.
> .
crit crit

Within the Fisher scalar theory the diffuse dwarfs with Ry < 1 therefore lie cleanly in
the soft, linear response regime, whereas the compact dwarfs with Ry > 1 probe the
stiff, saturated regime in which the Fisher acceleration is bounded by ar.

This separation has direct consequences for the range and strength of the scalar
mediated force. In the soft regime the bounded entropy sector remains unsaturated
and the Fisher scalar explores the interior of its potential well. The associated halos
are extended, with screening length set by m;l, and the effective Fisher mass can
reach far beyond the stellar component. Diffuse dwarfs below the Freeman scale are
therefore expected to carry long range Fisher clouds that overlap and interact over
larger separations, enhancing their two point clustering at fixed baryon mass. In the
stiff regime the high central surface density drives the vacuum towards saturation,
suppresses scalar gradients in order to respect the Fisher acceleration ceiling, and
compresses the halo into the inner regions. Compact dwarfs above the Freeman scale
then behave more like screened systems in which the extra force beyond Newtonian
gravity has a shortened effective range, reducing their large scale Fisher mediated
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correlations relative to diffuse dwarfs of the same stellar mass.

In a cold dark matter framework the difference in clustering between diffuse and
compact dwarfs must be attributed to differences in the underlying halo population, for
example through assembly bias or environment dependent feedback, since halo mass is
the primary control parameter. In the Fisher picture the controlling variable is instead
the central baryon surface density through the dimensionless ratio Ry. The reversal
reported by Zhang et al [28], in which low surface density dwarfs cluster more strongly
than high surface density dwarfs at fixed stellar mass, is then a natural qualitative
consequence of the surface density driven phase structure of the Fisher vacuum. A
detailed comparison will require embedding the Fisher halo model into a full large
scale structure calculation, but the existing data already point to dwarf clustering as a
promising regime in which the Fisher Freeman bound and the associated soft and stiff
phases can be tested.

9 Summary and outlook

Universal Information Hydrodynamics (UIH) provides a framework in which weak
field gravity on galactic scales can be viewed as the response of a Fisher structured
vacuum to the presence of baryons. The Fisher Kihler construction supplies the
geometric backbone, combining a monotone information metric and a symplectic form
into a single Fisher structure that links reversible and irreversible sectors through the
universal generator

K=G+/J,

with G a Fisher gradient part and J a reversible current part coupled to a bounded
entropy functional.

In the scalar reduction studied here the fast microscopic sector is integrated out,
leaving an effective scalar Fisher field o coupled to baryonic matter through a free
energy functional that combines a Fisher gradient term, a Bernoulli bounded entropy
channel and a linear coupling to the baryon density. The corresponding Euler-Lagrange
equation defines a Fisher scalar halo model in which the gradients of o generate an
additional acceleration via the Fisher coupling. In spherical symmetry this model
admits a Bogomolny completion and BPS type bounds that relate the halo profile to
baryonic quantities. The Bogomolny structure yields inequalities that bound the total
Fisher halo mass, inner slopes and characteristic core surface densities in terms of the
baryon distribution and a small set of Fisher parameters. Within this scalar theory one
can therefore define a characteristic Fisher surface density scale and Freeman-type
bounds that constrain how strongly the vacuum can respond to a given baryonic disc.

A radial gradient flow implementation shows that the Bernoulli bounded entropy
channel produces a smooth transition between cuspy and cored halos as the Fisher
temperature and baryon compaction are varied. In the low temperature, high surface
density regime the scalar halo behaves like a stiff cold component with cuspy profiles.
At intermediate Fisher temperature the entropy penalty generates flat cores whose
profiles are well approximated by empirical cored halo families. At high Fisher
temperature the scalar mass is compressed into the inner regions, with little extended
Fisher halo at large radii, reflecting strong reversible mixing and bounded entropy
saturation. The Bernoulli model thus provides a controlled cusp to core mechanism
in which the choice between cusps, cores and compressed configurations is fixed by
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Fisher parameters and baryon structure rather than by ad hoc profile fitting.

At the level of disc galaxy rotation curves the scalar Fisher theory motivates a simple
one parameter response in which the halo contribution to the circular velocity is
proportional to a cumulative nonlocal functional of the baryonic acceleration. The
shape of this Fisher response is fixed by the baryonic rotation curve, while the overall
susceptibility is set by a single amplitude parameter per galaxy. In the weak amplitude,
screened regime this response can be written as a Helmholtz type convolution with a
Yukawa kernel, and the combination of the nonlocal Fisher functional with the empirical
size-mass relation yields a baryonic Tully-Fisher scaling as a derived consequence
rather than a fitted input. Within the same framework the scalar inequalities translate
into bounds on core surface densities and on the shape of the radial acceleration
relation for any admissible choice of global Fisher parameters.

A deliberately constrained application of this response model to a heterogeneous
SPARC-like sample, using one Fisher susceptibility parameter per galaxy and fixed
baryonic mass models, reveals structured trends. Gas dominated dwarfs and low
surface brightness systems favour a nonzero soft susceptibility and develop extended
cored rotation curves. Intermediate spirals require modest Fisher corrections that
smooth the transition between inner and outer regions. High surface density, strongly
bulge dominated systems are often driven toward an effectively stiff regime in which the
best fit susceptibility is close to zero, consistent with Fisher halos that are compressed
into the inner potential wells. These patterns are consistent with the cusp-core phase
diagram and with the bounded entropy picture developed earlier, and they illustrate
how a single Fisher response sector can interpolate between cored and effectively halo
free behaviour as surface density is varied.

On cluster scales the same scalar mechanism extends to more complex baryon
distributions and merging environments. In the screened, weak field limit the Fisher
scalar obeys a Helmholtz type equation with a Fisher screening length that can be
comparable to cluster core sizes. In such regimes the scalar field can retain memory of
prior baryon configurations on merger timescales, especially at low Fisher temperature
where the halo is stiff. This opens the possibility of systems in which the effective Fisher
mass distribution exhibits offsets relative to the plasma without invoking additional
collisionless species. The Bogomolny bounds provide control on how much Fisher
mass can be displaced relative to the baryons during a merger, and the relaxation
back toward a new BPS configuration is governed by the same hypocoercive Fisher
dynamics that appear in the broader UIH setting.

Several directions for further work are clear. A first priority is to connect the effective
Fisher susceptibility used in rotation curve fits, and the structural inequalities and
surface density scale derived here, to the spectral data of the universal generator. In
particular, the halo gap and Fisher response indices (Apalo, Shalo) introduced in the
Fisher spectrometer construction provide concrete dimensionless invariants that should
be computable both from microscopic UIH models and from halo fits. This requires a
detailed analysis of the spectrum of K in the presence of baryonic sources, and of how
the Fisher parameters flow under coarse graining.

A second priority is to lift the scalar model to a full Fisher Kéhler field theory with
both amplitude and phase, capturing Fisher currents, vortices and gravitomagnetic
effects in rotating systems. This would allow direct modelling of non spherical halo
structures, bars and spiral features, and the coupling between halo flows and disc
dynamics within the same Fisher geometric framework. A third priority is to construct
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the optical metric associated with Fisher structured vacua, to compute lensing in Fisher
halos derived from microscopic UIH models, and to confront those predictions with
systems in which baryons and lensing mass are offset.

Finally, a systematic comparison between Fisher halo predictions and large galaxy
and cluster samples that explicitly enforces the Fisher inequalities and Freeman-type
bounds will be essential. The scalar Fisher model and susceptibility based response
developed here provide practical tools for such comparisons, embedding empirical fits
within a geometric framework that links them to information hydrodynamics, bounded
entropy and UIH universality diagrams. As these tools are refined and extended, they
will either identify a small set of information geometric parameters that organise gravity
from laboratory Fisher channels to galaxies and clusters, or reveal where additional
degrees of freedom and couplings are required. In either case the scalar Fisher sector
provides a controlled starting point for recasting gravitational phenomena in terms of
universal information flows rather than additional elementary dark components.

Three tests of vacuum stiffness. The scalar Fisher framework links halo phe-
nomenology to baryon surface density and environment rather than to total mass alone.
This suggests three qualitative tests that we leave for future work.

First, the saturation scale derived from the Freeman surface density bound predicts a
sharp transition in effective halo mass-to-light ratios as a function of central surface
density, potentially explaining why diffuse dwarf spheroidals appear dark matter
dominated while compact globular clusters of similar stellar mass show little evidence
for an extended halo [32]. Second, because the Fisher halo is an emergent response to
the baryon distribution rather than an independently assembling particle component,
early structure formation at high redshift should track baryon collapse timescales more
closely than halo virialisation, providing an alternative angle on the abundance of very
massive systems reported in recent JWST surveys [33].

Third, the stiffness profile is sensitive to the large scale environment, so the same
vacuum sector that supports extended halos for isolated ultra diffuse galaxies can be
partially screened in the vicinity of massive hosts, offering a possible route to reconcile
dark matter poor satellites such as DF2 and DF4 with the Fisher picture [34]. Together
these density and environment driven effects provide a set of falsifiable signatures that
distinguish Fisher gravity from standard cold dark matter at fixed baryon mass.
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A Vacuum universality and analogue probes

The unifying claim of the broader UIH programme [1-4] is that many apparently
different physical systems share a common information-geometric structure. Each
system carries a Fisher metric on its state space, a metriplectic generator K = G + J
combining reversible currents and Fisher-gradient dissipation, and a small set of
spectral and response invariants that classify its behaviour under coarse-graining. The
Fisher halo theory developed here suggests that galactic and cluster halos are another
member of this family.

The static analysis in Section 5 and the dynamical structure outlined in Section 7.3
associate to each realistic Fisher halo a dimensionless gap parameter Ay, and a
susceptibility index Spa1o via (5.7)-(5.7). The same UIH methods applied to quantum
channels and classical Markov generators [3, 4] yield analogous dimensionless gaps
and response exponents for those finite-dimensional systems. One can therefore view
both laboratory systems and galactic halos as points in a common “Fisher universality
plane” with coordinates (A, S).

We do not expect these points to coincide numerically. Universality classes are regions,
not single values, and systems at very different scales probe different parts of the
same Fisher geometry. What the unified picture does suggest is that, after appropriate
rescaling, the points corresponding to laboratory realisations of Fisher-Kéihler dynamics
and those corresponding to Fisher halos should occupy a compatible region in the
(A, S) plane and exhibit similar qualitative scaling under coarse-graining. For example,
systems that flow under Fisher-preserving renormalisation group maps to the same
diffusive fixed point in the sense of Ref. [4] should display comparable relations
between their gap, their hypocoercive index and their static response exponents.

This perspective turns the idea of laboratory ‘“vacuum microscopes” into a concrete
consistency requirement. Given a sufficiently broad collection of laboratory systems
for which the Fisher gap and response exponents can be measured, one can delineate an
empirical universality region U,y in the (A, S) plane. The Fisher halo fits then define
an empirical region Up,o via the coordinates (Analo, Shalo) €xtracted from galaxies
and clusters. If these two regions are grossly incompatible, in the sense that Uhgo
lies well outside any reasonable coarse-grained extension of Uiy, then one of two
conclusions is natural: either the vacuum degrees of freedom underlying Fisher halos
do not belong to the same Fisher universality class as the laboratory systems studied
so far, or the entire UIH unification of quantum, Markov and gravitational sectors is
incomplete.

Conversely, if future numerical work finds that U, and Uy, are compatible after
taking into account the obvious differences of scale and environment, this would
provide non-trivial support for the information-geometric picture developed here.
In that case condensed-matter systems, carefully engineered GKLS channels and
classical stochastic processes would genuinely act as analogue probes of the same
Fisher-Kihler vacuum geometry that governs Fisher halos, with the gap and response
spectra measured in the laboratory helping to constrain the plausible ranges of Fisher
parameters in the galactic and cosmological sectors.

The present paper does not attempt such a cross-scale comparison. The definitions of
Analo and Shyo are provided as a template for future numerical and experimental work
rather than as claimed measurements. They do, however, make precise in what sense the
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Fisher halo sector can be said to belong to the same information-geometric universality
class as the UIH systems already studied, and how the combined programme could in
principle be falsified by a mismatch of Fisher invariants across scales.

B Fisher-Kihler disc halos with phase and vortices

The scalar Fisher gravity model treats the halo as a real field o with free energy

Fscatar[0F; pp] = / [a'(x) |V0-F|2 —TrSBem(0F) — k oF(x) pb(X)] dx.

R3

To incorporate reversible Fisher currents more explicitly it is natural to lift this scalar
field to a complex Fisher-Kéhler order parameter

W (x) = Vpr(x) e,

where pF is a halo density and ¢ is a phase whose gradients encode J-sector currents.
A simple choice compatible with the Bernoulli structure is to map the scalar field op
to the halo density via

1

pr(x) = po p(oF(x)), p(or) = m,

so that pr inherits both the bounded entropy and the BKM mobility of the Bernoulli
manifold.

We then consider the augmented free energy

Fotlor, ¢; pp] = FscalaelOF; pu] + Frlor, @],

with J-sector contribution

1
Filor.ol = 5o [ pror() VeGP &
my JRr3
The metric gradient flow of Fiy in the Fisher-Wasserstein geometry defines the G-sector,
while the Hamiltonian flow generated by F'; defines the reversible J-sector. On a time
slice, the corresponding continuity equation for the halo density can be written in the
form
Opr +V - (pFrvG +prvy) =0,
with .
vG = =G Ve, vy = — Vo,
my

where G is the Fisher mobility operator and

1
Heff = /Jscalar(O'F;pb) + 2_|V‘10|2
my

is the effective chemical potential obtained by varying Fi, with respect to pr. Here
Uscalar denotes the chemical potential of the pure scalar theory.

A static halo configuration satisfies two conditions. First, the G-sector current must
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vanish, which requires g to be spatially constant. Second, the J-sector current must
be divergence free,

V- (prVe) =0.

The first condition can be written as
1 2
,uscalar(o-F;pb) + 2_|VSD| = Mo,
my

for some constant pp, and shows that the scalar sector experiences an additional

effective potential

Vi) = o Ve

due to reversible Fisher circulation.

In an axisymmetric disc plus halo it is natural to adopt cylindrical coordinates (R, 6, z)
and to consider a vortex type phase field

©(R,0,2) =0+ ¢o(R, 2),

where £ € Z is a winding number and ¢ is a smooth correction. For the pure vortex
o = 0 one has
e TN

vy=——280.

0, Vo|? = —,
Vol 7 R

¢
Vo= -
L

The weighted continuity equation for the J-sector,

V.- (prvy) =0,
reduces in this case to

1 9 ] d Z\ —
= 37 (Ror(RDVIR.D)) + 2 (prv) =0.

With v3 = 0 and v9 = €/(m,R) this simplifies to

¢ 1 0
S an Rs 207
- RaRpF( 2)

so that any halo profile pr (R, z) which is radially slowly varying over the radii of
interest admits such a vortex current as an approximately divergence free J-sector
solution.

Inserting the vortex ansatz into (B) shows that the scalar chemical potential obeys

2

,uscalar(o'F;pb) + 5 = Mo-

2m JR

Compared with the pure scalar case this introduces a centrifugal term £2/(2mR?)
which diverges as R — 0 for ¢ # 0. To keep the effective chemical potential g finite
the scalar field o and its associated Bernoulli density pr must adjust so that the
combination remains bounded. In particular, nonzero winding ¢ suppresses the halo
density in the central region, providing a natural Fisher-Kdhler mechanism for core
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formation in disc halos with significant J-sector circulation.

A full analysis of these Fisher-Kéhler disc halos would require solving the coupled
amplitude-phase system for (o, ¢) in a realistic disc geometry and matching the
resulting rotation curves and density profiles to observations. The simple construction
above shows that the UIH framework already contains the necessary geometric
ingredients to support vortex supported, cored disc halos as stationary hypocoercive
bound states of the combined G and J sectors.

C Fisher cosmology roadmap

The scalar Fisher halo model developed in this paper has been formulated entirely in the
weak field, quasi Newtonian regime on approximately static backgrounds. To assess
whether the same Fisher structure can also account for cosmological dark components
one must embed the scalar sector in a homogeneous and isotropic space-time and
follow both the background expansion and the growth of perturbations. We briefly
outline a minimal roadmap for such a Fisher cosmology, without attempting a full
implementation.

A natural starting point is a spatially flat Friedmann-Robertson-Walker metric
ds? = —dr* + a(1)* d¥2,

together with a coarse-grained homogeneous Fisher scalar o = o (¢) representing
the vacuum order parameter at cosmological scales and an averaged baryon density
Pp(t). At this level the scalar sector is described by the same bounded entropy free
energy used for galactic halos, specialised to spatially homogeneous configurations,

FFRw[O'F;ﬁb] = / a(t)3(cy0 |V0’F|2 + V](O'F) —KOF ﬁb) d3x,
%

with @g > 0O constant and V; the Bernoulli bounded entropy potential introduced
in Section 3. For strictly homogeneous fields the gradient term drops out of the
background dynamics and the scalar behaves as an effective fluid with energy density
and pressure of the form

1 1
pr(oF,0F) = 50"13 +Vi(or), Prp(oF,0F) = EO"FZ - Vi(or),

up to model dependent normalisations set by the underlying Fisher metric. The
equation of motion for or then takes the usual damped form

&F+3H0’F+V;(O'F)=Kpb(t)’ H := g’
a

in which the bounded entropy channel and the baryon coupling jointly determine the
effective equation of state parameter

P
wr(t) == —= e [-1,+1],
PF

with the accessible range restricted by the Bernoulli geometry and the Fisher temperature
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TF.

A first cosmological test of the scalar Fisher sector would therefore proceed at the
level of the homogeneous background. For any given choice of Fisher parameters
(Ar, Tr, ag, k) one can integrate the coupled Friedmann and scalar equations to obtain
an effective Hubble history H(a) and compare it to the background expansion inferred
from supernovae, baryon acoustic oscillations and late time distance ladders. The
bounded entropy structure of V; strongly restricts the allowed time evolution of wg(¢);
background histories that fall far outside the observationally allowed band would
falsify that choice of Fisher parameters or potential sector.

The second stage is to study linear perturbations of the Fisher scalar and the metric
around the FRW background. At this level the scalar Fisher vacuum behaves as a dark
component with a specific sound speed and clustering scale, again fixed by the same
Fisher stiffness and bounded entropy parameters that appear in the galactic theory. The
questions are then whether the resulting matter power spectrum, CMB anisotropies
and lensing potentials can be brought into agreement with data for any admissible
Fisher parameter set, and whether the scalar sector can simultaneously support the
BPS halo structure used in this paper. Failure to achieve such a joint fit would signal
that the present scalar Fisher model is at best an effective description of late-time,
weak-field halos and that additional degrees of freedom or modified couplings are
required at cosmological scales.

Finally, the wider UIH framework suggests a more microscopic route to Fisher
cosmology. The same universal generator K = G + J and Fisher-K&hler geometry
used to describe GKLS channels and scalar halos define an information theoretic
state space for the vacuum. In principle one can coarse-grain this state space on
cosmological scales and derive effective Fisher parameters and bounded entropy
channels directly from the spectrum of K in a slowly evolving FRW background.
Pursuing this programme lies beyond the scope of the present work, but it provides a
concrete way to connect early-universe Fisher cosmology, late-time Fisher halos and
laboratory UIH experiments within a single information geometric framework. As
such it forms an essential falsifier and extension of the scalar Fisher gravity picture
developed here.

A broader motivation for the scalar Fisher programme is the possibility of a genuinely
universal information theoretic description of irreversible dynamics across scales. In
the finite dimensional UIH setting, the same Fisher gap and hypocoercive indices that
control relaxation in quantum channels and classical Markov processes organise a rich
phase diagram of approach to equilibrium. The Fisher scalar halos studied here can be
viewed as infinite dimensional, weak field, coarse grained realisations of the same UIH
geometry, with the Fisher temperature and stiffness hierarchy encoding the effective
strength of reversible currents in the vacuum sector.

This suggests a concrete falsifier programme that goes beyond fitting individual
galaxies. One can ask whether a single family of Fisher parameters, calibrated for
example on hypocoercive experiments in controlled laboratory systems, can be run
through the scalar Fisher construction to describe disc galaxy rotation curves, cluster
scale lensing and merger offsets, and eventually a Fisher cosmology, without leaving
the regime allowed by the Fisher bounds and guardrails. Failure to find such a common
Fisher phase would point either to missing structure in the scalar reduction or to
a breakdown of the assumed cross scale universality. Success, by contrast, would
identify a small set of information geometric parameters that organise gravity from
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quantum channels to galaxies. The present work takes the first steps in this direction by
showing that a bounded entropy Fisher scalar, constrained by Bogomolny structure and
simple guardrails, already reproduces several key halo phenomena while remaining
tightly linked to the underlying UIH geometry.

C.1 Soft Fisher vacuum, local voids and the H tension

Several recent works have argued that the tension between local distance ladder
determinations of the Hubble constant and the Planck ACDM value may be signalling a
large scale departure from homogeneity in the nearby Universe. Banik and Samaras [30]
show that early time modifications such as early dark energy are disfavoured once the
cosmic age and matter density are constrained self consistently. In their analysis the
remaining viable late time solutions all require a gigaparsec scale local underdensity,
of the KBC type, whose evacuation proceeds more rapidly than in standard gravity. In
effect the data demand an enhancement of structure growth on scales of order 100 to
300 Mpc.

In the Fisher scalar framework this type of behaviour arises naturally from the density
dependence of the stiffness profile a(x). Overdense regions such as walls and filaments
drive the Fisher occupation towards saturation and enter a stiff, screened regime in
which the scalar contribution to the acceleration is suppressed. In underdense regions
the baryon density is lower, the Fisher occupation remains in the linear regime, and
the effective stiffness drops. As discussed in Section 2.4, a smaller @ enhances the
Fisher response and increases the total gravitational acceleration,

8ot = N+ 8F = gN(l‘l')’vac),

with yy,c inversely related to the local stiffness. Voids therefore correspond to a soft
Fisher vacuum in which the evacuation towards the surrounding walls proceeds faster
than in a purely Newtonian setting. The same soft vacuum mechanism that produces
extended halos for diffuse dwarf galaxies thus provides a concrete field theoretic
realisation of the enhanced void growth required in Ref. [30].

Mazurenko et al. [31] refine this picture by comparing specific local void models with
the redshift dependence of the inferred Hubble parameter Hy(z) reconstructed from
Type Ia supernovae and other distance indicators. For an observer near the centre of a
KBC scale void the local expansion inferred under the assumption of homogeneity
is elevated at low redshift and gradually relaxes towards the Planck value at higher
redshift, as light rays probe regions outside the underdensity. Mazurenko et al. show
that this Hy(z) behaviour is broadly consistent with void profiles that also fit bulk flow
constraints, provided structure formation is enhanced in the void interior.

In a Fisher cosmology the same qualitative pattern is expected once the scalar sector is
promoted to an evolving background. Inside the underdense region the soft Fisher
vacuum amplifies the outflow, raising the locally inferred expansion rate. As one
moves outwards, the baryon density increases, the vacuum stiffens, and the Fisher
contribution to the acceleration is screened. The effective gravitational coupling along
the line of sight then interpolates from Geg = G (1 + yyac) in the void interior back
to G in the homogeneous exterior, producing a mild decline of Hy(z) from the local
ladder value towards the Planck value. In this sense the Fisher soft vacuum provides a
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controlled mechanism for the kind of enhanced late time structure growth and redshift
dependent Hy evolution that the void based resolutions of the Hubble tension require,
while remaining consistent with the gigaparsec scale smoothness of the Fisher scalar
implied by local solar system tests.
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